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1. INTRODUCTION

The properties of the Cauchy matrix for equations with deviating argument were studied in [1-5]
etc. For some special deviations F'(-), the solution of the equation

ﬂw—A/ﬂFOquﬂw (1)

admits a closed-form representation using the operations of a special function algebra. (The case
F (&) = p& was considered in [6], and the case F'(§) = u&” was studied in [7].) Here o, t € D = [a, b],
A €R, x,q f e C(D,R) are continuous functions, ¢ is of bounded variation, and F' : D — D is
a continuous function. An analysis of this representation necessitates a more general statement of
the original equation (1) in the generalized (F-integral) form

t

ﬂﬂ—/@@*@zf@, 2)

(e

where the operator z(t) — f:(dQ * x) is closely related to the multiplication * in the algebra

generated by the deviation F. The aim of the present paper is to construct the Cauchy series for
Eq. (2). The results were partially announced in [8, 9]. We represent the exposition in the scalar
setting.

2. F-MULTIPLICATION OF SERIES

We fix a closed interval D = [a,b] and £ € N. By C = C(D*) we denote the algebra (over
the field R) of continuous functions x : D* — R. Further, let F': D — D be a given continuous
function. By C[A] = C (D*) [A] we denote the linear space of formal power series (in powers of
A € R) of the form >, Nexy, = >°0° Az, with function coefficients z;, € C. For arbitrary z € C

and k, we use the notation
x[k] = :E[k] (th s atf) =z (F[k] (tl) st aF[k] (tl)) )

where FI¥(¢) = F(F(...F(¢£)...)) is the k-fold composition of F. Tt is natural to set FI?(¢) = &;
therefore, z[°! = z. Obviously, (a:[k])[m] = z*+t™) for any k,m =0,1,...
The F-product of series Y, Afz), and D" A"y, in the space C[)] is defined as the series in C[)]

given by the right-hand side of the formula >, Nay * > Ay, = > A", ayyl. The bi-
nary operation # is referred to as F-multiplication.
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ANALOG OF THE CAUCHY FUNCTION FOR A GENERALIZED EQUATION 1383

Theorem 1. The space C[A] equipped with the operation of F-multiplication is a unital asso-
ciative algebra over R (which will be denoted by Cp[A] = Cp (D) [N]).

Proof. For the series = >, Nay, y = > A™y,,, and 2 ; >, A"z, the expressions x * y and
y*zare equal to Y N Y, ayl and YO NN ynzl respectively. Consequently,

(x*y) *z—ZAJZ ny Z[i]:ZAj Z Tyl o+l

i+n=j k+m=i J k+m-+4n=j
(K]
DD N WD SR o)
j k+i=j m+n=i J k+i=j m+n=i
=z (y*2),

which implies that F-multiplication is associative. The unity is given by the series e = > A0,
(where 0,, is the Kronecker delta).

Lemma 1. The series x = Y, Az, is invertible in the algebra Cp [\ if and only if the coefficient
xo is invertible in the algebra C [which is equivalent to the condition xy(t) # 0 for all t € D].

The relation = xy = e, where y = > A™y,,, is valid if and only if zoy, + > ,_, a:kyL

for all n = 0,1,...; therefore, the right invertibility of the series x is equivalent to the invertibility
of the element z, in C. The left inverse series z =) A"z, is found from the system

]k_5n0

nm .
zxo —i—E Zn-mT I = n0s n=20,1,...;

moreover, since Cr[)\] is an associative algebra, it follows that the series y and z coincide.

Lemma 2. The series 1 =Y .7 Ny and 1+ X5 [y a7 77 are mu-
tually inverse in the algebra Cp[\]. The inner summation in the second series is over all ordered
sets (p1,...,pr) of nonnegative integers such that py + - -+ + p, = m.

o o o o r Cpi——py - k
Proof. Let ug = vy =1, u, = —x,,, v, = Zp1+ +pT:nH. a:l[)” P1 Plop e N, u=3, Muy,

=1
v = A, and wy, = Y0, upvl, n = 0,1,... Obviously, wy = 1, w, = uovgo] + ulv([)” =

v +ug = ZL‘[lo] — x1 = 0, and the chain of relations

n—1

n—1
= uov E up » T unv([) "l =Up — Xy — E Tp E Hac[" Pl
p=1

p1+--+pr=n—pi=1

is valid for n > 1. By setting p,,1 = p and by passing from repeated summation to simultaneous
summation with respect to all variables, we continue the chain of relations:

w, = v, — T, — § : (Hx[n p1——DPi ) 332:+f17m7p’“]

p1+-+pri1=n =1
Pr+1<n

=y, — A )
|

p1+-+pj=ni1=1

(We have replaced r + 1 by j and transferred z,, into the sum.) Therefore, w, = J,9, whence
we obtain u *x v = e.
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1384 RODIONOV

Remark 1. The power series 1 — 37 Aa, and 14+ 37 A"y [, a, with
numerical coefficients are mutually invertible in the sense of natural multiplication of series.

3. THE RIEMANN-STIELTJES F-INTEGRAL

Definition 1. We fix i € {1,...,¢}, a closed interval E C D, and series u,v € Cp (DE) [A]. If,

for all k,m =0,1,..., there exist Riemann-Stieltjes integrals [, (uk . div[mk]), then the series
/u*dv ZA" Z /uk dvk] (3)
k4+m=n E
is called the left F-integral of the series u with respect to the series v over the variable t; € E. If
for all k,m =0,1,..., there exist Riemann-Stieltjes integrals [, (diuk . v,[ﬁ]), then the series
/du*v ZA" Z /duk vlk (4)
k+m=n B

is called the right F-integral of the series v with respect to the series u over the variable t; € E.

Each of the F-integrals (3) and (4) is linear with respect to each of the arguments and satisfies
the additivity property (provided that all related F-integrals exist).

Theorem 2. The existence of one of the F-integrals f (u*d;v) and f (d;u*v) implies the
existence of the other, and

B

/(u*dv —|—/Bdu*v) (u*v)|?, (5)

(e

where « and 3 are substituted for t;.

The simultaneous existence of the F-integrals (3) and (4) follows from the simultaneous existence

of the integrals ff (uy, - d;vM1) and fa (dsuy - vl1), and relation (5) follows from the integration by
parts formula.
We restrict the investigation of the existence of F-integrals to the following assertion.

Theorem 3. If, for series u,v € Cp (Dé) [A], the coefficients uy, of the series u are of bounded

variation with respect to the variable t;, then the F-integrals (3) and (4) exist for any closed interval
ECD.

Proof. To prove the theorem, it suffices to note that the coefficients of the F-integral (4), that
is, the sums ), men f B (d Uy, v[k]), exist, since all functions u; are of bounded variation with
respect to the variable ¢; and all function v*! are continuous [10, p. 216].

Lemma 3. If u,v,w € Cr(D)[\] are series such that the coefficients uy of the series u are of
bounded variation, then [, (du(s) * (v(s) * w(r))) = [,(du*v) *xw(r) for any E C D.

First, note that the F-multiplication and F-integration on the left-hand side in the formula are
performed in the algebra Cp (D?)[)], and those on the right-hand side, in the algebra Cp(D)[)].

The series v(s) x w(7) and [, (du * v) are equal to

Z)\l Z U (s)wl™ (1) and Z)\i Z / (duy, - v,[n])

m+n=1 7 k+m=1 o)
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ANALOG OF THE CAUCHY FUNCTION FOR A GENERALIZED EQUATION 1385

respectively. Consequently, we have the chain of relations

/(du(s) * (v(s) Z)\j Z / <duk ’U[k](s) (wkn])[k] (7'))

E j kt+i=j g
:Z)\J Z / duk ,U[k k+m] Z)\J Z Z / duk U[k)w[z]( )
7 k+m+4n=j B 1 i+n=j k+m=1 B
= /(du xv) * w(T).
E

Remark 2. The above-proved formula implies that a series independent of the integration
variable and written on the right can be transferred outside the F-integral. At the same time,
one can readily show that, in general, the series [, ((u(t) * v(s)) * dw(s)) and u(t) * [, (v * dw) are
different.

Example 1. Let D = [—1,1], and let F' : D — D satisfy the condition F'(§) = u&, |p| < 1. The
series Q(t) = 2, N0t and z(t) = 3, N™uCnt™ /m! satisfy the relation z(t) — fot(dQ xx) = e.
Indeed, we have

/dQ*x Z)\" > /ko T Z)\”/ (ds - zp_1(us))

k+m= L

Sl

> S s
(Gl n—1 _ n Coan __ _
(1 (us)" ds = E A ik " =x(t) —e.

n=1

The series Q(t) and x(t) are uniformly convergent on D for any A € R; consequently, the equation
x(t) — fot(dQ % x) = e is a generalization of the equation Z(t) — )\fot Z(pus)ds = 1 (see the third
element of the chain), or the problem dz(t)/dt = Az(ut), £(0) = 1. Here £ =) A"z, is the sum
of the series.

Example 2. We fix the function F(§) = £, ¢ > 0, defined on the interval D =
Q(t) = 3, NGt and z(t) = 3. AP @ /Q, (g), where ho(q) = 0, by (q) = 200 by Go
Gnl(q) =11~ hi(g), m € N, p > 0, then x(t) — fot(dQ *xx) = e. Indeed,

0,1]. If
(@) =

t

/(dQ*x):ZA” > /ko T (FH(- ZA”/ " (57))

0 k+m= =n 7

. phn 1(9) _ n hn(q)
= ds? = )\ —tP =x(t) —e.

The series x(t) is uniformly convergent on D for all A (if ¢ > 1) and for |A| < 1/(1 —q) (if g < 1),
and the equation z(t) — fot (dQ * x) = e corresponds to the equation Z(t) — A fo (s?)ds? = 1.

The examples Suggest that the equation z(t) — f (dQ * x) = e with varlable F(-) is solvable in
the algebra Cr[A], and we proceed to a detailed discussion of this topic.

4. EMBEDDING OF EQUATIONS WITH DEVIATING ARGUMENT
IN A FAMILY OF F-INTEGRAL EQUATIONS
We fix a series Q € Cp[A] = Cr(D)[\] whose components are of bounded variation. By The-
orem 3, for arbitrary «,t € D, there exists an F-integral (Cz)(t) = foi(dQ « x) for any series
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1386 RODIONOV

x € Cp[A]. One has the inclusion €z € Cp[\] (moreover, the components of the series 'z are

of bounded variation); consequently, we can proceed to the study of Eq. (2), where f € Cp[A].
In extended form, Eq. (2) reads

D X ZA” > /ko ) Z)\"fn

k+m= =n 7,

which is equivalent to the infinite system of equations x,,(t) — >, ,,._,. foi (dQy - zl) = f,(¢), or

t

ot) = [ (dQu-20) = flt),
p o (6)
xn(t) — / (dQo - z,) = fo(t) + Z / (ko . xf]_k) , n € N.

If Qo = const, then the system is of recursion character [since the integral on the left-hand side

in (6) is zero|; but if Qg # const, then it consists of integral equations. In both cases, the system is
uniquely solvable; therefore, Eq. (2) has a unique solution. Throughout the following, we assume
that Qo = const.

For the special case in which Qx(-) = dr19(-), K =0,1,..., the system acquires the form

2o®) = folt)  an®) = )+ [ @g-aa(FO), neN, (")

Suppose that the series > A"z, and ) A"f, are convergent (if |A| < €) in the metric of the space
C and one can exchange summation and integration; then from (7) we obtain

> wat - [ (dq - Zmn_mF(-))) =S N fult),

n

or Z(t) — )\f: (dg-#(F(-))) = f(t), where # = 3> Az, and f = > A"f, are the sums of the
series. Therefore, every equation (1) can be embedded in a family of F-integral equations (2).

5. THE CAUCHY SERIES OF AN F-INTEGRAL EQUATION

Let f = e in the F-integral equation (2); i.e., f,(t) = 0,0, and the coefficients of the series @ are
continuous and of bounded variation; moreover, @)y = const. By X (¢) we denote the solution of
this equation. In other words, X (t) — f:(dQ * X) =e. By (6), we have X, = fy = 1. By Lemma 1,
the series X (t) is invertible in the algebra Cr(D)[\]; i.e., there exists a series Y (¢) such that
Xt)«xY(t)=e=Y(t) « X(1).

Definition 2. The Cauchy series C(t,7) of the F-integral equation (2) is the series in the
algebra Cp (D?) [A] given by the relation C(¢,7) = X (t) * Y (7).

Obviously, C(s, s) = e, the relation C(t, s) * C(s,7) = C(t,7) is valid in the algebra Cr (D?) [A],
and C(t,7) and C(,t) are mutually inverse series in the algebra Cr (D?)[A]. The following two
properties are less obvious: C(«,7) = Y (1), and if « = F(«), then C(t,a) = X(¢). Indeed, by (6),
we have X () = dxo; consequently, Y, (a) = 6,,0 and

Ct,7)|ima ZA” > Xiu(@)Y, (FP(1)) =Y A", (r) = Y(7), 8)

k+m=n n
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ANALOG OF THE CAUCHY FUNCTION FOR A GENERALIZED EQUATION 1387

Ct,7)|rea = ZA” > Xi(t)Y ( ZA" > Xi(t)Ym(@)

k+m=n k+m=n

:ZA”Xnt = X(¢).

Remark 3. Since F': D — D is a continuous function, it follows that the equation a = F(«)
is solvable.

Theorem 4. The Cauchy problem satisfies the identity C(t,T) — f:(dQ(s) xC(s,7)) =e.

Indeed, since X (t) — f:(dQ * X) = e, it follows from Lemma 3 that

t t t

/ (dQ(s) + C(s,7)) = / (dQ(s) * (X(s) * Y (7)) = / (dQ * X) = Y (r)

T T T

t T

_ /(dQ*X)—/(dQ*X) FY(7)

=(X({t)—X(n)*xY(r)=C(t, ) —e.

Remark 4. The above-proved formula can be represented in the extended form as

Co(t,T) =1, (L, 7) Z/ dQ(s) - C,_ k(F[k( ), F[k](T))), n e N; (9)

therefore, the (continuous) functions C,(t,7) are of bounded variation with respect to the first
variable. In other words, for a fixed 7 € D, the section C,, (-, 7) is of bounded variation; however, in
the general case, the cross-section C,, (¢, ) with fixed ¢ € D is not necessarily of bounded variation.
For example, if D = [—1,1], Q:(t) =t, Q2(t) =0, F(t) = tcos(m/2t) for t # 0, and F(0) = 0, then
F : D — D is a continuous functlon of unbounded variation. We have C,(t,7) = t — 7; therefore,
Cy(t,7) = f (ds - C1(F(s), f F(s)ds + F(7)(t — t) is a function of unbounded variation
with respect to 7.

6. CONVERGENCE OF SOLUTIONS OF F-INTEGRAL EQUATIONS

By C[\] = C (DY) [\ we denote the subspace of C[\| consisting of series z = >, Ny,
z, € C (D), such that the power series Y, \*||ax| is convergent for small X. [That is, there
exists an € = e(z) > 0 such that the series is convergent if |A\| < .] This condition is equivalent
to the convergence of the series Y, |A|*||z| in the same neighborhood. In a similar way, we de-
fine the subspace CBV[\] = CBV(D)[)] that consists of series x = 3, My, 2, € CBV(D), such
that the series >, A* [|zg ||y (or D, [A*||zk]lgy) is convergent for small A. By CBV = CBV(D)
we denote the space of continuous functions x : D — R of bounded variation, and

|lz|| = o max |z (t1,...,t)] and |z|sy = |z(a)|] + Vgraj

are the norms in C (D) and CBV(D), respectively. Since |lz]| < |[z|gv for £ = 1, we have
CBV(D)[\] ¢ C(D)[A. The inequality ||| < |jz|| is valid for arbitrary F : D — D and
k=0,1,...
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1388 RODIONOV
If 2,y € C[\], then z xy € C[\]. Indeed, we have

DO myn < DI D ki

n k4+m=n k+m=n

= (ZW’“H%H) (ZW’” HymH> <00

k m

for small A. The inclusions vz, z +y € C[A] are obvious (y € R); therefore, the subset f][)\] is closed
under the operations of the algebra Cr[A] and is an algebra itself. (We denote it by Cg[A].)

Assertion 1. If z € Cg[)\ and y € Cp[)\ satisfy the condition x xy = e, then y € Cg[)].

Proof. By Lemma 1, the coefficient x, is invertible in the algebra C.
1. Suppose that zp = 1. If & =1+ Y .~ | A"z, then, by Lemma 2,

RS LN oD | (o )
m=1 p1+-+pr=m i=1
Since z € Cr[)], it follows that the series

LAl (S = W PV S | [
k=1 m=1

p1t-+pr=mi=1

are convergent for small A (see Remark 1 and [11, p. 210]). One can readily see that the last series
dominates the series 1+~ |\|™ HZM+“+M:m [T, (—aln—r=med) H, therefore, y € Cp[).

Pi
2. Let 2y be an arbitrary invertible function. If ux = SxoTo, Vm = T ' Tm, U = > Ay, and
v = AN U, then uxv =3 A" Srorovl =3 A"xgv, = x; consequently, y = z71 =

v~' % u~'. In this case, the inverse series u~' and v~! exist and belong to the algebra Cp[\] (this
is obvious for the first series; the second series satisfies the condition vy = 1, and therefore, the

assumptions of item 1 are valid for it); consequently, y € C F[A]

Assertion 2. Let Q € C?V[)\]. The operator & : C[A] — C[A] given by the formula (C'x)(t) =
f:(dQ x x) 1s a mapping of C[A] into C[A].

Indeed, if # € C[\], then we have the chains of inequalities
t

2 / (1o < 3 | [ (aQu-at)

k+m=n o k+m=n o

< > VarQu[|=]

k+m=n

< Z ”Qk”B\/meua
k+m=n
t
S Y [ @) <A Y 1@l el
n k+m=n o n k+m=n

= (;W ucmm) @\A\muxmu)

for all t € D. This is a product of convergent series (for small \); therefore, @z € C[)].
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ANALOG OF THE CAUCHY FUNCTION FOR A GENERALIZED EQUATION 1389

Theorem 5. Let Q € CBV[\], Qo = const, and f € C[\] in Eq. (2). If x is a solution of this
equation, then x € C[\].

Proof. Since @y = const, it follows from (6) that
ol = [Ifoll,  llzll < Lf2ll + Var Qi - [|zol| = [ f1ll + Var Q1 - || foll -

Let n > 1. Suppose that

|zl < amyp 155l (10)
p=0

for all m < n, where ap =1, ay = > . . _ [[;_, Var @,., ¢ € N, and let us prove the esti-
mate (10) for m = n. By (6) and (10), we have the chain of inequalities

n—k
[zall < I fall +ZVaer [@n—rll < [ fall +ZVaerZan k—p |1 fll
k=1 p=0
= [ fxll +Zcp [1£51l
p=0
where ¢,_; = Var @, - ap = a1, and for p=0,...,n — 2, we have
n—p n—p—1 T
Cp _ZVaer pp—t = Var Q,_, + Z Z Vaer-HVaeri
k=1 pi+-+pr=n—p—k =1
=VarQ,,_, + Z Var )y, - H Var Q,,.
k+pi+--+pr=n—p =1
k<n—p

Here double summation have been replaced by joint summation with respect to all variables. By re-
placing the indices as v; =k, v, =p1, ..., V31 = D, and then g =7+ 1, j = ¢+ 1, we obtain the
relation

cp=VarQ,_, + Z ﬁ Var Q,,.,

vit-t+vrp1=n—p i=0
vi<n—p

=VarQ,,_, + Z ﬁ Var Q,, = ay—p.

vi4-Frvg=n—p j=1
vi<n—p

Therefore, the estimate (10) remains valid for m = n; consequently,

IEES S \w;ank Il = <§mj |A|mam) (Z A ufku)
- (1 -y |A|’€Varc2k>_l (Z AP ||fk||> <50

k=1 k

for small A. The last equation is valid by virtue of Remark 1. The convergence of the second series
in the last product takes place by virtue of the inclusion f € C[)\], and the convergence of the first
series follows from the inclusion @ € CBV[A] (since Y oo, [A[* Var Q) < S0 IAF [|Qkllgy < o0)
and from the convergence of the inverse series for small A [11, p. 210].
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1390 RODIONOV

Remark 5. For Eq. (1), whose generalization is given by Eq. (2) with the kernel @ such that
Qr(-) = dr1q(+), the inclusion f € C[A] in (2) necessarily implies that = € C[)].

Remark 6. Let Q € CBV[)\].~ Since C(t,7) = X(t) * Y (1), X € C(D)[\], and, by Assertion 1,
Y € C(D)[)\], we have C(t,7) € C (D?)[\]. Moreover, the inclusion C(-,7) € CBV[}] is valid for a
given 7 € D. Indeed, by (9), we have

Var C,(-,7) <Y Var Qi - || Cci (-« FPH(1)) || D Var Qi - | Crui|
k=1

k=1

= VarQy - [|Coi

k=0

for n € N. The estimate remains valid for n = 0; consequently, for small A\, we have the chain of
inequalities

D AT Var Cu () < Y AT Var Q- [|Cri
n n k=0

= <§k:|A|’“Vaer) (;IAI’”II%II) < 00,

and since ||C,(-,7)||gy < ||Chll + Var C,, (-, 7), it follows that > |A[" [|Ch(:,7)||gy < 00; conse-

quently, C(-,7) € CBV[)\]. By the example in Remark 4, there exist deviations F' : D — D such
that, for fixed ¢t € D, the sections C,,(t,-) are of unbounded variation. Our aim is to describe the
class of kernels @ for which C,,(¢,-) € CBV(D) for all n € N and ¢ € D and consequently, the rep-
resentation (13) is valid for solutions of F-integral equations.

7. ADDITIONAL ASSERTIONS ABOUT F-INTEGRALS

In the preceding sections, we have considered a kernel @ of Eq. (2) such that @, € CBV =

CBV(D), i.e., all @, are continuous functions of bounded variation. We fix a continuous function
F : D — D, and by CBF = CBF(D) we denote the subspace of CBV consisting of z : D — R

such that zl¥! = z (F™(-)) € CBV for all k = 0,1,... One can readily show that CBF = CBV for

any continuous piecewise monotone function F' : D — D. (A continuous function z : [a,b] — R is
said to be piecewise monotone if there exists a partition a = 79 < 73 < -+ < 7,, = b such that the
restriction z : [1,_1, 7] — R is a monotone function for all k =1,... n.)

Lemma 4. If u,u(F(-)) € CBV, v € C, and |a, §] C D, then

F(B3) B F(B) B

[ () = [@uEe) b O) ad [ ed) = [@Ee)-doEo).

F(a) a F(a) e

These formulas are called the change of variables formulas for the Riemann—Stieltjes integral,
and their proof can be performed in a standard way on the basis of the comparison of integral
sums.

Lemma 5. Ifue CBF,ve C, a € D, and w(t) = f;(du -v), then w € CBF.

Proof. The inclusion w € CBV is well known [10, p. 216]. Without loss of generality, we assume
that aw < t. For any k € N, we have the inclusion

ultl = u (FM(.)) € CBV;
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consequently, by Lemma 4, we have the chain of relations

n n F[k](sm)
Z ‘w (F[k] (sm)) —w (F[k] (sm,l))‘ = Z / (du - v)
m=1 m=1 F[’C](sm_l)

S
n m

_ / (du™ - )| < Varu - o]
m=1 b

Sm—1

for an arbitrary partition a = sy < 1 < --- < s, =t.
Lemma 6. Let u,v,w € C[\] and o, 3 € D. Then the following assertions are valid.
1. If u, € CBV for alln =0,1,..., then fa ( f du * v) (t)) = ff(du*(v*w))
2. If v, € CBF for allm =0,1,..., then ff (u(t) * dfa(dv * w)) = ff (df:(u * dv) * w(t)).
3. If w, € CBF for alln=0,1,..., then ff <u(t) * dfoi(v * dw)> = ff((u *v) * dw).

Proof. By Lemma 5, all F-integrals exist. We prove only the third formula, and the proof of
the first two ones can be performed in a symmetric way. The expressions f:(v x dw) and u * v

are equal to Y, A* >0 . f (Un - dwl™) and Y5 XY, w0l respectively; consequently, by
virtue of the second formula in Lemma 4, we have the chain of relations

B t
/ u(t)*d/(v*dw)
F (1) F(a)
—Z)\j Z / ug(t) - d Z / (vm-dwkn])—l- / (vm-dwk”])
N k+i=j o m4+n=1 F[k](a) «
_ Z )\j Z / uk d/ [k dw[k+7n )
7 k+m+n=j o
—Z)\J Z /uv dwk+m] Z)\JZ /(Z upvl )
7 k+m+n=j o i i+n=j o k+m=1
B8

_ /((u*v) x dw).

[e3

8. THE ADJOINT F-INTEGRAL EQUATION

Let Qr € CBF for all £ € N and @y = const in Eq. (2). If C(¢,7) is the Cauchy series of this
equation, then Theorem 4, as well as Theorem 6 below, is valid. Anticipating its proof, we justify

the relations
B B8 B8 B8

/(dX*Y) :/dQ, /(X*dY) :—/dQ, (11)

where «, f € D; moreover, X,,,Y, € CBF for all n = 0,1,... Recall that X (¢) is a solution of the
equation X (t) — foi(dQ x X)=¢e, Y(t) = X(t), and X(t) xY(7) = C(t,7). Therefore, by virtue
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of (6) and Lemma 5, the inclusions @ € CBF imply that X, € CBF; moreover, X, = 1, and the

inclusion Y,, € CBF follows from the relation XoY, + > ,_, XkYy_] » = Ono occurring in the proof of

Lemma 1. By virtue of the first formula in Lemma 6, we have the chain of relations

B B s B B

/(dX*Y):/ d/(dQ*X)*Y(s) :/(dQ*(X*Y)):/dQ,

(e [e3% (e (e

and the second formula (11) follows from (5) and the identity X (¢) x Y (t) = e.

Theorem 6. If the kernel Q in Eq. (2) satisfies the conditions Q € CBF for all k € N and
Qo = const, then the Cauchy series satisfies the identity C(t,7) — f:(C’(t, s)*dQ(s)) =e.

Proof. By virtue of (11) and the third formula in Lemma 6, we have

t t s t s

/(C(t,s)*d@(s)):/ C(t,s)*dS/dQ :-/ C(t,s)*ds/(X*dY)

T T T T T
t t

=— /((C’(t,s) * X (s)) xdY(s)) = — /(X(t) xdY (s))

_ LX) Y () + X(8) £ Y(7) = —e 4+ C(t.7),

Remark 7. By (8), we have C(a,7) = Y(7); therefore, if ¢ in the identity in Theorem 6 is
replaced by «, then we obtain the identity Y () + [ (Y * dQ) = e. Therefore, one can claim that
if @, € CBF, then the equations

t T

ﬂﬂ—/@@*@zf@, zmv+/@*aw:gv> (12)

(e (e

are adjoint or form a pair of adjoint problems (here f,g € C[A]). In favor of this terminology,
we provide the following reasoning. By repeating the considerations in Section 4 for the second
equation (12) with F(§) = £ and Qr(t) = dr1q(t) [see system (7)], we find that the pair (12)
corresponds to the equations Z(t) — A f: dq-& = f(t) and §(7)+ A f; ydq = g(7); and if, in addition,
q, f , and ¢ are differentiable functions, then we obtain the ordinary differential equations

Bty — M(WE) = F(1), () + Mi(D)dlr) = §(r)

with the adjoint operators (one can readily see that similar considerations are valid in the matrix
case as well).

9. REPRESENTATION OF SOLUTIONS
OF ADJOINT F-INTEGRAL EQUATIONS

Theorem 7. If the kernel Q in Eq. (12) satisfies the conditions @, € CBF, k € N, and

Qo = const, then the (unique) solution of the first equation with o = F(a)) can be represented
in the form

t t

ﬂﬂzﬂﬂ—/@ﬁ@ﬁ*ﬂm M"ﬂﬂszw*ﬂ®+/WW@*#@% (13)

[e3% [e3%
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and the (unique) solution of the second equation can be represented as

T T

y(r) = g(r) - / (9(s) * .C(s,7))  or y(r) = gla) * ClaT) + / (dg(s) * C(s,7))  (14)

(e (e

for any o € D; the F-multiplication in the second formulas in (13) and (14) is performed in the
algebra Cp (D?) [A].

Proof. By Theorem 6, we have the infinite system of relations

Coltr) =1, Cultir) =3 / (Co(t,8) - dQu (F"(5))), € N;

m=1

therefore, for a fixed ¢ € D, the coefficients C,(t,-) are of bounded variation; consequently, the
F-integrals occurring in (13) exist. The existence of the F-integrals occurring in (14) is justified
by Remark 4. The existence and uniqueness of the solution of the first equation in (12) have been
discussed in comments to system (6), and the existence and uniqueness of the solution of the second
equation (12) take place by virtue of a similar argument.

Let us prove the first formula in (14) [the second one follows from it in view of (5)]. By sub-
stituting the right-hand side of this formula into the F-integral in the second equation in (12),
we obtain the relation f;(y xdQ) = faT(g *x dQ) + o, where

T S T S

o= [ | [ @ rdcesnaaw | = [ | [grax) v <)

[0} [0} [0} [e3

We have used the relation [, (u(s) * ds(v(s) * w(7))) = [, (u*dv)*w(r), which is valid by Lemma 3
and formula (5). The third formula in Lemma 6, together with Remark 7, implies that

0:—/T /S(g*dX)*d/S(Y*dQ) :] /S(g*dX)*dY(s)

By the first formula in (11), the second formula in Lemma 6, and (5), we have the chain of relations

T

/(g*dQ):/T g(s)*dj(dx*y) :/ d/s(g*dX)*Y(s) ,

/T(y*dQ): /S(g*dX)*Y(s)T :/T(g*dX)*Y(T)

T

= /(g(s) *d,C(s,7)) = g(1) —y(7).

[0}

Anticipating the proof of formulas (13), we justify the relation

t t

/ (d.C(t,s) * f(5)) = X(£) + / (dY * f). (15)

(e (e
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By Remark 2, a series independent of the integration variable and written on the left cannot in
general be transferred outside the F-integral; however, under the assumptions of the theorem,
we have the chain of relations

t

/(dO(ts*f sz/dcts 11(s))

i+n=j

(e [e3%

_Z)\J Z /(d Z X, ()Y (s) . £l (s ))

=N D Xi(t) / (ay, . fliemly

7 k+m+4n=j o

By Lemma 4, the condition o« = F(«), and the relation f;(dY*f) =N i foi (dY,, - fim)y,
we have

+ F[k](t)
/ (d,C(t, s) ZAJ > X / (dY,, - fIm™)
o j k+m+4n=j FIF (@)
t) t
—ZAJZXk > / (dY,, - fim! ()*/(dY*f).
] k4i=j m4n=t

[e3

By substituting the right-hand side of the first formula in (13) into the F-integral in the first
equation in (12), we obtain f;(dQ *x) = fat(dQ * f) + o, where

t s t s

o= [ @ [@ctor©) | =~ [ |dQw «x()« [@y )

[e3% [e3% (e [e3%

[We have used formula (15).] It follows from the first formula in Lemma 6 that

S

g:_j d/s(dQ*X)*/s(dY*f) :_j dX(S)*/(dY*f)

(e (e [e3% [e3% [e3%

By the second formula in (11), the second formula in Lemma (6), and relation (5), we have the
chain of relations

t t s t s

/(dQ*f):—/ d/(X*dY)*f(s) :—/ X(s)*d/(dY*f) ,

e e e [eY [eY
t s t t t

/(dQ*x) - —X(s)*/(dY*f)' - —X(t)*/(dY*f) _ —/(dSC(t,s)*f(s)).

« « @ % %

The penultimate relation is valid by virtue of the condition @ = F(«), and the last relation holds
by virtue of (15). Therefore, foi (dQ*x) = x(t) — f(t). The second formula in (13) is a consequence
of the first one.

Summarizing, we note that the schemes of the classical theory of linear differential equations
can be transferred to Eq. (2) in full extent. The variable A plays the role of a spectral parameter
in our constructions.
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