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� ¥ ¬   1. Ǒ��������� � ������������� �������������� � �������� Ǒ������������ ������ ���� ����������� Ǒ����������¥â®¤ë ¯à¨¢¥¤¥­¨ï ãà ¢­¥­¨© ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã ¯®¤à®¡­® ¨§«®-�¥­ë ¢ ª­¨£¥ �.�.�¨ª®«¥­ª® [10, á.9-16℄. �à âª®¥ ¨§«®�¥­¨¥ íâ¨å ¬¥â®¤®¢¯à¨¢¥¤¥­® ¢ á¡®à­¨ª¥ § ¤ ç ¯®¤ à¥¤ ªæ¨¥© �.�.�« ¤¨¬¨à®¢  [5, á.29-30℄.Ǒà¨¬¥àë à §®¡à ­ë â ª�¥ ¢ «¥ªæ¨¨ ò1 ¯® ���.� ¯ à   � ­ ¥ ­ ¨ ï� ª �¤®© ®¡« áâ¨, £¤¥ á®åà ­ï¥âáï â¨¯ ãà ¢­¥­¨ï, ¯à¨¢¥áâ¨ ª ª ­®-­¨ç¥áª®¬ã ¢¨¤ã ãà ¢­¥­¨ï:1. uxx sin2 x − 2y sin xuxy + y2uyy = 0;2. x2uxx + 2xyuxy − 3y2uyy − 2xux + 4yuy + 16x2u = 0;3. 4y2uxx − e2xuyy − 4y2ux = 0;4. x2uxx + 2xyuxy + y2uyy = 0;5. (1 + x2)uxx + (1 + y2)uyy + xux + yuy = 0;6. y2uxx − x2uyy = 0;7. x2uxx − y2uyy = 0;8. x2uxx + y2uyy = 0;9. y2uxx + x2uyy = 0;10. uxx − 2 sin xuxy + (2 − 
os2 x)uyy = 0;11∗. xuxx − yuyy = 0;12∗. yuxx − xuyy = 0.

.

� ¥ ¬   2. Ǒ��������� � ������������� �������������� � �������� Ǒ������������ Ǒ���������� ��������������Ǒà¨¬¥àë à §®¡à ­ë ¢ «¥ªæ¨¨ ò2 ¯® ���.�à ¢­¥­¨¥
n

∑

i,j=1 aijuxixj
+ F (x, u, ux1 , ..., uxn

) = 03



¬®�­® ¯à¨¢¥áâ¨ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã (â.¥.
n

∑

i=1 δiuyiyi
+ �(y, u, uy1 , ..., uyn

) = 0,£¤¥ δi ∈ {−1, 0, 1}) ­¥®á®¡ë¬ «¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ y = Btx , £¤¥
B | ¬ âà¨æ  â ª ï, çâ® ¯à¥®¡à §®¢ ­¨¥ ξ = Bη ¯à¨¢®¤¨â ª¢ ¤à â¨ç­ãîä®à¬ã n

∑

i,j=1 aijξiξj ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã, â.¥. ∑n

i=1 δiηiηi .� ¯ à   � ­ ¥ ­ ¨ ïǑà¨¢¥áâ¨ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã ãà ¢­¥­¨ï:1. uxx + 2uxy + 2uyy + 4uyz + 5uzz + ux + uy = 0;2. uxx − 4uxy + 2uxz + 4uyy + uzz + 2ux = 0;3. uxx + 2uxy − 2uxz + 2uyy + 6uzz − uy = 0;4. 4uxx − 4uxy − 2uyz + uy + uz = 0;5. uxy − uxz + ux + uy + uz = 0;6. uxx + 2uxy − 2uxz + 2uyy + 2uzz + ux = 0;7. uxx + 2uxy − 4uxz − 6uyz − uzz + ux = 0;8. uxx − 6uxy + 10uyy + 3uzz + ux − 3uy = 0;9. uxx − 2uxy − 3uyy + uzz + uy = 0;10. uxx + uyy + uzz + 2uxy + 2uxz + 2uyz + ux + uy + uz = 0;11∗. uxx + 2uxy + uyy + uzz + utt − 2uzt + ux + uy = 0;12∗. uxx + 2uxy + 2uyy + 2uyz + 2uyt + 2uzz + 3utt + uy = 0.� ¥ ¬   3. ������ ������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ ª­¨£¥ [10, á.75, 245℄. �¤­ ª®¤«ï à¥è¥­¨ï ¯à¥¤«®�¥­­ëå ­¨�¥ § ¤ ç ¤®áâ â®ç­® ¯à¨¢¥áâ¨ ãà ¢­¥­¨¥ ªª ­®­¨ç¥áª®¬ã ¢¨¤ã, ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¨ ®¯à¥¤¥«¨âì¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ ¢ëà �¥­¨¥ ¤«ï ®¡é¥£® à¥è¥­¨ï. �«ïíâ®£® ¨á¯®«ì§ãîâáï £à ­¨ç­ë¥ ãá«®¢¨ï.� ¯ à   � ­ ¥ ­ ¨ ï� ©â¨ à¥è¥­¨¥ § ¤ ç¨ �ãàá :1. uxy + ux = x, x > 0, y > 0, u|x=0 = y2, u|y=0 = x2;2. 2uxx − 2uyy + ux + uy = 0, y > |x|, u|y=x = 1,

u|y=−x = (x + 1)ex; 4



3. 2uxx + uxy − uyy + ux + uy = 0, −x2 < y < x, x > 0,

u|y=x = 1 + 3x, u|y=−x2 = 1;4. uxx + yuyy + 12uy = 0, −x24 < y < 0, x > 0,

u|y=0 = 0, u|
y=−x24 = x2;5. uxy − exuyy = 0, y > −ex, x > 0, u|x=0 = y2, u|y=−ex = 1 + x2;6. xuxx + (x − y)uxy − yuyy = 0, 0 < y < x, x > 0,

u|y=0 = 0, u|y=x = x;7. x2uxx − y2uyy = 0, y > x, x > 1, u|y=x = x, u|x=1 = 1;8. uxx − uyy + 2
x

ux = 0, y > 1 + |x|,
u|y=1+x = 1 − x, u|y=1−x = 1 + x;9. 3x2uxx + 2xyuxy − y2uyy = 0, x < y < x− 13 ,0 < x < 1, u|y=x = y, u|xy3=1 = y2;10. uxy + x2yux = 0, x > 0, y > 0, u|x=0 = 0, u|y=0 = x;11. uxy − 1
x − y

(ux − uy) = 1, y < −x, x > 2,

u|y=−x = 0, u|x=2 = 2 + 2y + y22 ;12. uxx − uyy + 2
x

ux = 0, y > 1 + |x|,
u|y=1−x = 1 − x, u|y=1+x = 1 + x.(� ª   §   ­ ¨ ¥: á¤¥« âì § ¬¥­ã u = 1

x
v).� ¥ ¬   4. ����� ���������� Ǒ������������ ��������� ��Ǒ���� �� Ǒ��������� ¯ à   � ­ ¥ ­ ¨ ï� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£  r < 1 â -ªãî, çâ® u|r=1 = f(ϕ) , £¤¥ 1. f(ϕ) = 
os2 ϕ;2. f(ϕ) = sin3 ϕ;3. f(ϕ) = 
os4 ϕ;5



4. f(ϕ) = sin6 ϕ.� ª   §   ­ ¨ ¥: ®¡é¨© ¢¨¤ £ à¬®­¨ç¥áª®© äã­ªæ¨¨ ¢ ªàã£¥ ¬®�­®¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤ 
u(r, ϕ) = c + ∞

∑

n=1 rn(An 
os(nϕ) + Bn sin(nϕ)). (1)� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢­ãâà¨ ªàã£  r < R â ªãî, çâ®5.
∂u

∂r
|r=R = 
os2 ϕ;6.

∂u

∂r
|r=R = 
os 2ϕ;7.

∂u

∂r
|r=R = sin3 ϕ.� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢ ª®«ìæ¥ 1 < r < 2 â ªãî, çâ®

u|r=1 = f1(ϕ), u|r=2 = f2(ϕ) , £¤¥8. f1(ϕ) = 1 + 
os2 ϕ, f2(ϕ) = sin2 ϕ;9. f1(ϕ) = 
os2 ϕ, f2(ϕ) = sin2 ϕ;10. f1(ϕ) = sin 3ϕ, f2(ϕ) = sin ϕ;11. f1(ϕ) = 1, f2(ϕ) = 
os ϕ;12. f1(ϕ) = 
os 3ϕ, f2(ϕ) = sin2 ϕ.� ª   §   ­ ¨ ¥: ®¡é¨© ¢¨¤ £ à¬®­¨ç¥áª®© äã­ªæ¨¨ ¢ ª®«ìæ¥
R1 < r < R2 ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤ 
u(r, ϕ) = a ln r + b + ∞

∑

n=1(Anrn + Cn

rn
) 
os(nϕ) + ∞

∑

n=1(Bnrn + Dn

rn
) sin(nϕ). (2)� ¥ ¬   5. ����� ���������� Ǒ������������ ��������� ��Ǒ���� � Ǒ����������� R

3�¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¯® íâ®© â¥¬¥ ¤®áâ â®ç­® ¯®¤à®¡­® ¨§«®�¥­¢ [5, á.189-191℄.� ¯ à   � ­ ¥ ­ ¨ ï� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢­ãâà¨ áä¥à¨ç¥áª®£® á«®ï 1 < r < 2â ªãî, çâ® u|r=1 = f1(θ, ϕ), u|r=2 = f2(θ, ϕ) , £¤¥6



1. f1 = sin θ sin ϕ, f2 = 0;2. f1 = sin 2ϕ sin2 θ, f2 = 3 
os θ;3. f1 = 12 sin θ 
os2 θ2 
os ϕ, f2 = 0;4. f1 = 
os ϕ sin 2θ, f2 = sin ϕ sin 2θ.� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢­¥ áä¥àë à ¤¨ãá  R á æ¥­âà®¬ ¢­ ç «¥ ª®®à¤¨­ â ¨ â ªãî, çâ®5. u|r=R = sin3 θ 
os θ 
os(3ϕ + π/4);6. u|r=R = sin 100ϕ sin100 θ.� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢­ãâà¨ áä¥àë à ¤¨ãá  R á æ¥­âà®¬¢ ­ ç «¥ ª®®à¤¨­ â ¨ â ªãî, çâ®7. u|r=R = sin(2ϕ + π/6) sin2 θ 
os θ;8. u|r=R = 
os(2ϕ − π/4) sin2 θ + sin ϕ sin θ.� ©â¨ äã­ªæ¨î £ à¬®­¨ç¥áªãî ¢­ãâà¨ ¥¤¨­¨ç­®© áä¥àë á æ¥­âà®¬¢ ­ ç «¥ ª®®à¤¨­ â ¨ â ªãî, çâ®9. u|r=1 = 
os(2ϕ + π/3) sin2 θ;10. u|r=1 = (sin θ + sin 2θ) sin(ϕ + π/6);11. u|r=1 = sin θ(sin ϕ + sin θ);12. ur|r=1 = sin10 θ sin 10ϕ, u|r=0 = 1.� ¥ ¬   6. ������� ����� �Ǒ������� ��Ǒ����� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¬¨ ¬¥â®¤ ¬¨ ¯®áâà®¥­¨ï äã­ªæ¨¨ �à¨­ ï¢«ïîâáï ¬¥â®¤ í«¥ªâà®áâ â¨ç¥áª¨å ¨§®¡à �¥­¨© ¨ ¬¥â®¤ ª®­ä®à¬­ëå®â®¡à �¥­¨© [10, £«.2℄, [13, £«.5℄.� ¯ à   � ­ ¥ ­ ¨ ï1. Ǒ®áâà®¨âì äã­ªæ¨î �à¨­  § ¤ ç¨ �¨à¨å«¥ ¤«ï á«¥¤ãîé¨å ®¡« -áâ¥©: 1)ç¥â¢¥àâì ¯«®áª®áâ¨; 7)¢®áì¬ ï ç áâì ¯«®áª®áâ¨;2)¯®«ã¯«®áª®áâì; 8)¢®áì¬ ï ç áâì è à ;3)¯®«ãè à; 9)¯®«ãªàã£;4)ç¥â¢¥àâì ¯à®áâà ­áâ¢ ; 10)ç¥â¢¥àâì ªàã£ ;7



5)¯®«ã¯à®áâà ­áâ¢®; 11)¢®áì¬ ï ç áâì ªàã£ ;6)ç¥â¢¥àâì è à ; 12)¢®áì¬ ï ç áâì ¯à®áâà ­áâ¢ .2.�¥è¨âì § ¤ çã �¨à¨å«¥ �u = 0, u|S = u0(x) 
 ¯®¬®éìî äã­ªæ¨¨�à¨­  ¨«¨ ¤àã£¨¬ ¬¥â®¤®¬ ¤«ï á«¥¤ãîé¨å ®¡« áâ¥©:1. x2 > 0, x3 > 0, u0|x2=0 = 0, u0|x3=0 = e−4x1 sin 5x2;2. x2 > 0, x3 > 0, u0|x2=0 = 0, u0|x3=0 = e−x1 sin 3x2;3. x2 > 0, u0|x2=0 = 11 + x21 ;4. x2 > 0, u0|x2=0 = x11 + x21 ;5. x2 > 0, u0|x2=0 = x21 − 1(1 + x21)2 ;6. x2 > 0, u0|x2=0 = 
os x1;7. x1 > 0, x2 > 0, u0|x1=0 = 0, u0|x2=0 = 1;8. x1 > 0, x2 > 0, u0|x1=0 = a, u0|x2=0 = b;9. x1 > 0, x2 > 0, u0|x1=0 = 0, u0|x2=0 = x211 + x21 ;10. x1 > 0, x2 > 0, u0|x1=0 = 0, u0|x2=0 = x1(1 + x21)2 ;11. x1 > 0, x2 > 0, u0|x1=0 = sin x2, u0|x2=0 = sin x1;12. |z| < 1, Im z > 0, u0|r=1 = sin ϕ, u0|ϕ=0 = u0|ϕ=π = 0.� ¥ ¬   7. ����� Ǒ�����������¥®à¥â¨ç¥áª ï ç áâì ¨§«®�¥­  ¢ [5, £«.5,§18℄.� ¯ à   � ­ ¥ ­ ¨ ï�ëç¨á«¨âì ­ìîâ®­®¢ ¯®â¥­æ¨ « Vn á® á«¥¤ãîé¨¬¨ ¯«®â­®áâï¬¨: ) ¤«ï è à  |x| < R ¡) ¤«ï ªàã£  r < R1. ρ = |x|; 7. ρ = r2;2. ρ = |x|2; 8. ρ = e−r;3. ρ = e−|x|; 9. ρ = 11+r2 ;4. ρ = 11+|x|2 ; 10∗. ρ = sin r;5. ρ = sin |x|; 11∗. ρ = 
os r;6. ρ = 
os |x|; 12∗. ρ = √
r.8



� ¥ ¬   8. ������ ������� ��������� ��������� �������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ [10, £«.2, §6,7,8; £«.4, §2℄, [13,£«.2, §2; £«.3 §3; £«.5 §1; £«.6, §1℄, [4, £«.1, §4; £«.3, §13℄.� ¯ à   � ­ ¥ ­ ¨ ï�á¯®«ì§ãï ä®à¬ã«ã � « ¬¡¥à , à¥è¨âì § ¤ çã �®è¨:1. utt = a2uxx + sin ωt, u|t=0 = 0, ut|t=0 = 0;2. utt = a2uxx + sin ωx, u|t=0 = 0, ut|t=0 = 0;3. utt = 9uxx + sin x, u|t=0 = 1, ut|t=0 = 1;4. utt = uxx + ex, u|t=0 = sin x, ut|t=0 = x + 
os x;5. utt = uxx + sin x, u|t=0 = sin x, ut|t=0 = 0;6. utt = 4uxx + xt, u|t=0 = x2, ut|t=0 = x;7. utt = uxx + 6, u|t=0 = x2, ut|t=0 = 4x;8. utt = uxx + xt, u|t=0 = sin x, ut|t=0 = x;9. utt = 9uxx + 6, u|t=0 = 1, ut|t=0 = 4x;10. utt = uxx + 
os x, u|t=0 = x + 
os x, ut|t=0 = 0;11. utt = a2uxx + 
os x, u|t=0 = 0, ut|t=0 = 1;12. utt = 2uxx + ex, u|t=0 = 1, ut|t=0 = 0.� ¥ ¬   9. ������ ������� ��������� ��������� ���������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ [10, £«.2, §6,7,8; £«.4, §2℄, [13,£«.2, §2; £«.3 §3; £«.5 §1; £«.6, §1℄, [4, £«.1, §4; £«.3, §13℄.� ¯ à   � ­ ¥ ­ ¨ ï�á¯®«ì§ãï ä®à¬ã«ã Ǒã áá®­  (¨«¨ ¤àã£®© ¬¥â®¤), à¥è¨âì § ¤ çã �®è¨:1. utt = �u + 2, u|t=0 = x, ut|t=0 = y;2. utt = �u + 6xyt, u|t=0 = x2 − y2, ut|t=0 = xy;3. utt = �u + x3 − 3xy2, u|t=0 = ex 
os y, ut|t=0 = ey sin x;4. utt = �u + t sin y, u|t=0 = x2, ut|t=0 = sin y;5. utt = 2�u, u|t=0 = 2x2 − y2, ut|t=0 = 2x2 + y2;6. utt = 3�u + x3 + y3, u|t=0 = x2, ut|t=0 = y2;7. utt = �u + e3x+4y, u|t=0 = ut|t=0 = e3x+4y;8. utt = �u, u|t=0 = 
os(bx + cy), ut|t=0 = sin(bx + cy);9



9. utt = a2�u, u|t=0 = (x2 + y2)2, ut|t=0 = (x2 + y2)2;10. utt = a2�u + (x2 + y2)et, u|t=0 = 0, ut|t=0 = 0;11. utt = a2�u, u|t=0 = 3x2 + 2y2, ut|t=0 = (5x − 6y)2;12. utt = a2�u, u|t=0 = 6x2 + 7y2, ut|t=0 = (3x − 4y)2.� ¥ ¬   10. ������ ���� ��� ��������� ����������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ [10, £«.2, §6,7,8; £«.4, §2℄, [13,£«.2, §2; £«.3 §3; £«.5 §1; £«.6, §1℄, [4, £«.1, §4; £«.3, §13℄.� ¯ à   � ­ ¥ ­ ¨ ï�á¯®«ì§ãï ä®à¬ã«ã �¨àå£®ä  (¨«¨ ¤àã£®© ¬¥â®¤), à¥è¨âì § ¤ çã �®è¨:1. utt = �u + 6tex
√2 sin y 
os z,

u|t=0 = ex+y 
os z
√2, ut|t=0 = e3y+4z sin 5x;2. utt = 3�u + 6(x2 + y2 + z2), u|t=0 = x2y2z2, ut|t=0 = xyz;3. utt = 8�u + t2x2, u|t=0 = y2, ut|t=0 = z2;4. utt = �u + 2xyz, u|t=0 = x2 + y2 − 2z2, ut|t=0 = 1;5. utt = a2�u, u|t=0 = ut|t=0 = (x2 + y2 + z2)2;6. utt = a2�u + (x2 + y2 + z2)et, u|t=0 = 0, ut|t=0 = 0;7. utt = a2�u + 
os x sin yez, u|t=0 = ey+z, ut|t=0 = sin xey+z;8. utt = a2�u + xet 
os(3y + 4z), u|t=0 = xy 
os z, ut|t=0 = yzex;9. utt = a2�u, u|t=0 = ut|t=0 = 
os √(x2 + y2 + z2);10. utt = 8�u + 2xyz, u|t=0 = x2 + y2 − 2z2, ut|t=0 = z2;11. utt = �u + t2x2, u|t=0 = y2, ut|t=0 = 1;12. utt = �u + 6(x2 + y2 + z2), u|t=0 = ey+z, ut|t=0 = xyz.� ¥ ¬   11. ������ ������� ��������� ��Ǒ��Ǒ�����������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ [10, £«.2, §6,7,8; £«.4, §2℄, [13,£«.2, §2; £«.3 §3; £«.5 §1; £«.6, §1℄, [4, £«.1, §4; £«.3, §13℄.� ¯ à   � ­ ¥ ­ ¨ ï�á¯®«ì§ãï ä®à¬ã«ã Ǒã áá®­  (¨«¨ ¤àã£®© ¬¥â®¤), à¥è¨âì § ¤ çã �®è¨:1. ut = 2�u + t 
os x, u|t=0 = 
os y 
os z;10



2. ut = 3�u + et, u|t=0 = sin(x − y − z);3. ut = �u + sin 2z, u|t=0 = 
os 2y e−x2 ;4. ut = �u + 
os(x − y + z), u|t=0 = 
os 2y e−x2 ;5. ut = �u, u|t=0 = 
os x 
os y;6. ut = �u + t 
osx, u|t=0 = 
os 2y e−x2 ;7. ut = �u + et, u|t=0 = 
os x sin y;8. ut = �u + sin x sin y, u|t=0 = 1;9. ut = �u + 
os t, u|t=0 = e−(x−y)2 ;10. ut = 18�u + 1, u|t=0 = xye−x2−y2 ;11∗. ut = 12�u, u|t=0 = 
os(xy);12∗. ut = �u + t 
osx, u|t=0 = 
os(xy) sin z.� ¥ ¬   12. ������ ������{���������®®â¢¥âáâ¢ãîé¨© ¬ â¥à¨ « ¨§«®�¥­ ¢ [1, £«.3,§11℄, [4, £«.5,§21,22℄.� ® ¯ à ® á ë1. �ä®à¬ã«¨à®¢ âì § ¤ çã �âãà¬ {�¨ã¢¨««ï ¢ ®¡é¥¬ ¢¨¤¥ ¤«ï n = 1 .2. �â® ­ §ë¢ ¥âáï á®¡áâ¢¥­­ë¬¨ ç¨á« ¬¨ ¨ á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨?3. �¢®©áâ¢  á®¡áâ¢¥­­ëå ç¨á¥« ¨ á®¡áâ¢¥­­ëå äã­ªæ¨©.4. �¥®à¥¬  �â¥ª«®¢  ® à §«®�¥­¨¨ äã­ªæ¨¨ ¢ àï¤ ¯® á®¡áâ¢¥­­ë¬ äã­ª-æ¨ï¬.� ¯ à   � ­ ¥ ­ ¨ ï�¥è¨âì § ¤ çã �âãà¬ {�¨ã¢¨««ï (¨ ­ ©â¨ äã­ªæ¨î �à¨­ ):1. X ′′ + X ′ + 2X = λX, X(0) = X(1) = 0;2. X ′′ + 2X ′ = λX, X(0) = X(3) = 0;3. X ′′ − 2X ′ = λX, X ′(0) = X(2) = 0;4. X ′′ − 3X ′ + X = λX, X(0) = X ′(2) = 0;5. X ′′ + 3X ′ − X = λX, X ′(0) = X ′(3) = 0;6. X ′′ + 4X ′ = λX, X(0) = X ′(3) = 0;7. X ′′ − 4X ′ = λX, X ′(0) = X(2) = 0;8. X ′′ − 4X ′ = λX, X ′(0) = X(1) = 0;9. X ′′ + 4X ′ = λX, X ′(0) = X(1) = 0;11



10. X ′′ + X ′ = λX, X ′(0) = X(π) = 0;11. X ′′ − X ′ = λX, X(0) = X ′(π) = 0;12. X ′′ − X ′ = λX, X ′(0) = X ′(π) = 0.� ¥ ¬   13. ����� ������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¨§«®�¥­ ¢ [1, £«.3, §12, 13, 16; £«.4, §21℄, [13,£«.2 §3; £«.3, §2℄, [4, £«.5, §26; £«.6, §32℄.� ¯ à   � ­ ¥ ­ ¨ ï1. ut = uxx, 0 < x < l,

u(0, x) = 0, ux(t, 0) = 1, u(t, l) = 0;2. ut = uxx + u + 2 sin x sin 2x, 0 < x < π/2,

u(0, x) = 0, ux(t, 0) = 0, u(t, π/2) = 0;3. ut = uxx − 2ux + x + 2t, 0 < x < 1,

u(0, x) = ex sin πx, u(t, 0) = 0, u(t, 1) = t;4. ut = uxx + u − x + 2 sin 2x 
os x, 0 < x < π/2,

u(0, x) = x, u(t, 0) = 0, u(t, π/2) = 1;5. ut = uxx + 4u + x2 − 2t − 4x2t + 2 
os2 x, 0 < x < π,

u(0, x) = 0, ux(t, 0) = 0, ux(t, π) = 2πt;6. ut = uxx + 2ux − u + ex sin x − t, 0 < x < π,

u(0, x) = 1 + ex sin 2x, u(t, 0) = 1 + t, u(t, π) = 1 + t;7. ut = uxx + u + xt(2 − t) + 2 
os t, 0 < x < π,

u(0, x) = 
os 2x, ux(t, 0) = t2, ux(t, π) = t2;8. ut = uxx + 9u + 4 sin2 t 
os 3x − 9x2 − 2, 0 < x < π,

u(0, x) = x2 + 2, ux(t, 0) = 0, ux(t, π) = 2π;9. ut = uxx + 6u + 2t(1 − 3t) − 6x + 2 
os 2x 
os x, 0 < x <
π2 ,

u(0, x) = x, ux(t, 0) = 1, u(t, π2 ) = t2 + π2 ;10. ut = uxx + 6u + x2(1 − 6t) − 2(t + 3x) + sin 2x, 0 < x < π,

u(0, x) = x, u(t, 0) = 1, ux(t, π) = 2πt + 1;11. ut = uxx + 4ux + x − 4t + 1 + e−2x 
os2 πx, 0 < x < 1,

u(0, x) = 0, u(t, 0) = t, u(t, 1) = 2t;12



12. ut = a2uxx − βu + sin πx

l
, 0 < x < l,

u(0, x) = 0, u(t, 0) = 0, u(t, l) = 1.� ¯ à   � ­ ¥ ­ ¨ ï1. utt − 3ut = uxx + 2ux − 3x − 2t, 0 < x < π,

u(0, x) = e−x sin x, ut(0, x) = x, u(t, 0) = 0, u(t, π) = πt;2. utt = uxx + 10u + 2 sin 2x 
os x, 0 < x <
π2 ,

u(0, x) = 0, ut(0, x) = 0, u(t, 0) = 0, ux(t, π2 ) = 0;3. utt = uxx + 4u + 2 sin2 x, 0 < x < π,

u(0, x) = 0, ut(0, x) = 0, ux(t, 0) = 0, ux(t, π) = 0;4. utt + 2ut = uxx + 8u + 2x(1 − 4t) + 
os 3x, 0 < x <
π2 ,

u(0, x) = 0, ut(0, x) = x, ux(t, 0) = t, u(t, π2 ) = tπ2 ;5. utt − 7ut = uxx + 2ux − 2t − 7x − e−x sin 3x, 0 < x < π,

u(0, x) = 0, ut(0, x) = x, u(t, 0) = 0, u(t, π) = πt;6. utt − 3ut = uxx + u − x(4 + t) + 
os 3x2 , 0 < x < π,

u(0, x) = x, ut(0, x) = x, ux(t, 0) = 1 + t, u(t, π) = π(1 + t);7. utt − 2ut = uxx − 4xt + 4t sin x, 0 < x <
π2 ,

u(0, x) = 3, ut(0, x) = x + sin x, u(t, 0) = 3, ux(t, π2 ) = t2 + t;8. utt + 2ut = uxx + 4x + 8et 
os x, 0 < x <
π2 ,

u(0, x) = 
os x, ut(0, x) = 2x, ux(t, 0) = 2t, ux(t, π2 ) = πt;9. utt + 2ut = uxx − u, 0 < x < π,

u(0, x) = πx − x2, ut(0, x) = 0, u(t, 0) = 0, u(t, π) = 0;10. utt + ut = uxx, 0 < x < 1,

u(0, x) = 0, ut(0, x) = 1 − x, u(t, 0) = t, ux(t, 1) = 0;11. utt = uxx + u, 0 < x < l,

u(0, x) = 0, ut(0, x) = x

l
, u(t, 0) = 0, u(t, l) = t;13



12. utt = uxx − 4u, 0 < x < 1,

u(0, x) = x2 − x, ut(0, x) = 0, u(t, 0) = 0, u(t, 1) = 0.� ¥ ¬   14. ������������ ����������¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ [15℄.� ¯ à   � ­ ¥ ­ ¨ ï�¥è¨âì ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬ 
ϕ(x) = λ

∫ 1
−1 K(x, y)ϕ(y) dy + f(x)¢ á«¥¤ãîé¨å á«ãç ïå:1. K(x, y) = xy2 + x2y, f(x) = x2 + x4;2. K(x, y) = x

13 + y
13 , f(x) = 1 − 6x2;3. K(x, y) = x4 + 5x3y, f(x) = x2 − x4;4. K(x, y) = 2xy3 + 5x2y2, f(x) = 7x4 + 3;5. K(x, y) = x2 − xy, f(x) = x2 + x;6. K(x, y) = 5 + 4xy, f(x) = x;7. K(x, y) = sin π(x − 2y), f(x) = 
os 2πx;8. K(x, y) = 
os π(2x + y), f(x) = sin πx;9. K(x, y) = sin π(3x + y), f(x) = 
os πx;10. K(x, y) = 
os2 π(x − y), f(x) = 1 + 
os 4πx;11. K(x, y) = sin π(2x + 3y), f(x) = π − 2x;12. K(x, y) = πy 
os πx, f(x) = 1 − 2x.� ©â¨ à¥è¥­¨ï á«¥¤ãîé¨å ¨­â¥£à «ì­ëå ãà ¢­¥­¨©:1. ϕ(x) = λ

∫ π2
−π2 (y sin x + 
os y)ϕ(y) dy + ax + b;2. ϕ(x) = λ

∫ π0 
os(x + y)ϕ(y) dy + a sin x + b;3. ϕ(x) = λ

∫ 1
−1(1 + xy)ϕ(y) dy + ax2 + bx + c;4. ϕ(x) = λ

∫ 1
−1(x2y + xy2)ϕ(y) dy + ax + bx3;14



5. ϕ(x) = λ

∫ 1
−1 12(xy + x2y2)ϕ(y) dy + ax + b;6. ϕ(x) = λ

∫ 1
−1(5(xy) 13 + 7(xy) 23 )ϕ(y) dy + ax + bx

13 ;7. ϕ(x) = λ

∫ 1
−1 (1 + xy1 + y2 )

ϕ(y) dy + a + x + bx2;8. ϕ(x) = λ

∫ 1
−1(x 13 + y

13 )ϕ(y) dy + ax2 + bx + c;9. ϕ(x) = λ

∫ 1
−1(xy + x2 + y2 − 3x2y2)ϕ(y) dy + ax + b;10. ϕ(x) = λ

∫ 1
−1(3x + xy − 5x2y2)ϕ(y) dy + ax;11. ϕ(x) = λ

∫ π

−π

(x 
os y + sin x sin y)ϕ(y) dy + a + b 
osx;12. ϕ(x) = λ

∫ π

−π

(x sin y + 
os x)ϕ(y) dy + ax + b.� ¥ ¬   15. Ǒ����������� �������� H1(Ω)�¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ «¥ªæ¨¨ ò16 ¯® ���.� ¯ à   � ­ ¥ ­ ¨ ï1. �á«¨ f ∈ H1(a, b) ¨ ®.¯. f ′(x) = 0 , â® f ′
h(x) = 0 ¯à¨ x ∈ [α, β℄ ,£¤¥ h < min{α − a, b − β} .2. �á«¨ f ∈ H1(a, b) , â® fh(x) → f ¢  L2(a, b) ¯à¨ h → 0 .3. �á«¨ f ∈ H1(a, b) ¨ ®.¯. f ′(x) = 0 , â® f(x) = 
onst ¯.¢.4. �á«¨ f ∈ H1(a, b) , â® á¥¬¥©áâ¢® äã­ªæ¨© fh(x) à ¢­®áâ¥¯¥­­®­¥¯à¥àë¢­® ­  [α, β℄ , £¤¥ h < min{α − a, b − β} .5. �á«¨ f ∈ H1(a, b) , â® á¥¬¥©áâ¢® äã­ªæ¨© fh(x) à ¢­®¬¥à­®®£à ­¨ç¥­® ­  [α, β℄ , £¤¥ h < min{α − a, b − β} .6. �á«¨ f ∈ H1(a, b) , â® f(x) íª¢¨¢ «¥­â­  ­  [a, b℄ ­¥¯à¥àë¢­®©äã­ªæ¨¨.7. �á«¨ f ∈ H1(−∞, +∞) , â® lim

|x|→∞
f(x) = 0 .8. �®ª § âì, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f ∈ H1(0, 2π) ¨¬¥¥â ¬¥áâ®­¥à ¢¥­áâ¢® 2π

∫0 f2 dx 6

2π
∫0 f ′2 dx + (2π

∫0 f dx)2 .9. �®ª § âì, çâ® y = |x| ∈ H1(−1, 1) , ­® y = |x| 6∈ H2(−1, 1) .15



10,11. �®ª § âì, çâ® äã­ªæ¨ï f ∈  L2(0, π) ¯à¨­ ¤«¥�¨â H1(0, π)â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áå®¤¨âáï ç¨á«®¢®© àï¤ á ®¡é¨¬ ç«¥­®¬ n2a2n ,£¤¥ an = 2
π

π
∫0 f(x) 
os nxdx , ¯à¨ íâ®¬

‖f‖2H1(0,π) = ∫ π0 (f2 + f ′2) dx = π2 ∞
∑

k=1(1 + k2)a2k + π(a02 )2.. 12. Ǒãáâì f ∈ H1(|x| < 1) , x1 = |x| 
os ϕ , x2 = |x| sin ϕ ,
|f ||x|=1 = h(ϕ) , 0 6 ϕ < 2π . �®ª § âì, çâ®lim

|x|→1−0∫ 2π0 |h(ϕ) − f(|x|, ϕ)|2 dϕ = 0.� ¥ ¬   16. Ǒ����������� �������� ◦
H1(Ω)�¥®à¥â¨ç¥áª¨© ¬ â¥à¨ « ¬®�­® ­ ©â¨ ¢ «¥ªæ¨¨ ò16 ¯® ���.� ¯ à   � ­ ¥ ­ ¨ ï1. �¯à ¢¥¤«¨¢® «¨ ¢ª«îç¥­¨¥ sin x ∈

◦
H1(0, π) ?2. �á«¨ f ∈

◦
H1(0, π) , â® áå®¤¨âáï ç¨á«®¢®© àï¤ á ®¡é¨¬ ç«¥­®¬

k2b2k , £¤¥
bk = 2

π

∫ π0 f(x) sin kx dx, (1)¯à¨ íâ®¬
‖f‖2◦

H1(0,π) = ∫ π0 (f2 + f ′2) dx = π2 ∞
∑

k=1(1 + k2)b2k.3. �á«¨ f ∈  L2(0, π) ¨ áå®¤¨âáï ç¨á«®¢®© àï¤ á ®¡é¨¬ ç«¥­®¬ k2b2k ,£¤¥ ª®íää¨æ¨¥­âë bk ®¯à¥¤¥«¥­ë ä®à¬ã«®© (1), â® f ∈
◦
H1(0, π) .4. �«ï «î¡®© äã­ªæ¨¨ f ∈

◦
H1(0, π) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® �â¥-ª«®¢ :

∫ π0 f2 dx 6

∫ π0 f ′2 dx. (2)5. � ©â¨ äã­ªæ¨î f0(x) , ¤«ï ª®â®à®© ­¥à ¢¥­áâ¢® (2) ¯à¥¢à é -¥âáï ¢ à ¢¥­áâ¢®. 16



6. �«ï «î¡®© äã­ªæ¨¨ f ∈
◦
H1(a, b) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® �â¥-ª«®¢ :

∫ b

a

f2 dx 6

(

b − a

π

)
∫ b

a

f ′2 dx.7. Ǒãáâì f ∈
◦
H1(|x| < 1), x1 = |x| 
os ϕ, x2 = |x| sin ϕ . �®ª § âì,çâ® lim

|x|→1−0∫ 2π0 f2(|x|, ϕ) dϕ = 0.8. Ǒãáâì f ∈
◦
H1((0, 1) × (0, 1)) . �®ª § âì, çâ®

∫ 10 f2(x1, x2) dx1 = o(x2) ¯à¨ x2 → 0.9. �®ª § âì, çâ® ¥á«¨ f ∈ H1(Q), g ∈
◦
H1(Q) , â® ¤«ï ¢á¥å

i = 1, . . . , n á¯à ¢¥¤«¨¢  ä®à¬ã«  ∫

Q
fgxj

dx = −
∫

Q
fxj

g dx.10. �¯à ¢¥¤«¨¢® «¨ ¢ª«îç¥­¨¥ 
os x ∈
◦
H1(0, π)?11. �¯à ¢¥¤«¨¢® «¨ ¢ª«îç¥­¨¥ |x − 1| − 1 ∈

◦
H1(0, 2)?12. �¯à ¢¥¤«¨¢® «¨ ¢ª«îç¥­¨¥ 1 − x2 ∈ ◦

H1(−1, 1)?� ¥ ¬   17. ������������ ������� ¯ à   � ­ ¥ ­ ¨ ï1. � ©â¨ äã­ªæ¨î v0 , à¥ «¨§ãîéãî ¬¨­¨¬ã¬ äã­ªæ¨®­ « 
∫ 10 (v′2 + v2) dx + 2 ∫ 10 v dx¢ ª« áá¥ ◦

H1(0, 1) .2. �®ª § âì, çâ® ¤«ï ¢á¥å v ∈ H1(0, 1) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
∫ 10 (v′2 + 2xv) dx + v2(0) + v2(1) > − 77270 .3. �®ª § âì, çâ® ¤«ï ¢á¥å äã­ªæ¨© v ∈ C1[0, 1℄, v(1) = 0 ¨¬¥¥â¬¥áâ® ­¥à ¢¥­áâ¢®

∫ 10 v dx 6
43 + v2(0)4 + 14 ∫ 10 v′

2
dx.17



4. � ©â¨ inf
v∈

◦

H1(Q) ∫Q
(| grad v|2+2 sin x1 sin x2v) dx , Q = (0, π)×(0, π) .5. � ©â¨ inf

v∈
◦

H1(Q) ∫Q
(| grad v|2 + 2|x|2v) dx, Q = {x : |x| < 1} ⊂ R

2 .6. � ©â¨ inf
v∈H1(Q) ∫Q

| grad v|2 dx, Q = {x : |x| < 1} ⊂ R
2 ,

v||x|=1 = x32 .7. Ǒãáâì Q | ª®«ìæ® {1 < |x| < 2} . � ©â¨inf
v∈H1(Q) ∫Q

(| grad v|2 + 4v) dx + ∫

|x|=2 v2 ds, v||x|=1 = 0, x = (x1, x2).8. Ǒãáâì Q | ª¢ ¤à â (0, π) × (0, π) . � ©â¨ äã­ªæ¨î, ¤ îéãî¬¨­¨¬ã¬ äã­ªæ¨®­ «ã
E(u) = ∫

Q

(| grad v|2 + 4 sin x1 sin x2v) dx + 2 ∫ π0 sin x1v(x1, π) dx1¢ ª« áá¥ äã­ªæ¨© v ∈ H1(Q) : v|x2=0 = v|x1=0 = v|x1=π = 0 .9. Ǒãáâì Q = {x : |x| < 1} . �®ª § âì, çâ® ¤«ï ¢á¥å äã­ªæ¨©
v ∈

◦
C1(Q), x = (x1, x2) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®2 ∫

Q

x1x2v(x) dx 6
π384 + ∫

Q

| grad v(x)|2 dx.10. Ǒãáâì Q | áä¥à¨ç¥áª¨© á«®© {1 < |x| < 2} . �à¥¤¨ äã­ªæ¨©
v ∈ H1(Q) , ¯à¨­¨¬ îé¨å £à ­¨ç­ë¥ §­ ç¥­¨ï v||x|=2 = 0 , ­ ©â¨ âã,ª®â®à ï ¤ ¥â ¬¨­¨¬ã¬ äã­ªæ¨®­ «ã

E(v) = ∫

Q

(| grad v|2 + 2v) dx + ∫

|x|=1 v2 ds.11. � ©â¨ äã­ªæ¨î v0 , à¥ «¨§ãîéãî ¬¨­¨¬ã¬ äã­ªæ¨®­ « 
∫ 10 (v′2 + v2) dx − 2 ∫ 10 xv dx¢ ª« áá¥ ◦

H1(0, 1) .12. � ©â¨ inf
v∈H1(0,1) 1

∫0 (v′2 − 2x2v) dx + v2(0) + v2(1).18
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