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O06 omHOM KBaJpaTUYHOM HHTErpaJie
ypasHennii Ilyankape — 2KykoBckoro

B. I0. Oapmanckuit

g ypasuennii Ilyankape — 2KykoBckoro B ciydae, KOrja MaTpPHUIbI FAMUJILTOHUAHA $B-
JIAIOTCA He/uaroHaJIbHBIMU, IIOJIyY€Hbl YCJ/JIOBHA CYIIIECTBOBaHUA KBaJAPATUIHOTO MHTErDaJlia
(YS,K) = const u ero sBuas ¢opma. [Tokazano, 9To npu cymecTBOBaHUM JAHHOIO HHTErPa-
Jia ypaBHEHUs MPUBOJATCS K caydaio [TlorTkn.

Kiodgesnre ciioBa: ypapuenus llyankape —7ZKyKOBCKOro, KBaJpaTUIHbIA HHTErpaJi, HeJra-
roHaJbHbIe MaTpuIbl, caydail [TlorTku

1. BBenenue

Pacemorpum ypasuenus [Tyankape — 2Kykosckoro |1, 2]
M =M x (AM + Bp) + p x (Cp + BTM),
p=px (AM +Bp) + M x (Cp + BTM).
Cucrema (1.1) B mepemenusix K = M + p, S = M — p 3anucsiBaeTcst B B
K=K x (A’K+B'S), S=8Sx(B7TK+C'S), (1.2)
2A'=A+C+B+B", 2B=A-C+B"-B, 200=A+C-B-B". (1.3)

(1.1)

Buecs A, B, C — jymneiinbie oneparopsl R? — R3, oneparopsr A, C — cuMmMeTpudeckue
u M,p € R3. VYpasHenus, B 4aCTHOCTH, OIHCLIBAIOT JBIKCHHE BOKPYT' HEINOIBIKHON TOUKH
TBEPJIOT'O TEJIA, JITTUICONIAJIbHA TIOJIOCTh B KOTOPOM 3aIl0THEHA UJIeaIbHON HECXKUMAEMOI YKHJ1-
KOCTBIO C OJIHOPOJIHOI 3aBUXpeHHOCTHIO [1-3|. B 9T0M Cityvae BekTOp S mponoprnuoHaieH 3aBux-
peunoctu xujkoctu 2, K — kunerndeckuit MOMEHT CHCTEMBI «TEJIO ILTIOC 2KIITKOCThy, K = Tw+
+ JQ, w — yrioBas cKOpocTb TBEpPAOro Teja, I — omepaTrop WHEPIUU CUCTEMbI, KOMIIOHCHTDI
oneparopa J BbIpazkaroTcs depe3 MOIyOCH JIIAICOUTAIBHON ToI0CTH [4].
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524 B. 0. Oavwanckuti

Unrerpanamu cucremsl (1.2) sBisiiorcs
FL=K? F=5% F=2H=(AKK)+2K,B'S)+(C'S,8S). (1.4)

[Ipu cyrmecTBOBAHNN YETBEPTOrO WHTErpaJsa CUCTEMa sIBsieTcst mHTerpupyemoit. O630p n3-
BECTHBIX CJIy9aeB MHTEIPUPYEMOCTH IIpUBejieH B MoHorpadun |4, rjae ykasaHbl, B 4aCTHOCTH,
KJIACCUYIECKHE CJIy9Ial WHTErPUPYEMOCTH € JOMOJHATEILHBIM KBaIPATHIHBIM HHTErpajoM |5, 6].

A TI. BecesioBbiM 110Ka3aHO [7], 9TO IPHU CYIIECTBOBAHUU JIOTIOJHUTEIHLHOTO KBAIPATUIHOIO
uHTerpaja B ciydae, Korjaa marpuia B’ He Beipoxkiena n cobcrsennble snadenus A’, C' pazinu-
HBI, CYIIIECTBYET IPeoOpasoBaHme K= Ri1K, S = R3S, Ry, Re € SO(3), mpuBossinee ypaBHeHUST
K Bujy ¢ auaronanbabiMu MaTpunamu A’ B/, C'. Jlia cucreMbl ¢ IuaroHaabHBIME MATPHIAME
B TaMUJIBTOHUAHE C(HOPMYIUPOBAHBI YCIOBUSI CYIECTBOBAHUS JOMOJTHATETHLHOTO MTOJTMHOMUAh-
HOro uHTerpasa |7, 8|.

AKTyanbHON ocTaeTcs 3ajada 3alich WHTerpajia U YCJIOBH €ro CYNMeCTBOBAHUS Yepe3 MC-
XOJIHBbIE HeJIMArOHaJIbHBbIe MATPHIBl IaMIIbTOHHAaHA. Tak, B pabore |9| mpuBeseHO HECKOIBKO
MPUMEPOB «HOBLIX MHTEIPUPYEMBIX CIYYIAEB MPU HAJIUYIAN B TAMUJILTOHHWAHE. . . MATPUIL OOTIIe-
ro Bujay. OTMETHM, 9TO B 3TUX IPUMEpPAX MHTErPAJIbl U YCJOBHS UX CYIIECTBOBAHUsI He yKa-
3aHDbI STBHO, MPUBOJSATCS YCIOBUS, CBI3BIBAIOIINE HJIEMEHTHI MATPUIL TAaMUJIBTOHUAHA CHCTEMbI
U MaTpUIl KBaJpaTHIHOro MHTerpasa. leaercs BeiBoj [9] 0 cylecTBoBaHUN JIONOIHUTEIBHOIO
KBAaJIPATUIHOTO MHTErPaJa P IIPOU3BOJILHBIX AuaroHaabubix Marpunax A’, B', C', uro npsmo
nporuBopednT Teopeme Becesosa |7].

Huke, mpu paccMOTpeHUE 38151 OMPEICICHIS YCIOBUH CYIIIECTBOBAHNS JIOTIOTHITEIHHOTO
KBaJIPATHIHOTO MHTETPAJIA,

F =(XK,K) +2(YS,K) + (ZS,S), (1.5)
BbIJICJIEH YaCTHBINA C/ay4Yaii, KOIja
X =mE+pA’', Z=pE+ uC'. (1.6)

B sTom ciyuae 060t kKBajgpaTudanblii mHTErpad (1.5) moxHo 3amucars B Buge F = p Fy +
+uoFo+puF3+2((Y —pB’)S, K). Takum o6pasom, npu seinossernu yeiaosuii (1.6) s naxoxie-
HU JOITOJITHUTEJ/IBHBIX KBa/JIPaTUYIHBIX THTETI'PaJIOB JJOCTATOIHO PaCCMOTPETh 3a/1a1y HaX02KIeHU A
UHTErpaJja BHJjIa

(YS,K) = const. (1.7)

B macrosimieit paboTe mpuBeeH sIBHBIN BU MHTErpaJia (1.7) U YCJIOBUI €ro CyIleCTBOBAHUSI.
INokazamno, 4ro, ¢ ommoii croponsl, uurerpan Hlorrkn moxmuo 3amucars B Buje (1.7) (mpesto-
kerne 8). C npyroit cropoHsl, mpu cymiecTBoBannn uaTerpana (1.7) npeobpasoBanue K = K,

S = RS npusogur k ciaydaio HIoTTKu ¢ auaroHaJbHBIME MATPHUIAMU IAMUJILTOHUAHA (Teope-
ma 1 Hacrosimeit paborsi). Takum o6pasom, uarerpas (1.7) siBisiercs 0600IeHHEM MHTErpasa
[IloTTKy Ha caydail HeAMaroHAJbLHLIX MATPHIL. TakzKe MOKA3aHO, 9TO IS IPUBEICHHBLIX B Pa-
6ore [9] mpumepos yciaosust (1.6) BBIIOJIHEHBI U UHTErPAbl |9] SIBJISIOTCS YACTHBIME CJLy9asiMU
unTerpasia (1.7), a Upu JuaroHaJbHBIX MaTpHIaX — cojepxarcs B ciaydae [TlorTku.

2. OcHOBHBIE Pe3yJabTATHI

Teopema 1. Humezpan (1.7) cucmemwr (1.2) npu neswpoorcdernnom onepamope B’ cywe-
cmeyem mozda U Mmoavko moz0a, K020a 6bNOAHEHbL YCAOEUS.

B'B7T = A”? + 1 E + oA/, (2.1)
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B'C' =B +A'B, (2.2)

2de Y1, g, Y — HEKOMODPVLE NAPAMEMPDL.
Hnmeepan moorcem bvimos 3anucar 6 sude

?71K1§1 + ?72K2§2 + 773K3§3 = const, (2.3)
nm = —AagAagAﬁl + ﬁgAagAﬁg — ﬁgAagAﬁg (1 23) (24)
3decw Ap1 = po —P3 ( 23); a;, €; uc;, l; — cobemeennvie snavenus u eexmopv. onepamopos A
(% C/ (K ez) S = ( ) (ei,B’li).
YC/LOGUﬂ (2.1), (2.2) axeusaseHmMDL CACOYIOUUM YCAOBUAM:
=¢yE+RTA'R, B’ =B8R, (2.5)
> B7Aa; + AayAazAaz = 0. (2.6)

3decv B = diag(f;) 6 basuce (e;), opmozonanrvuuiti onepamop R sadaem nosopom npasozo opmo-
basuca (1;) 6 npaswiii opmobasuc (e;), €; = Rl;.
Hrmeepan (2.3) u ycaosue (2.6) moorcno maxowce sanucams 6 sude

01(K,RS) + 02 ((A'K,RS) + (K, B’S)) = const, (2.7)
»1 = Z azﬂiAai — AalAagAag, Y2 = Z BiAai, (28)

> (03 — af)(az — a3) + Z(b%j —a3)(az — a1) + Z(bgj —a3)(a1 — az) = 0. (2.9)

J
3decw bij = (e;,B'ej) — anemenmo, mampuywe onepamopa B' 6 asuce (e;).

CaencrBue 1. Ecau npu neeviposicoenrom onepamope B cywecmeyem donoarnumenvrio
unmezpas (1.7), mo ypasnernua Iyankape — 2Kyrosckozo (1.2) npusodames x sudy

K=Kx(AK+BS), S=Sx(BK+AS), S=RS, (2.10)

2de mampuuvt onepamopos A’, B asasaomes 0uazonasbHulMU.

OrmeruM, uro ypasrenusi (2.10) coorBercreytor ciaydato [lorrku [5|, korjga B ypaBHeHH-
x (1.2) C' = A’ u B ypasaenunsx (1.1) B =0.

CnencrBue 2. B cayuae, xoeda C' = A, mampuyw A’, B’ — duazonarvrve u mampu-
ya B — meswviposicdennan, ora cyuecmeosanus donosHUMEADHO20 nsa&pamunuoeo ummezpa-
aa (1.7) neobrodumo u docmamouno evnosnenusn yeaosua Y (b% — ar)Aa; = 0. Hnmeepan mo-
orcem 6vims 3anucar 6 00Hot u3 dopm

01(K,S) + p2((A" + B)K, S) = const, Zm S; = const. (2.11)
Huke nokazano (npemioxkenne 8), uro npu saganun marpur, A’ B’ mapamerpamu [Torr-
KN \; JIONOJHUTEJIbHBII MHTErPas MOXKHO 3aIliCaTh B BUJIE

= (N + AT = A3 = ADEK1S1 + (A5 + A3 — A — M3 K282 +

2.12
+ (A + A3 — A\f — \3) K353 = const. ( )
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Bamenoiit A’ = oE + Ay yciosue (2.1) B cilyuae IuaroHaJbHBIX MATPUIL MOXKHO [IPUBECTH
k sy B2 = A2+, As, nonyckaromemy mpejcTasienue MaTput B’ Ay IpH OMOTIH TTapaMeT-
pos Ilortkn. TIpn 3 > 44)1 9TH TApaMETPBI ABIAIOTCS TEHCTBUTETLHBIME BeTITIHAM, & TP
V)3 < 44p1 — wommtexcubivu. Ilpu 13 # 411 ykasamo (mpejyioxkernue 9) crejyloliee 3a/aHue
[ATHIO JICHCTBUTEIBHBIME TTADAMETPAMI 9JIEMEHTOB CBSI3aHHBIX ycaoBHeM (2.6) auaroHaJ bHBIX
MaTpHIL

ap = a+ B(r, —%), bk:5(7k+%), o==41, k=123 (2.13)

ﬂOHOHHHTeﬂbHBIﬁ I/IHTera,.H 3allUCbhbIBae€TCda B BUJIC
(T1 — T)K181 + (T2 — T)KQSQ + (Tg — T)KgSg =const, 271 =71+ 1o+ T3+ 0T T0T3. (2.14)

Marpuiy omeparopa R MoxkHO 3a1aTh TpeMs mapamerpamu (HaIpuMep, yrjaamu Jiiaepa),
dbopmyast (2.13) sazator nareio napamerpamu Marpunpbl A’ B. Yaurssas dopmyist (2.5), ome-
paroper A, B/, C' B ciryuae cymecrsoanust nuarerpasa (1.7) MOXKHO 33/1aTh JEBATHIO ApAMET-
pamu.

OTmembHo paceMOTpeH citydait 13 = 4y, korma marpumsr A’, B’ sagath mapamerpamm
TorTKM HEBO3ZMOXKHO.

[Tostyuenbl ycsioBusi, IpU KOTOPBIX MHTErpas (2.3) mmMeer HENoaHYO (HGOPMY — OJMH U3 KO-
sddurenTon 7; pasen nymo. [Tokaszano (mpeamoxkenue 11), aro ecim, nanpumep, 12 = 0, TO
UHTErpaJj MOKeT ObIThb IIpeCTaBIeH B (opme

K (bnSl + b12Sy + blgsg) + K3(b3151 + b3259 + b3353) = const. (2.15)

Pacemorpen wacTHblil ciyuait (nmpeioxenue 12); xkorma omeparopel A’ C' nmeror o6mmit
cobersennblit BekTop. Marpunpr oneparopos A/, B’ C’ B sToM citydae 3a/1a10TCS CEMBIO IIPON3-
BOJIbHBIMU ITapaMeTpaMHI.

Ec/ii BBIIIOJIHEHBI yCJIOBUSI CYIIECTBOBaHMs HENOJIHOI (hopMbl nHTerpasa (2.15) u onepaTopsbl
A’; C' umeror obimuii cobCTBeHHbIH BeKTOD, €3 = lg, To unTerpan (2.15) Moxker ObITH 3ammcan
B BHJIE

(K, B/S) - bQQKQSQ = const. (216)

[TokazaHo, YTO IIPY BBIIOJHEHNN YCJIOBHI IPUBEICHHBIX B pabore [9] Teopem 1-6 mmeer me-
cro mpejcrasienne oneparopos X, Z B Buje (1.6); ciemoBareabHo, JOMOJIHATEILHBI HHTErpaJt
MozkeT ObITh 3anucal B Bujie (1.7), a ypasuenust [Tyankape — ZKyKoBCKOro B ciryuae HEBBIPOXK JI€H-
Horo oneparopa B’ npusoggarca K quaronaiabHoMy Bujy ¢ B = 0, TOo ecTh IPUBOAATCS K CJIyUalo
[Torrku. HeBepubim siBsieTcst yTBepKaenue |9, cdhopmynmupoBannoe Kak CJIEJICTBHE TEOPEM 5,
6, o Tom, uTo ypasuenus [lyankape — 2KyKkoBcKoro Bcerjia mMEIOT JIOMOJTHUTE/IBHLIN KBAIPATHI-
ublil marerpast, ecim Mmarpunbl A’ B/, C' — nuaronasnbHble n MHTErpas CONEP:KUT BCE N3BECTHBIE
ciydan (Ilorrku, Creksosa u zp.). Bosee Toro, Bece npuBejieHHble B TeopemMax 1-6 nmpumMepbl co-
OTBETCTBYIOT 9aCTHOMY CJydaio, Korma omepatopbl A/, C' mmMeroT obmmii co6CTBEHHBI BEKTOP.
Huzke pacemorpens! yeaoBust TeopeMsl 1 [9], KoTopble cBsi3bBaroT 26 HEHYJIEBBIX 3JIEMEHTOB MaT-
PUIl HHTErpaJia U raMIJIbTOHUAHA ITATHAIATHIO HeJMHEeHHbIMU ypaBHenusmu. [losryueHo sBHoe
saganne marpur, A’, B, C’ cemblo nmapamerpaMu U MOKa3aHO, 9TO JOHOJHUTEILHBI HHTErpas
MOZKeT OBITH 3anucan B ¢popme (2.16).
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3. /lokazaTebCcTBO TeopeMbl 1

Huddepentupyst unrerpas (1.7) B cuiy cucremsl (1.2), moaydnm Toxecrsa
(YS,K,A'K) + (Y'K,S,BTK) =0, (3.1)
(YS,K,B'S) + (Y’K,S,C’'S) = 0. (3.2)

Boinensist B Toxkaecrse (3.1) wieHb K?SZ-, MTOJIY9IUM CJIeIyIonue 9 yCJIOBUM JIIs 9JIEMEHTOB
bij, yi; MaTpuI oneparopos B',Y B 6azuce (e;):

OTa cucreMa paclaaeTcs Ha TPU HOJCUCTEMbI OJHOIO BHJIA
x1dy = wody, x1d3 = x3dy, wod3z = x3dy, (3.4)

e x; = yji, di = bji, j € (1,2,3).

O6osuatum b; = BTe;,y; = Y'e;. Ecimn marpuna B’ — HeBBIPOKIEHHASI, TO BCE €€ CTPO-
KU — HeHyJIeBble, U u3 yciaoBuit (3.4) cieyer nponoprnuoHaibHocTh ¢tpok Y u B’ u y; = u;b;.
Omneparopsl B/, Y M0:KHO 33/1aTh paBeHCTBOM

B' =) eb!, Y=> ueb/. (3.5)
i i
Toxkgectso (3.1) mpunrMaer BHT

(Y b, S)es K AK) + (D nikibi, 8. > Kby ) = 0.

Boiensas kosddurmentst npu K; K, noayunm roxaectsa Aaq i (b1, S)+Ap (S, ba, bs) =
=0 (123), KoTOpble SKBUBAJIEHTHBI CUCTEME YCJIOBHUIL

Aal,ulbl + A,ulbg X b3 =0 (1 2 3). (3.6)

IIpengoxkenne 1. Jlna cywecmeosanus donosnumenrvrozo urwmezpasra (1.7) npu Heevi-
posicdenrom onepamope B’ neobzodumo, wmobw, eexmopuv b; 6vau nonapro opmozonasvHvl U 6bi-
NONHAAUCD YCAOBUSA

Aaip 0 + Ap P83 =0 (1 2 3) (37)

Iapamempo. 3; 3adanv, pasencmeamu b; = [Bl;, 20e (11,1a,13) — nexomopas npasas opmorop-
MUPOGANHAA MPOTIKQ.

Jlokazameavemeo. W3 yenosuii (3.6) cieayer Aaqpg(by, be) = Aagus(bi, by) = 0. Ilpex-
[IOJIOXKWMM, 9TO BEKTOpBI by, by He oproronanehbl, Torjga Aajpu; = Aasue = 0. B aTom cityuae
1pu HeBbIpOXKAeHHOH Marpuiie B’ u3 yenosuit (3.6) ciaexyer Apug = Aps =0 u g = o = pg =
= p. Tak xak pu # 0 (unadye us upexcrasiaenus (3.5) moayunm Y = 0), ro Aa; = Aag = 0
n ap = ay = az. Takum obpaszoM, ec/im Kakas-TO Iapa BeKTopoB b1, bs, b3 He opToronasnrHa,
to A’ = vE, Y = uB’. IIpu srom toxaectso (3.1) BbIOMHEHO, a TOXKAeCTBO (3.2) HpuUHAMaET
sy (BTK,S,C’S) = 0. Yunresag npescrasyienne (3.5), HOTyYHM SKBHBATCHTHYIO CHCTEMY
roxzects (b;, S, C’'S) = 0,i = 1,2,3. Tak Kak BeKTOPbI b; HEKOMILIAHAPHBI, TO MOJIyYAEM TOXK-
nectBo S x C'S = 0, koropoe BbinosHeHo, ToibKo ecian C' = pE. Narerpan (1.7) npu Y = puB’,
A’ = 1hE u C' = nE sasigerca ciencrsuem unterpasos (1.4).

Takum 06pa3oM, IIpU CyIIECTBOBAHUN JIOMOJHATEILHOrO nHTerpasa (1.7) Bekropsr b; 10K~
HBI 00Pa30BbIBATH OPTONOHAJIBHYTO TPOiiKy. BekropHbie ycaosus (3.6) SKBUBAJICHTHBI CKAJISIPHBIM
ycsoBusim (3.7). ]
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ITpeniioxkenue 2. Yeaosue (2.6) neobrodumo das cyuecmeosanus unwmeezpasa (1.7). Omo
yeaosue mooicem ovimo 3anucaro 6 gopme (2.9).

Jlokasamesvemeo.  Oupegpenuress cucreMbl (3.7) OTHOCHTENBHO HAPAMETDPOB [i; JOJIZKEH
OLITH paBeH HyJI0, OTKyJIa U ciieiyer yeaosue (2.6). Yaursisas pasencrsa (37 = b?, yesosus (2.6)
sanuieM B dopme (2.9). [ |

IIpengioxxenne 3. Bexmopo bi(i = 1,2,3) asanomes cobcmseernvimu 6eKmMopamu onepa-
mopa C'.

Jlokasamesvemeo. Yuanreiast upejcrapienus (3.5), MOJLydIUM, 9T0 TOXKIeCTBa (3.2) 9KBU-
BaJICHTHBI CJIEJIYTOMIEl CHCTEMe TOXKJIECTB

Aul(bg, S)(bg, S) — K1 <b1, S, C,S> =0 (1 2 3) (38)
[Monaras B aTux ToxKIecTBaXx S = b, (r = 1,2, 3), moay4uum ycaoBust

Ecmu Bee p; # 0, To orciona ciaemyer mpesmoxenne 3. Ilycts, manpumep, g1 = 0, Torma
u3 roxjecTBa (3.8) caenyer Aup = 0 u pg = pg # 0. U3 yeaosuit (3.9) caeayer, uro by —
coberBennslii Bekrop C'. 13 Toxkaects (3.8) mosyunm

(by,S)(bs,S) + (by,S,C'S) =0, (by,S)(bs,S) — (b3, S, C'S) = 0.

[Mostarast B nepsom Toxaectee S = by + bo, noyunm (bsg, C'bs) = 0, u orcioza, ¢ yaerom
yeaosuit (3.9), ciemyer, uro bg — cobersennbiit Bektop C'. m

IIpengoxxenne 4. /las cywecmeosanus unmezpana (1.7) neobrodumo evinosnenue ycao-

9

csuU

ACZ' = ACLZ', 1= 1, 2,3 (310)

Zoxasameavcmeo.  Bekropor b; = [(;1; saBasiorcss coOCTBEHHBIME BEKTOPAMHU OIIEPATOPA
C', B; # 0. Cucremy Toxkects (3.8) MOXKHO 3alMCaTh B BUJIE

(BofsApy + By Act)S283 =0,  S;=(S,L) (123).
CretoBarebHO, TOXKIeCTBa (3.8) BBIIOJHEHBI P YCIOBUAX
p1BiAct + Boff3Apur =0 (12 3). (3.11)
Ecm p; # 0 (i = 1,2,3), To u3 ycmosuit (3.7), (3.11) crenyror ycmosus (3.10). Ecm, na-

upumep, (1 = 0, To u3 yeaoswuii (3.11) caemyer Apy = 0 u po = pg # 0. VI3 yesosuit (3.7), (3.11)
HOJTY YUM

BolAco + 183 = Polag + 183 =0, [B3Acg — P12 = B3Aaz — f152 = 0.

Orcrona cienyer Aco = Aag, Acg = Aag, Ho Torma u Ac; = Aay. ]
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Ipenmoxenne 5. Jlaa cywecmeosanusa unmezpara (1.7) neobxodumo svinonrenue ycao-
eut (2.5).

Jlokazamenvemeo.  Venosusi (3.10) BBIIOJHEHBI, TOJIBKO ecan ¢; = a; + ¥,i = 1,2,3.
[Tycrs R — oproroHasbHBIil oneparTop, 3aJaronmii moBopoT npasoro oprobasuca (1;) cobereen-
HbIX BeKTOpOB oneparopa C’ B npasbiit oprobasuc (€;) cobcTBeHHBIX BEKTOPOB oreparopa A:

e, = Rlz, 1= 1, 2, 3. (312)
Bammcwisas onepatopst A’ n C' B suge A’ =Y a;e;el u C' = 1,1, nomyanm

C =Y (a; +¥)RTe;e’ R = R7(A’ + YE)R = RTA'R + JE.

Tak kax b; = 3;1; = B;RTe;, To n3 dbopmymnnr (3.5) momyuum mpescrasienne omeparopa B’
B Bujie (2.5), tie B =" Bie;el. [

IIpengoxkenne 6. Yeaosusn (2.1), (2.2) sxsusasermmo, ycaosuam (2.5), (2.6).

Jlokasamenvemeo. Yciosue (2.6) MOXKHO 3allicaTh B BHJIE
> (87— af)Aa; = 0. (3.13)

ITpu A’ # KE 5T0 ycji0BHe BBIIOJHEHO TOTa U TOJLKO TOI/a, KOTJa CyIeCTBYIOT HapaMeTph
1, P9, TAKHUE, UTO

B2 = a2+ +doas, i=1,2,3. (3.14)

Otciona nomysaem B2 = A2 + 1 E 4 oA, Us ycnosus (2.5) cieayer B2 = B'B'T| u nomyqaem
ycrosue (2.1).

U3 yenosmit (2.5) nomyunv R = B~'B’. Tax kax cummerputeckue orepatopbl A’ u B umeror
obme cobeTeernbie BekTophl €;(i = 1,2,3), To BA'B~! = A/B72 e B72 = (B'B7)~! =
= ((B)"HT(B')~L. Oneparop C’ zammmewm & suge C' = YE+BTA’((B')~1)T. Orciona crenyer
C'B”T =yB" + BTA’, u nonygaem yciosue (2.2).

ITokazkem Temepb, ato u3 ycaosmit (2.1), (2.2) cremyror ycmosus (2.5), (2.6). U3 ycio-
Buit (2.2) caenyror pasencrsa ¢;B'l; = ¢B'l; + A'B'l;, i = 1,2,3, tue ¢;,1; — coberBennbie
sHadenus u BeKTopbl oneparopa C'. O6oznaunm s; = B'l;, Torma

ciS; = Ps; + A/SZ’, 1=1,2,3. (315)

Orciona caenyer, uro s; (i = 1,2,3) — cobersennble BekTOpbl oneparopa A’. Tak kak
oneparop B’ HeBLIPDOXKIEHHBI, TO BCe BEKTOPHI S; IIONAPHO He KOoJMHeapHbl. MOXKHO CYMTATDH
s; || e;, n u3 ycaosnii (3.15) mosyuaem paBeHcTBa ¢; = a; + 1, orkyna Ac; = Aa;. Ilyere R —
OPTOTOHAJILHBI OIepaTop, 3aJannblii pasernctsamu (3.12), Torga oneparop C' npu BeIOIHEHIN
yeasosuii (3.10) moxkHO 3ammcaTs B Buje (2.5).

Tak kak B'l; || e;, sanumem B'l; = f;e;, tne (3; — nekoropsie napamerpel. Torma B'l; =
= BRIl u B’ = BR. Ilpu srom B'B"" = B2, u u3 ycnosus (2.1) nomyunm ycaosua (3.14).
Vckimouast 13 9TuX yCJIOBHIA TapaMeTpsl Y1, Yo, moydnm yciaosue (2.6). Beipazkasi BeTnauHb @2
u3 pasencrsa B2 = B'B'T uepes snemento b;; Marpuiet BY) mosyunm yesnosue (2.9). ]
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Ilpeniioxxenune 7. Jlonoanumenvroidl unmezpan modtcho 3anucams 6 sude (2.3) uau (2.7).

Jlokasamenvcmeo. YdaursiBas npejcraBienne omneparopa Y B Buze (3.5), narerpas (1.7)
3alUIIEeM B BHJIE

rae 1; = 3. YaursiBas ycsaosus (3.7), Juisi OnpejiesieHIs] MapaMeTpOB 7); HOIy9IaeM CHCTEMY
ypaBHEHUI

Aaym +m2f3 =32 =0 (123). (3.16)

CkutaJipiBast Bce paseHcTBa cucreMsl (3.16), nosmydnm yciaosue

ZmAUi =0, oi=a+ 0.

STO yC.HOBI/Ie BI)IHO.HHEHO, TOJIBKO €CJIN HapaMeprI 771 nMEIoT BHU
N = @1+ @0 =1 +pa(ai + Gi), i=1, 2, 3. (3.17)

IMoxcrasisis orciona 1; B cucreMy (3.16), mosydnm st @1, 2 TPU yCJIOBUSI:
gol(Aai — Aﬂz) + QOQ(CLZ‘ACLZ‘ + (ﬂl + P2 + ﬁg)Aai — ajﬁj + akﬂk) =0 (Z i kj) (318)

OTH yCJIOBHSI COBMECTHBI, TaK KaK OIPEJIC/IUTENb KayKJOi Iapbl ypaBHEHUI paBeH HYJIIO
B cuity ycsosust (2.6). YMHOKIB Kazk0e U3 paBeHcTB (3.18) Ha COOTBETCTBYIOIIEE a; W CIIOKUB,
HOJIyYUM YCJIOBHE JIJIsl OLPEJIEJICHNs] BXOJSIINEro B HHTErPajl OTHOIIEHUST (0] U (Q9:

©1 Z azAﬂl = P2 Z(aanz + ajakAﬂi).

JlaHHOMY paBEHCTBY Yy/IOBJIETBODSIOT 3HAYCHUS 1,2, 3afannbie dopmysoit (2.8). Ecin
[OJICTaBUTD BbIpaxkeHus (2.8) B bopmyiry (3.17), To mosryauM st IapaMeTpoB 7); paBeHcTBa (2.4).
Unrerpas (2.3) moxkno, npu yuaere dbopmyr (3.17), 3amucars B Buje

V1 Z Kzgz + @2 Z(ai + ﬁz)Kzgz = const.

Buech S; = (S,1;) = (S,R”e;) = (RS, e;). Yunrnsag pasencrso B’ = BR, nosyunm dopmy
sanmucn (2.7) JIsd JJOIOJIHATEILHOTO HHTErPaIa.
Teopema 1 moxazana. [ |

ITokazkem crpapemuBOCTE caejacTBust 1. [lomarast S = RS, ypasuenus (1.2) npu yduere
yesonii (2.5) 3amuiieM B Buje

K=K x (A’K+BS), S=R(R’S x (R"BK+R"A’S)).

Vunreasg Toxgectso PT(Px x Py) = (det P)x x y u yciaosue det R = 1, momygaem
cucremy (2.10).

IIpu R = E u3 rteopemsl 1 cienyer cyiecrBoBanue unrerpasa y 1;K;S; = const. Koad-
dbunmenTsr 7; 3amarorcs no-npexueMy dopmytoit (2.4) nm (3.17). Yenosus (2.5) gaor C' =
= ¢yE + A’, B’ = B, u orciona cieayer, uro marpunsl orneparopos A’, B', C' asnaiorca
JaroHaJbHbBIME B Gasuce (e;), npudem Moxuo cunrars C' = A’ trorna B = 0. Ycnosue (2.6)
ABJIACTCA HeO6XO,ZLI/IM])IM 1 10CTaTOYHBIM JIgd CyIIeCTBOBaHN A JOIOJIHUTE/JIBHOT'O KBaJAPAaTUIHOT'O
HHTErpasa B 9TOM ciaydae. TakuM o6pasoM, MoJIydIaeM CJIEICTBHE 2 TeOpeMBI 1.
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4. CBa3p ¢ nHTerpajiom IlorTknm

B cayuae, korma B = 0 u marpunst A = diag(A;), C = diag(C;) 3a1anbl yerbpbMs Hapa-
MeTpaMu \;

A=+ M) Ci=o+X)" (ijk) (4.1)
mssecten nurerpas lorrku [5], npeacrasienneiii B hopme [4]:

2 2 2
- -

Fy = M} + Mj + M3 + ——1—p? 2 3 5 __p2. 4.2
s 1 2 3 )\% _ )\(Q)pl )\% _ )\gPZ )\g _ )\gPS ( )

Tak kax M?+p? = const, TO JONOIHATEIBHbIH HHTErpaJ B cirydae IIIOTTKE MOXKHO 3aI1CATD
B BUJIE

2 2
3 p; T (i — 5i)

[TokazkeMm, 9TO 9TOT MHTErpaj MOXKHO 3amucarTh B dhopme (2.12) u, ciaemoBareabHo, B Gop-
me (1.7).

ITpennoxkenue 8. Ecau B =0 u anemernmu duazornanrvror mampuy A, C sadanwv, pasen-
cmeamu (4.1), mo donoanumenvroili urmezpas moscno 3anucams 6 eude (2.12). Humeepar F
ecmo aunetinan kombunayus unmezpanos (1.4), (4.3), F = > ¢ F;, 2de

Cl = Cy = ()\(2) — ()\1 + )\2 + )\3)2)/2, C3 — ()\1 + )\2)()\1 + )\3)()\2 + )\3),

ca= Mo+ M + A2+ 23) (Mo — M) (Ao — A2)(ho — A3)/2. (44

Jlokazamensvemeo. Ilycts B = 0 u anementsr marpun, A, C, 3amansr dhopmynamu (4.1).
Ilycts a;, b; — snementsr A, B’, Torna

a =5+ =) bi=5a - =) (45)

2Va; e — oy 2\ c—aqy
ai:)\—)\i, )\:)\1+)\2+)\3, C:)\0+)\.

Tak kak npu A’ = C’ noayuum A = A’ + B, 1o unrerpas (2.11) MoxKHO 3anucars B BUje
01(K,S) + v2(AK, S) = const, umm, upu yuere dbopmyi (4.1), B Buje

Z(tpl + 3 siz)\‘)KiSi = const. (4.6)

7

YuursiBas yciaosue (2.6), napaMerpsl @1, @9, 3aaHHble paBeHCcTBaMH (2.8), MOXKHO 3aIlicaTh
B BH/JIE

p1=> (ai+b)bidai, @2 =—Y biAa;

YaureiBas npejcTaBieHus a;, b; B Buje (4.5), mosyunM paBeHCTBa

Aa; = _2pgp1 ailai(c — ai)(c + i = 2X),  po = |Z| (c—0a;), p1=oazas,
Aoy
& i c
7 4pop1 ;(C i)(e+ o ) Q; ©2 4pop1 ; (c = 2a;)(c+ )Aay;
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Orcrona
2
c“(c—2)\) AajAasAas c
p1 = — 4p0p1 . 10203 R Y2 = —2p0p1 AalAagAOég,
1 TOrzia
01 )\(2) — (M1 + A+ )\3)2

P2 2N + A3) (A1 + A3) (A + Xo)

IMoxcrasiss 910 Beipaxkenne B uuTerpan (4.6), npusegem ero x Buay (2.12).

CpasuuBas unrerpas (2.12) ¢ jumHeitHoit komGuHanumeit » | ¢; F;, moaydunM paBeHCTBO cp =
= (] U IIeCTh JUHEHHDBIX ypaBHEHUN [Jisi TpeX KOI(MDPUITMEHTOB 1, C3,C4. Y Ka3aHHAS CHUCTEMA
OKa3bIBAETCsl COBMECTHOI, U ee pelleHne 3anucbiBaercs B Buje (4.4). ]

Ormernm, uro ecau marpunbl A, C 3amanel napamerpamu [llorrku (4.1), To seMeHTBI
marpur; A’; B’ onpenenennbie dbopmysioit (4.5), yIOBIETBOPSIIOT yCJIOBHSIM

a? —b? = 2a; /(A + X), i=1,2,3.

OTu yCaoBUS COJEpKATCs, KaK YaCTHBIA ciaydail, B ycaosusax (3.14) wm (2.1) opu ¢ =
= 0,99 = —2/(A + Ag). IIpu napamerpusanuu IIloTTKu 3/1eMeHTB quaroHaabHbIX MaTpul A’
B’ zajanbl yeTblpbMs napamerpaMu ;. [Ipy 3amucy yc/1oBust CyIecTBOBaHUS JTOHOJIHUTEILHOIO
unrerpaia B Buje (3.14) cBOOOIHBIX TMAPAMETPOB MSATh: 1,12, a1, a2, a3. YIUTHIBAsI, 9TO UC-
XOJIHbIe ypaBHEHUsI He U3MeHstoTcs npu npeobpasopanun A’ = oE + Ay, MoxKHO 10706paTh
napaMeTp « Tak, 9To0bl yesosue (2.1) (1715 muaroHaabHBIX MATPHUI]) OIpUBECTH K Buiy ¢ ¥ = 0:

B? = A2+ Ay, s =20+ 1. (4.7)

[Ipu 5TOM JIOJI?KHO BBITIOJHATHCS PABEHCTBO v +1hgar+10y = 0. Ecmm 13 > 41, To mapamer-
pBl @, s 1 MaTpuiia Ag sBisitorcs Jeiicreurenbabivi. [Tapamerper [lortku A; (1 = 0, ..., 3),
zagaromue MaTpuipl A’ B/, B aToM cirydae siBIsioTcs 1eficTBUTE/ILHBIMEI BeJIMIuHaMK. Bem ke
Y3 < 4q)1, TO BeNWUMHA g SBJIACTCS THCTO MHHUMOMH, & 3JeMEHTbI MATPUIHI Ay — KOMILIEKC-
uble. [lapamerpsr [loTTky A; TOXKe SIBJISIIOTCS KOMILIEKCHBIMU, 9TO WHOTJIA MOXKET OKA3aThCs
Hey106HbIM. Koaddunuentor uarerpana (2.12) gBISIOTCS KOMILUIEKCHBIMU BEJMIUHAME BUJA
1; = 2(;, TJie 2 — KOMILIEKCHAsi BeJIUYIuHA, (; — JefCTBUTE/IbHBIE BEJUYIUHDBI, U CUCTEMa UMEEeT
JeficTBUTebHBINA nHTErpa Bujga » | (;K;S; = const.

B ciyuae @/J% = 4u)y jonosHUTEbHBIN uHTerpas B Buje IllorTku He cyimecrByer. DTOT
ciydail paccMorper B naparpade 5 (mpemmoxkenue 10).

[TPUMEP. Suementsl marpun, A’ = diag(1/2,5/3,11/4), B’ = diag(5/2,10/3,17/4) yno-
BJIETBOPSIIOT HEOOXOJMMOMY ¥ JIOCTATOYHOMY ycjioBuio (2.6) cyIiecTBoBaHUsI JIONOIHUTEIHHOIO
HHTErpajia. DTU JIEMEHTHI YJOBIeTBOPAIOT yeaoBusiM (3.14) mpu 11 = 5, 1hy = 2. Ilpusenenue
K Bugy (4.7) BbmosHsieTcs npu « = 2i — 1, Torma ¢s = 4i. Duementsl marpun B’ u Ay =
= diag(a,(f)) = diag(3/2 — 2i,8/3 — 2i,15/4 — 2i) yJAOBIETBOPSIOT YCJIOBUAM (a,(f))2 — (b)? =
= —4ia,(€2), k =1,2,3. 910 nossosisier 1o dopmynam (4.5) HANTH eIUHCTBEHHBIM 06pa30M Hapa-
Merpbl [IToTTKE, KOTOpBIE B JJAHHOM IPUMEPE SIBJISIIOTCSI CJIELYFOIUMU KOMILJIEKCHBIMU BEJTHIH-
HAM:

A= (23— 70)/680, Ay = (57 + 27i)/680, A3 = (79 + 414)/680.
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Koaddurmenrsr narerpasa (2.12) takke sBJISIOTCT KOMIIEKCHBIME BeJHAnHAMA 1) = 17 X
X 29(3 + 5i),me = 17-27(3 + 5i),m3 = 17 - 25(3 + 5i). JonosHUTEIbHBIM HHTEIPAJIOM SIBJISIETCSI
2951 K1 + 2755 K5 + 2553 K3 = const.

IIpuBeiem mapamMeTpuIecKoe ONMUCAHNE 3JIEMEHTOB MATPUIL € AefICTBUTETbHBIMI 3HATEHISIMU
IapaMeTpoB IIpUA 7,/}% # 4a)1 ¥ COOTBETCTBYIOILYIO 3aIUCh JIOMOJHUTETEHOIO HHTEIPAJIA.

Ipenoxkenue 9. Daemenmot QUGZOHANLHOLL MAMPULY, CEAZAGHHHT ycaosuem B? = A% +
+ 1 B4+ Al npu b3 # 41by moorcno npedemasums 6 sude (2.13). Jonosnumenvroiti unmezpan
umeem eud (2.14). Koappuuuenmuv, n; = 7, — T unmeepana (2.14) moorcno svipasumsv uepes
anemernmu, mampuy, A’ u B’ caedyrouwgum o6pasom:

- g - Lirg) - L _ diaglq) — A’ + B + 22
mi= (1= )@ — 5trQ) — 5detQ, Q= diag(q;) = A"+ B' + FE. (4.8)

Hoxasameavcmeo. Ycnosue, ceaspipatomee A’, B’ MoxkHo 3anmcarh B BUzIE
B? = (A'—aE)? +kE, a= —1»/2, k=1 —3/4 (4.9)

[Isare mapameTpoB 71, To, T3, @, [3 3amaor dhopmynamu (2.13) npu £ # 0 BCce MHOXKECTBO
marpur, A’, B, yaosnersopstionux yenosuto (4.9). Saecs o = sign(k), 5 = \/|k|/2.
Beranciisist koadduipmentst B unrerpade (2.3) no dopmysie (2.4), nosydnm

o ATlATgATg
= T T T

2% (o3 + T + T2+ T3 — 273), i=1,2,3.
Orcroza ciretyer BO3MOXKHOCT 3ammcy naTerpasia B hopme (2.14). Tak kaxk u3 dpopmyir (2.13)
caenyer B1, = ag + by — «, 1o KoabGUIMEHTH HHTErPaia MOXKHO 3anucarb B Buje (4.8). ]

5. HekoTopble yacTHbIE CIIydyaun

5.1. Cayuaii ¢2 = 49,

B maparpade 4 ormedeHo, 9TO MpH CYIECTBOBAHUN JTOTIOJTHUTEIHHOTO KBAJIPATHIHOTO WH-
Terpana B ciaydae B = 0 sigementst Marpun A’, B npu ¢3 > 41)1 MOTYT GBITH 3a/1aHbl JefiCTBI-
TebHpIME TTapamerpamvu LlorTkn, a npm 15 < 4tp; — KommIekcHbME Tapamerpamu [IoTTxi.
B ciyuae ¢3 = 4y ycrosue (3.14) 3anucbiBaercs B BHJIE

B = +(A’ + 19 /2E). (5.1)

Marpunpt A’, B npu stom 3amarh napamerpamu IIIOTTKH HEBO3MOXKHO, TaK Kak ecian [3; —
— a; = const wan (3; + a; = const, To U3 npeacrasaenuii (4.5) caeayer A\ = A9 = A3, HO TOr/IA
A’ = 1yE, B = poE u unrerpan (4.2) gBjsiercss npu 9TOM CJIEJICTBUEM HHTerpatos Fi, Fy, Fs,
a He JIOMOJIHUTEILHBIM HHTEPAJIOM.

[Monyaum dopmy HHTErpajia W YCJIOBHSI €ro CYIIECTBOBAHUS B PACCMATPUBAEMOM CJIydae
HEIOCPEJICTBEHHO U3 TEOPEeMbI 1.
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Ipeamoxkenne 10. Vpasuenusa [yarxape — 2Kyrxosckozo obaadarom unmezpaiom
(K,RS) = const. (5.2)
ECAU BVINOAHENDL YCAOBUA
C'=¢yE+RTA'R, B =(A’+aE)R, (5.3)
2de R € SO(3) u a,1) — npoussorvhvie napamempo.

Jlokasamesvemeo. Ecim, B coorsercruu ¢ yciosueMm (5.1), 3; = £(a; + «), To u3 dop-
Myt (2.8) mosyuanm o = 0. Ecomn 5; = —(a; + «),i = 1,2,3, To u ¢1 = 0. Ecom 8; = a; + a, 10
v1 = —2Aa;AasAas n dopmyna (2.7) gaer unrerpad (5.2). Yeiosus (5.3) mosydaeM u3 yciio-
Buit (5.1) u (2.5). [ |

Ormerum, uro eciu oneparopbl A’ u C' umeror obmue cobCTBEHHLIE BEKTOPBI, TO HHTE-
rpai (5.2) u ycioBus (5.3) 3aIUCBHIBAIOTCA B BHJIE

(K,S) =const, C'=A"+yE, B =A’"+aE. (5.4)

5.2. Hemnosinas dopma narerpana (2.3)

Pacemorpum corydait, korya oxus u3 koadduimenTtos 17; B uHTerpaie (2.3) paBeH HyIIO,
nycrb 72 = 0. Ypasuenus (3.16) npuauMAaioT Bu

Aaym —n3B2 =0, n3fr —mBz =0, Aagns+mpBz =0. (5.5)
Tak Kak 7); ONpeesIeHbI ¢ TOYHOCTHIO JI0 ODINEro MHOXKUTEsI, TO MOXKHO MOJIOKUTD
m=70, me=0, n3=70s. (5.6)

U3 ycnosuit (5.5) cremyer

Bof33 = B1Aay, [ = —F3Aas. (5.7)

Orciona nonyunm (iAay + B3Aaz = 0. Yenosue (2.6) npu Aag # 0 sanumercsa B Buje
32 + AayAaz = 0, n Torma

By =6/ (a1 — az)(az — ap), & ==+1.

YuureiBast ycaosus (5.7), moaydnM CBs3b MEXKIY 1, 33

— Aal

fBs = sign(Aay)d Aas

fr.

MNaTerpan npuHuMaeT BUT

Va1 — ag| K151 + dsign(as — as)\/|az — as| K353 = const. (5.8)

HeobGxomumo Boimostaenue yesaosus (a1 — ag)(ag — ag) < 0; ciegoBaTesbHO, BETMYUHA G2
SABJIIETCSI HAUMEHbBINeH nin HanOobInell u3 3HaYeHu a1, ao, a3.
Marpuma B MoxkeT OBITH 3alcana B BHJIE

B = diag(v/|Aas|8,6+/|Aa1 Aas|, § sign(Aar)y/|Aai|B), (5.9)

311ech 3 — MPOU3BOJILHBII TapaMeTp.
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Ilpennoxkenue 11. Henoanas Gopma donosHumesbHO020 uHME2PaAIa Modxrcem 6vimsv npeod-
cmasaena 6 sude (2.15) uau 6 caedyrowem KEUBANEHMHOM GUIE:

(K, B,S) — Kg(bglsl + b9 So + b2353) = const. (5.10)
3decw (bij) — mampuya B’ 6 basuce (e;).

Jlokasameavcmeo. Yuurbisas pasenctso R = BB/, nomyunm 1; = Rle; = 3/ BT,
u rorga S; = (S,1;) = ﬁ;l(B’S,ei).

B cuiy (5.6), umrerpar (2.3) MoxKeT OBITH 3allCAH B BHJIE
D BiKiS; — 3:K28, = > Ki(B'S,e;) — Ky(B'S, e5) = (K, B'S) — K5(B'S, ey) = const.
U TOIJIa HHTErpaj MoxkeT ObITh 3amucan B Buje (5.10) mwin (2.15). [}
Boiaenum obcyzkmaemblit Hizke caydaii ly = eo. B sToM ciiydae BeKTOp €9 SIBIII€TCs COO-
CTBEHHBIM BeKTOpoM orneparopa BT u by = byg = 0. Unrerpan (5.10) npunumaer suy (2.16).
5.3. Cuyuaii, korga A’, C’ umeror obiuii cOGCTBEHHBII BEKTOP

[Iycre lo = €9, Torma moxkuo 3amnucars li = cos pe; + sin pes, 13 = — sin pe; + cos pes.
Marpura (r;;) oueparopa nosopora R B 6asuce (e;) 3amaHa paBeHCTBaMI

11 =T33 =0C0sp, Tox =1, T3 = —r3 =sine, 7112 =" = ro3 =732 =0.
Boipazkenust jist aiementos Marpuiibl C' mosyunm u3 nepsoro yesaosus (2.5):

C13 = (a1 — ag) Singocos @, Co3 = C19 = 0, Coo — ¢ + as,

9 . . 9 (5.11)
c11 =¥ 4+ ajcos” ¢ 4 azsin® @, ¢33 = ¥ + a1 sin” @ + az cos” .
U3 Broporo ycmosus (2.5) naiizem
big = ba1 = ba3 = b3y =0, b1z = Bising, bz = —F3sing,
(5.12)

bi1 = Brcosp, b = P2, bsz = P3cos.

Ormernm, uto eciu oneparopel A/, C' umeroT obumii coGCTBEHHBII BEKTOD, TO 3TOT BEKTOD
TakzKe OymeT cOOCTBEHHBIM U i onepaTopa B'.
Yeaosue (2.9) npumer By

(b1 + bT3 — af)(az — a3) + (b3 — a3)(az — a1) + (b5, + b33 — a3)(a1 — az) = 0. (5.13)
Tax xak S = RS, 1o
§1 = cos p.S1 + sin pSs3, §2 = 5o, §3 = —sin p.S1 + cos pSs3,
U MHTErpaJl 3allUCHIBAETCA B BUJIE
(m K151 + n3K3S53) cos ¢ + 12 K252 + (1 K153 — n3K3S1) sin ¢ = const. (5.14)
JokazaHo cieayrolnee yTBep:KIeHTe.

IIpennoxenue 12. Ecau onepamopw A’, C' umerom obuyuti cobemeenmniti exmop ly = e
u seaununs, a;, Bi(i = 1,2,3) ceazanv yeaosuem (2.6) (uau 3adarovr namvo npoussosbHuMU Na-
pamempamu o, (3, 11, To, T3 dopmyarot (2.13)), mo donoanumervroiil kK6adpamuunvll unme2pan
moorcem Gvmy sanucan 6 sude (5.14), ecau anemenmu mampuy, onepamopos B', C' 6 basuce (e;)
3adanv, pasencmeamu (5.11), (5.12), 2de ¢, v — npoussosvnvie napamempoi. Kospduyuermo
n; unmezpaaa 3adanv, gopmyaot (2.4).
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6. O HEKOTOPbLIX HOBBIX KBaJAPAaTUYIHbBIX HHTEIr'paJiax

B pab6ore [9] ykasbiBaeTcsi Ha HAJIMYMe HOBBIX CJIyYaeB CyIIECTBOBAHUS JIOHOJHUTEIBHOTO
kBajgparngaoro uaTerpadga (1.5). OTMmernm, 9TO yCIOBUS CYIIECTBOBAHUS W CAME HHTEIDAJIBI
He npuse/ieHbl aBropamu 9| B siBHOiT dopme. Hamnpumep, B Teopeme 1 [9] ykasanbl 1o BoceMb
nysesbix ssementos Marpun A, B, C' u X, Y, Z. [l ocralomuxcs 1BaIIATH IIECTH 3JIEMEHTOB
9TUX MATPUIL JAHBI JICBATH YCJAOBU, CBA3BIBAIONINX 3JIEMEHTBI MATpull X, Y, Z ¢ 3JIeMeHTaMu
A’, B, C', u mecTb HeIMHEHHBIX yCIOBUil, CBA3LIBAIOMNX d71eMeHThl X, Y, Z MexKiy CoOOii.
B anasiornuHoii HesiBHO# (bopMe mpeJicTaBienbl u apyrue (TeopeMbl 1-8) pesysibrarhl.

B kauecrse caencrBust Teopem 5, 6 (B pabore [9]) mpuBeseHO yTBepIKIEHIE, HAXOIAIIEECT
B [IPSIMOM IIPOTHBOpeYNH ¢ u3BecTHbIM pesysbraToM A. IT. Becesosa |7]. Yreepxkpaercs [9], aro
JIONOJTHATE/ILHBIN KBaIpaTHIHBI WHTErpan Beerjga cymecrsyer, ecan Marpunpl A’ B/, C' as-
JISIOTCST IMArOHAJIbHBIMHE, & [IOJIy9eHHOe B |9] pelenne couepKuT, Kak JacTHbIE Pe3yJIbTaThl, BCE
uspectHble ciaydan — [llorTku, Crek/oBa u jgpyrue.

B coorsercrBun ¢ Teopemoii Becesosa |7, 8|, mist cyimecTBoBaHusI JIONOJHUTEIBHOIO MOJIH-
HOMHAJILHOTO MHTerpasa B ciaydae amaroHanbubeix mMarpun A/, B/, C' meobxoauMo BbIIoOIHeHHEe
yeanosust (2.6), cesizbiBatoriero snementsl A’ u B') u aHAJIOrMYHOrO yCII0BUS, CBA3BIBAIONIETO
snementsl C' n B,

Huzke MBI 1I0KazKeM, 9TO BO BCEX PACCMOTPEHHBIX B TeopeMax 1-6 [9] ciyudasix BbIIOJIHEHBI
ycaosusi (1.6) u, ciremoBaTesbHO, JOMOJHUTEIBHBI WHTErpal B KaXKJIOM W3 9THX CJIy9aeB sB-
JsieTcst JimHeiiHoi kombuHarmeii unrerpaiaos Fi, Fy, F3 u nuarerpasa (1.7). Kak mokasaso B Teo-
peme 1 mHacroseit paborsl, cucrema Ilyakape—2Kykosckoro (1.2) mpeobpazoBanuem K = K,
S = RS (upu cymecrsoBanun unrerpana (1.7) B ciyuae HeBBIpOXKIeHHOH Marpuipl B') mpu-
BOJUTCSI K Kjaccudeckomy ciydaio ITToTTKu ¢ JuaroHaJbHbBIME MATPHUIIAME B MAMUIJILTOHUAHE.
Bouee Toro, Bo Beex teopemax 1-6 [9] marpunpt A’, B', C’ umeror o6muii cobcTBeHHBIN BEKTOD,
U IIPUBEJIEHHBIE B 9THX TEOPEMaX WHTErPaJIbl BKJIIOUEHbI B OIMCAHHBIN BbIe (cM. maparpad 5.3)
YaCTHBIN ciaydail. JJonoaHnTebHbI nHTErpas MoxKeT ObITh 3anucad B Buje (5.14).

a) Bommmmenm wactb ycsrosuit Teopemsl 1 [9], KoTopble B 0003HaUEHHU:AX, IPHHATBIX HIPH
samucu cucreMs! (1.2) u unrerpasa (1.5), umeor Buj

aj2 = agg = c12 = 23 =0, (6.1)

X2 = Xoz = Z12 = Z23 = 0, (6.2)

a13213 = c13X13, (6.3)

a13(Xoo — X33) = (ag2 — a33)X13, c13(Z22 — Z33) = (c22 — €33) Z13, (6.4)

Aa1X11 + AasXoo + AazX33 =0, Aci1Z11 + AcyZos + AcgZz3 = 0. (6 5)

Buecs a;j, ¢ij, Xij, Zij — snementsl Marpur oneparopos A’, C', X, Z B nekoropom 6a3u-

ce (g) u Aa; = aj; — agg. Ciuygait Aa; = Ac; =0 (i = 1,2, 3), IpHBOAAIIHIT K 3HAIUTEILHOMY
yhporenuio yciaosuii [9], ne Gyuem 3iech paccmarpupaTh. Ecimm ke He Bce Aa; u He Bce Ac;

PaBHBI HYJIIO, TO JIFOObIe HAOOPBI TapaMeTpoB X, Z;;, yJ0BIeTBOpsiomux ycaosusam (6.5), moryT
OBITD 3aIIMCAHBI B BUJIE

Xii = p1 + poasi, Zy =11 +vecy, t=1,2,3. (6.6)

ITeppoe yciosue (6.4) upu age 7# ass UPUBOAUT K paBeHCTBY X13 = lioa13. Y IUTHIBAs yCJIO-
Bus (6.2), (6.6), momyunm X = p1E+p2A’. Ananoruano nonydaem Z = v E+15C’. Venosue (6.3)
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JTaeT PABEHCTBO (13C13V2 = (13C13fle. AHAIU3UPYEMbIe 3/1€Ch CIyYal WHTETPUPYEMOCTH TIPUBE-
JieHbl B pabore 9] «upn Haguuny B raMHJIBTOHHAHE MATPHUI] OOIIEro HeMArOHAIBHOIO BUJIAY.
[Tomaras mosromy a3 # 0, c13 # 0, TOMYINM Vo = fio, HO TOTJA MATPUIBI X, Z YIOBIETBOPSIOT
ycsiosuio (1.6).

Ormernm, 9To B cooTBeTcTBUU € ycaoBueM (6.1) opr gy sAB/IsSeTCsT COOCTBEHHBIM BEKTOPOM
oneparopos A’ u C'.

b) Yacrs ycioBuii Teopemsl 3 9] MOXkKIO 3anmcars B Bue

ajg =agy =c12 =co3 =0, Xiog=Xoz3 =219 =293=0, (6.7)
ags + ca3 =0, Xog+ Zo3 =0, (6.8)
Cii = co+ ag, Zi=Zy+ Xy, 1=1,2,3, (6.9)
ag3(X11 — X33) = (@11 — az3)Xo3, ag3(Xo2 — X33) = (aze — ag3)Xos. (6.10)

U3 yenosuit (6.10) npu Aa; # 0 caemyer
Xp3 = ﬁ(){n — X33) = ﬁ(}@z — X3). (6.11)
Orcrona, upu ags # 0, umeem Aaq(X11 — X33) = —Aas(Xoo — X33) u nosmydaem mepsoe

yeosue (6.5) u npencrasienue (6.6) s Xj;. 113 ycrosnit (6.11) Temepn ciiefyer paBeHCTBO
Xo3 = pgags. YuurbiBast ycaosus (6.7), nomyuaem X = i E + psA’. U3 yenosuit (6.9) cie-
nyer Zi = ps + peci, The us = Zo + p1 — peco. YaurbBas yciaoBus (6.8), moaydauMm Zsz =
= —Xo3 = —i9a93 = paca3; caegosarenbho, Z = usE + pusC’, u oneparopnt X, Z npejicraBiieHbl
B Buze (1.6).

IIpu yenosusix (6.7) obmum coberenHbiM BekTOpoM oneparopos A, C sisisiercs g .

c) Ilpusesem vacTb HEOOXOAMMBIX ycsioBuil TeopeMbl 5 [9]. OHu BRIIOUaOT B cebsi yCIo-
Bus (6.1), (6.2), (6.5), a TakKe CJIE/IYIONHE YCIOBUSI:

X3 213
a13 = bis—=, c13 = biz—, 6.12
13 = bizy 13 = bizp (6.12)
big = by = boz = b3y =0, b3y = b3y, (6.13)
b b
ai — ag = YLE(XH — X92), 11 —cp= YL;;(ZH — Z92). (6.14)

U3 yenosmii (6.5) caexyror pasercrsa (6.6), n u3z yciosuit (6.13) momyunm Yis = usbis =
= woby3. Ecom bz = 0, To u3 yenosuit (6.1), (6.12), (6.13) caenyer, uro marpunsr A'; B, C' —
jquaronasbhble. Ecu big # 0, To mosyunm pg = vo. U3 yenosuii (6.12) ciepyer

213
p2b13

X13
a13 = b3 o C138= bi3
H12013

Orcrona X153 = poais, Z13 = pacis, u, yaurbBas yciaosus (6.1), (6.6) u paBeHCTBO g = Vg,
nostydaeM, 9to otieparopbl X, Z umeror Buj (1.6). O6mumm coOCTBEHHBIM BEKTOPOM OIIEPATOPOB
A’ C' asnserca go.

Teopembr 2, 4, 6 siBsitorest caeacrBusimu reopem 1, 3, 5 [9]. Ilpu Bbimosnennu ycsroBuii
TeopeM 2, 4, 6 oneparopsl X u Z takxke npecrasuMbl B popme (1.6), TOMOTHATETbHBIN HHTErpaJt
MozkeT 6bITh 3anucal B Buje (1.7) u ypasuenust Ilyankape — 2K yKOBCKOTO IPHBOJISITCS K CILy9at0
TorTkmn.
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d) Ilosyumm siBHBII BHJ MHTerpaja n yKaykeM siBHOEe mpubejenue K ciydaro IIlorrku
Ha npumepe Teopembl 1 [9].

Kak mokaszamno Beiie, u3 yeaosnii (6.1)—(6.5) ciaemyer npencraBuMocTsb oneparopoB X u Z
B Buze (1.6). Cucrema ycmosuit (6.1)—(6.5) skBuBasentna cucreme ycsosuit (6.1), (1.6). Berm-
IIeM OCTABIIIECS YCJIOBUsA TeopeMbl 1 [9]:

big = bay = baz3 = b32 =0, Y12 =Y =Yo3=7Y3 =0, (6.15)
Y; Y; Y-
b1 = bl?’Y—E’ boo = al?’X—2123’ b3z = b31%, b31Y13 = b13Y31, (6.16)
X3 = Yoo (Y13Y33 + Y31 Y11)/y,  Z13 = Yoo (Y11 Y13 + Y33Y31) /[y, (6.17)
X1 — Xs3 =Yoo (Y7 = Y + Y3 = Y3))/Jy, Xz — Xoo = Yoo (Va3 + Y31) /v, (6.18)
7 — Zgy = Yoo (Y7 = Yy + Y4 = Y13) [y, Zsz — Zao = Yoo (Vi3 + Y13) [y (6.19)
3nech y = Y13Y31 — Yi1Y33.
U3 Broporo yciosust (6.16) upu yuere (1.6) mosryuanm
}/22 = ,U,bgz. (620)

[Tpeo6pasyem, ¢ yaerom ycaosuii (1.6), (6.20), (6.16), mepsoe yciosue (6.17):

Y13 }/;31 b13 b31
boo (== + === boo (=2 + ==
Ja K 22(Y11 Y33) K 22(bn b33
13 pr— P—
YisYs1 bisbsi _ 4
Yi1Y33 b11b33

Beinosnue anajorndHoe npeobpasopanue Broporo yeiaosust (6.17) u yeaosuit (6.18), (6.20),
ZarmIem

a3 = k(bszbi3 + b11b31), ci13 = k(bi11b13 + b31b33),

a1 — ags = k(bf) — b33 + bis — 05)), c1n — cs3 = k(biy — b33 + 05, — bi), (6.21)

boo

ass — agy = ]f(bgg + b?’)l)? C33 — C22 = k(bgg + b%g), k= ——i—"
b13b31 — b11b33

OrmeTuM, 9TO HpU 3alKCH ycsoBuii Teopembl 1 [9] HesSIBHO mpejosiaraeTcsi, 9TO onepa-
top B’ — neBbipoxkennsiit. eficreuressio, npu yenosusx (6.15) umeem det B = byo(b11bs3 —
— bisbs1). IlpuBesennas B [9] 3amuch ycsioBuii Bo3MOXKHA, TOJBKO ecin by1bsg — bisbsy # 0.
OueBuHo, ceyer cautarh u bog # 0, unade noayaum u3 (6.21) A’ = k1E u C' = kE.

ITepBoe, Tperbe u yerseproe ycsosus (6.16) 3amumiem B Buje

Yo b Vs bz Yu _ bu

_ b _ s .y 6.22
Y33 b33’ Y31 b3’ Yiz  bi3 (6:22)

Takum o6pazom, ycsoBust TeopeMbl 1 |9] skBuBasienTHBI cucreme yeiosuii (1.6), (6.1), (6.15),
(6.20)~(6.22).

Cnaraembie (1 E, uoE B dopmyne (1.6) Boigessior u3 unrerpana (1.5) marerpasst pgFy
u o Fy; 911 ciaraembie MoxKHO onycTuThb. Oneparopsl X, Y u Z B unrerpase (1.5) omnpe/iesieHbl
C TOYHOCTBIO JI0 OBIINEro MHOXKUTEJIsS, [T09TOMY MHOXKHUTENb i B yciousx (1.6), (6.20) moxHO
[OJIOXKUTH DABHBIM €/[MHHUIIE.
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YenoBus cymecrsosanus uarerpana (1.6), (6.1), (6.15), (6.20), (6.21) sammmrem B cieLyio-

IeM 9KBUBAJCHTHOM BHUJIE, BBEJS IIapaMeTphl a, b, ¢, d, v:

bi1 = a,bss = b,biz = ¢,bs1 = d,bag = k(ed — ab), bia = bay = bag = bz = 0,

a1z = k(bc +ad), c13 = k(ac+bd), a2 = ass = c12 = co3 =0,

ayn —azz = k(a® = 0> + 2 —d?), asz — ag = k(b* + d?),

c11 —c33 = k(a® — 0% +d* — c?),  c33 — cag = k(b* + ¢2), (6.23)

X=A Z=C|,

Yoo = k(ed — ab), Y11 = kva, Yiz=kve, Y31 =kvd, Ys3=kvb,
( Y12 = Y21 = Ya3 = Y32 = 0.

Yenosust (6.23) SKBUBAJIEHTHBI IIPEJICTABICHUIO OIIEPATOPOB B CJIEJYIOIIEM BHJIE

2 2 2 2
a“ +c b= +d ad + be
A'=apE+=——egl + g8 + (8185 +8s81),

2 2 2 2
r a®+d T b°+4c T . ac-+bd T T
C' = cnE+ 8181t 8383 + (2183 + 8381 ), (6.24)

cd — ab
B’ =agig] +bgsgs + nggg + cgigs + dgsgl

(X =A', Z=C', Y =kB +k(l—-kv)(cd— ab)ggl.

Taxkum ob6paszom, hopmyiia (1.5) 3a1aeT TOMOTHUTENBHBIA HHTETPAJT CHCTEMBbI, €CJTH MATPUIBI
A’ B, C', X, Y, Z sanausr dopmynamu (6.24), riue a,b, ¢, d, k,asa, coo, v — TPOU3BOJIbHBIE
napaMeTpsl, (g;) — IPOM3BOJIbHAs [IpaBas OPTOHOPMHUPOBAHHAS TPOWKa BEKTOPOB. B KadecTse
JIOIIOJTHATE/ILHOIO UHTErPaJia MOXKHO BhIOpaTh u unTerpasi F — F3. Yaursisas dopmysisr (6.24),
[IOJTY YUM

F — F3=2(kv—1)(K,B’'S) + k(ab — c¢d)S2 K3) = const.

Tak kak, B coorsercTBun ¢ (6.23), k(ab — cd) = —bga, T0 nocie cokpamienus na 2(kv — 1)
noJsiydaeM B TOYHOCTH uHTerpas (2.16).

B paccmarpuBaemoMm ciiydae BEKTOP 2 ABISETCS COOCTBEHHBIM BEKTOPOM oneparopos A’
u C'. Ecim or 6asuca (g;) nepeiitu k 6asucy (€;) coGCTBEHHBIX BEKTOPOB ornepaTopa A’ moBopo-
TOM BOKDPYT €2 U NEPEUTH K IepPEMEHHBIM K = K, S = RS, o nonyuum ciayuait [HorTku mjist
ypasrennii ITyankape — 2KyKOBCKOTO ¢ JMaroHaJIbHBIMA MATPUIAMU B TaMUJILTOHUAHE, TIPUIEM
A'=C' +kE.

B coorsercTBum ¢ npemnoxennem 12, omeparoper A, B, C' B ciygae 1o = ey 3agaiorcs
CeMbIO mapamerpamu «, 3,7y, T2, T3, @, . IlojyueHHoe 3/1ech TpejCTaBIeHIe ITUX ONEPATOPOB
B Bujie (6.24) B ciiydae BBINOJHEHHUs YCJIOBUiT TeopeMbl 1 |9] TakzKe COAEPKUT CeMb ITaApAMETPOB
a, b, C, d, k, as2,C292.
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On quadratic integral Poincare — Zhukovsky’s equations
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For Poincaré —Zhukovsky’s equations with non-diagonal matrices in the Hamiltonian, we obtain
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is shown that if the integral exists, then the equations reduce to the Schottky’s case.

MSC 2010: 70E40, 37J35
Keywords: Poincare — Zhukovsky’s equations, quadratic integral, non-diagonal matrices,
Schottky’s case

Received February 3, 2012, accepted March 14, 2012
Citation: Rus. J. Nonlin. Dyn., 2012, vol. 8, no. 3, pp. 523-540 (Russian)

E ___ HEJVHENHAS TUHAMMKA. 2012. T. 8. Ne3. C. 523-540





