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t. We prove the absolute 
ontinuity of the spe
trum of periodi
Dira
 operator 3
∑

j=1 α̂j

(

−i ∂
∂xj

− Aj

) + V̂(0) + V̂(1) , x ∈ R
3 , with periodlatti
e � ⊂ R

3 if A ∈ L∞(R3;R3) , ‖ |A| ‖L∞(R3) < max
γ∈�\{0} π|γ|−1 ,the Hermitian matrix-valued fun
tions V̂(s) belong to Zigmund 
lass

L3 ln2+δ L(K) for some δ > 0 , where K is the unit 
ell of the latti
e � ,and V̂(s)α̂j = (−1)sα̂j V̂
(s) , s = 0, 1 , for all anti
ommuting Hermitianmatri
es α̂j , α̂2

j = Î , j = 1, 2, 3 .�¢¥¤¥­¨¥Ǒãáâì MM , M ∈N , | ¯à®áâà ­áâ¢® ª®¬¯«¥ªá­ëå ¬ âà¨æ à §-¬¥à  M ×M , α̂j ∈MM , j =1, . . . , n ( n > 2 ), | íà¬¨â®¢ë ¬ -âà¨æë, ã¤®¢«¥â¢®àïîé¨¥  ­â¨ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬
α̂iα̂j + α̂jα̂i = 2δij Î , Î∈MM | ¥¤¨­¨ç­ ï ¬ âà¨æ , δij | á¨¬-¢®« �à®­¥ª¥à . � áá¬®âà¨¬ n -¬¥à­ë© ¯¥à¨®¤¨ç¥áª¨© ®¯¥à â®à�¨à ª 

D̂ + Ŵ = −i
n
∑

j=1 α̂j
∂

∂xj
+ Ŵ(x), x ∈ Rn, (0.1)£¤¥ íà¬¨â®¢  ¬ âà¨ç­®§­ ç­ ï äã­ªæ¨ï W : R

n → MM ¯à¥¤¯®-« £ ¥âáï ¯¥à¨®¤¨ç¥áª®© á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R
n . � áâ­ë¬49



á«ãç ¥¬ ®¯¥à â®à  (0.1) ï¢«ï¥âáï ®¯¥à â®à
D̂(A, V̂) = n

∑

j=1 α̂j

(

−i ∂
∂xj

−Aj

)+ V̂ ,

V̂ = V̂(0) + V̂(1), 





(0.2)£¤¥ ¤«ï íà¬¨â®¢ëå M ×M -¬ âà¨ç­®§­ ç­ëå äã­ªæ¨© V̂(s) ¯à¨
s = 0, 1 ¢ë¯®«­ïîâáï ãá«®¢¨ï

V̂(s)(x)α̂j = (−1)sα̂j V̂(s)(x), x ∈ R
n, j = 1, . . . , n . (0.3)Ǒà¨ íâ®¬ ¢¥é¥áâ¢¥­­®§­ ç­ë¥ äã­ªæ¨¨ Aj (ª®¬¯®­¥­âë ¬ £-­¨â­®£® ¯®â¥­æ¨ «  A ) ¨ ¬ âà¨ç­®§­ ç­ë¥ äã­ªæ¨¨ V̂(s) ¯à¥¤-¯®« £ îâáï ¯¥à¨®¤¨ç¥áª¨¬¨ á à¥è¥âª®© ¯¥à¨®¤®¢ � . �á«®¢¨ï¬(0.3) ã¤®¢«¥â¢®àïîâ ¬ âà¨ç­®§­ ç­ë¥ äã­ªæ¨¨

V̂(0) = V Î , V̂(1) = mβ̂ , (0.4)¥á«¨ V | ¯¥à¨®¤¨ç¥áª ï á à¥è¥âª®© ¯¥à¨®¤®¢ � ¢¥é¥áâ¢¥­­®-§­ ç­ ï äã­ªæ¨ï (í«¥ªâà¨ç¥áª¨© ¯®â¥­æ¨ «), m ∈ R ¨ β̂ ∈ MM| íà¬¨â®¢  ¬ âà¨æ , ¤«ï ª®â®à®© β̂2 = Î ¨ β̂α̂j = −α̂j β̂ ¤«ï¢á¥å j = 1, . . . , n .�®®à¤¨­ âë ¢ R
n § ¤ îâáï ®â­®á¨â¥«ì­® ­¥ª®â®à®£® ®àâ®£®-­ «ì­®£® ¡ §¨á  {Ej} ( |Ej | = 1 , j = 1, . . . , n ; | . | ¨ (. , .) | ¤«¨­ ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ ¨§ R

n ), Aj(x) = (A(x), Ej) ,
x ∈ R

n . �¥à¥§ {Ej} ®¡®§­ ç ¥¬ ¡ §¨á à¥è¥âª¨ � ⊂ R
n ,   ç¥à¥§

K = {

x = n
∑

j=1 ξjEj : 0 6 ξj < 1, j = 1, . . . , n} | í«¥¬¥­â à­ãîïç¥©ªã à¥è¥âª¨ � .� ¯à®áâà ­áâ¢ å C
M , L2(Rn;CM ) ¨ L2(K;CM ) ®¡ëç­ë¬®¡à §®¬ ¢¢®¤ïâáï áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï ¨ ­®à¬ë (ª®â®àë¥ ¤ -«¥¥, ª ª ¯à ¢¨«®, ¡ã¤ãâ ®¡®§­ ç âìáï ¡¥§ ãª § ­¨ï á ¬¨å ¯à®-áâà ­áâ¢). �  «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ MM ®¯à¥¤¥«ï¥âáï ­®à¬ 

‖B̂‖ = max
u∈CM : ‖u‖=1 ‖B̂u‖, B̂ ∈ MM .�ã«¥¢ë¥ ¨ ¥¤¨­¨ç­ë¥ ¬ âà¨æë ¨ ®¯¥à â®àë ®¡®§­ ç îâáï ç¥à¥§0̂ ¨ Î á®®â¢¥âáâ¢¥­­® (â ª�¥ ¡¥§ ãª § ­¨ï á ¬¨å ¯à®áâà ­áâ¢).50



�¯¥à â®à D̂ = −i
n
∑

j=1 α̂j
∂

∂xj
¤¥©áâ¢ã¥â ¢ L2(Rn;CM ) ¨ ¨¬¥¥â®¡« áâì ®¯à¥¤¥«¥­¨ï D(D̂) = H1(Rn;CM ) , á®áâ®ïéãî ¨§ ¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(Rn;CM ) , ¢á¥ ª®¬¯®­¥­âë ψq , q = 1, . . . ,M ,ª®â®àëå ¯à¨­ ¤«¥� â ª« ááã �®¡®«¥¢ 

H1(Rn) = H1(Rn;C) = {

ϕ∈L2(Rn) : ∂ϕ
∂xj

∈L2(Rn), j = 1, . . . , n}

.Ǒà¨ a > 0 ®¡®§­ ç¨¬ ç¥à¥§ LM(n,�; a) ¬­®�¥áâ¢® ¨§¬¥à¨¬ëå¯¥à¨®¤¨ç¥áª¨å á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R
n ¬ âà¨ç­®§­ ç­ëåäã­ªæ¨© Ŵ : R

n → MM , ¨¬¥îé¨å ®â­®á¨â¥«ì­ãî £à ­ì a ¯®®â­®è¥­¨î ª ®¯¥à â®àã D̂ , â® ¥áâì â ª¨å, çâ® Ŵψ ∈ L2(Rn;CM )¤«ï ¢á¥å ψ ∈ H1(Rn;CM ) ¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ç¨á«®
Ca(ε, Ŵ) > 0 â ª®¥, çâ® ‖Ŵψ‖ 6 (a+ ε)‖D̂ψ‖+Ca(ε, Ŵ)‖ψ‖ ¤«ï¢á¥å ¢¥ªâ®à-äã­ªæ¨© ψ ∈ H1(Rn;CM ) . �­®�¥áâ¢ã LM (n,�; 0)(¯à¨ a = 0 ) ¯à¨­ ¤«¥� â ¯¥à¨®¤¨ç¥áª¨¥ á à¥è¥âª®© ¯¥à¨®¤®¢� ⊂ R

n ¬ âà¨ç­®§­ ç­ë¥ äã­ªæ¨¨ Ŵ ∈ Ln(K;MM ) ¯à¨ n > 3¨ Ŵ ∈ Lp(K;MM ) ¯à¨ n = 2 ¨ p > 2 .�á«¨ Ŵ : R
n → MM | íà¬¨â®¢  ¬ âà¨ç­®§­ ç­ ï äã­ªæ¨ï¨ Ŵ ∈ LM (n,�; a) ¤«ï ­¥ª®â®à®£® a ∈ [0, 1) , â® D̂ + Ŵ | á -¬®á®¯àï�¥­­ë© ®¯¥à â®à á ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(D̂ + Ŵ) == D(D̂) = H1(Rn;CM ) ⊂ L2(Rn;CM ) . Ǒà¨ íâ®¬ á¨­£ã«ïà­ë©á¯¥ªâà ®¯¥à â®à  D̂+Ŵ ¯ãáâ,   á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, ¥á«¨ ®­¨áãé¥áâ¢ãîâ, ¨¬¥îâ ¡¥áª®­¥ç­ãî ªà â­®áâì ¨ ®¡à §ãîâ ¤¨áªà¥â-­®¥ ¬­®�¥áâ¢® (¡¥§ ª®­¥ç­ëå ¯à¥¤¥«ì­ëå â®ç¥ª) [1℄ (á¬. â ª�¥[2; 3℄).� �­®© § ¤ ç¥© ¯à¨ ¨áá«¥¤®¢ ­¨¨ á¯¥ªâà  ¯¥à¨®¤¨ç¥áª®£®®¯¥à â®à  �¨à ª  (0.1) ï¢«ï¥âáï ­ å®�¤¥­¨¥ ãá«®¢¨© ­  ¬ â-à¨ç­®§­ ç­ãî äã­ªæ¨î Ŵ ∈ LM(n,�; a) , a ∈ [0, 1) , ®¡¥á-¯¥ç¨¢ îé¨å ®âáãâáâ¢¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢ á¯¥ªâà¥ ®¯¥à -â®à  D̂ + Ŵ ¨, á«¥¤®¢ â¥«ì­®, ¥£®  ¡á®«îâ­ãî ­¥¯à¥àë¢­®áâì.�®¯à®áã ®¡  ¡á®«îâ­®© ­¥¯à¥àë¢­®áâ¨ á¯¥ªâà  ¯¥à¨®¤¨ç¥-áª¨å ®¯¥à â®à®¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¯®á¢ïé¥­ë ®¡§®à­ë¥áâ âì¨ [4; 5℄. �â¢¥à�¤¥­¨ï ® ¯¥à¨®¤¨ç¥áª®¬ ®¯¥à â®à¥ �à¥¤¨­-£¥à  ¯à¨¢¥¤¥­ë ¢ [6{18℄ ¨ ¢ ááë«ª å ¨§ íâ¨å à ¡®â.51



Ǒ¥à¢ë¥ à¥§ã«ìâ âë ®¡  ¡á®«îâ­®© ­¥¯à¥àë¢­®áâ¨ á¯¥ªâà  ¯¥-à¨®¤¨ç¥áª®£® ®¯¥à â®à  �¨à ª  ¡ë«¨ ¯®«ãç¥­ë ¢ [19; 20; 21℄. �[21; 22℄ ¯à¨ ¢á¥å n > 2 ¤®ª § ­   ¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì á¯¥ª-âà  ®¯¥à â®à  (0.2), (0.4), ¥á«¨ V ∈ C(Rn) , A ∈ L∞(Rn;Rn) ¨
‖ |A| ‖L∞(R3) < max

γ ∈�\{0} π

| γ | . (0.5)� ¯®á«¥¤ãîé¨å à ¡®â å ®á« ¡«ï«¨áì ®£à ­¨ç¥­¨ï ­  ¯¥à¨®¤¨-ç¥áª¨© í«¥ªâà¨ç¥áª¨© ¯®â¥­æ¨ « V . �¯¥ªâà ®¯¥à â®à  (0.2),(0.4)  ¡á®«îâ­® ­¥¯à¥àë¢¥­, ¥á«¨ ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§á«¥¤ãîé¨å ãá«®¢¨©:1) n = 2 , V ∈ Lq(K) , q > 2 , ¨ ¤«ï ¬ £­¨â­®£® ¯®â¥­æ¨ « 
A ∈ L∞(R2;R2) á¯à ¢¥¤«¨¢  ®æ¥­ª  (0.5) [23℄;2) n > 3 , A ≡ 0 ¨ ∑

N

|VN |p < +∞ , £¤¥ VN | ª®íää¨æ¨-¥­âë �ãàì¥ äã­ªæ¨¨ V , p ∈ [1, qn(qn − 1)−1) ¨ ç¨á«  qn > n¢ë¡¨à îâáï ª ª ­ ¨¡®«ìè¨¥ ª®à­¨  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
q4−(3n2−4n−1)q3+2(4n2−6n−3)q2−(9n2−16n−4)q−4n(n−2) = 0 ,
q3 ≃ 11.645 , n−2qn → 3 ¯à¨ n→ +∞ [1℄ (á¬. â ª�¥ [20; 22; 23℄);3) n = 3 , V ∈ Lq(K) , q > 3 , ¨ ¤«ï ¬ £­¨â­®£® ¯®â¥­æ¨ « 
A ∈ L∞(R3;R3) ¢ë¯®«­ï¥âáï ®æ¥­ª  (0.5) [24℄;4) n > 2 , V ∈ L2(K) , A ∈ L∞(Rn;Rn) ¨ áãé¥áâ¢ã¥â â ª®©¢¥ªâ®à γ ∈ �\{0} , çâ® ‖ |A| ‖L∞(Rn) < π|γ|−1 ¨ ®â®¡à �¥­¨¥

R
n ∋ x→

{[0, 1℄ ∋ t→ V(x+ tγ)} ∈ L2([0, 1℄)­¥¯à¥àë¢­® (¢ íâ®¬ á«ãç ¥ V Î ∈ LM (n,�; 0) ) [25℄.Ǒà¨ n = 2 ¬®�­® áç¨â âì, çâ® M = 2 , ¨ ¢ ª ç¥áâ¢¥ ¬ âà¨æ
α̂1 , α̂2 ¨ β̂ ¢ë¡¨à âì á®®â¢¥âáâ¢¥­­® ¬ âà¨æë Ǒ ã«¨

σ̂1 = (0 11 0) , σ̂2 = (0 −i
i 0 )

, σ̂3 = (1 00 −1) .Ǒ¥à¨®¤¨ç¥áª¨© ®¯¥à â®à �¨à ª  (0.2) ¯à¨ n = 2 á ¬ âà¨ç­®-§­ ç­ë¬¨ äã­ªæ¨ï¬¨̂
V(0) = V Î , V̂(1) = V1β̂ (0.6)52



¨ ­¥®£à ­¨ç¥­­ë¬ ¬ £­¨â­ë¬ ¯®â¥­æ¨ «®¬ A ¨áá«¥¤®¢ «áï ¢[26; 27℄. � [27℄ ¤®ª § ­   ¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì á¯¥ªâà  ®¯¥-à â®à  (0.2), (0.6) ¯à¨ V,V1 ∈ Lq(K) ¨ A ∈ Lq(K;R2) , q > 2 .�­ «®£¨ç­ë© à¥§ã«ìâ â ¯à¨¢¥¤¥­ ¢ [26℄ (¯à¥¤¯®« £ «®áì, ®¤­ ª®,çâ® V1 ≡ m = 
onst , ­® ¡¥§ ª ª¨å-«¨¡® áãé¥áâ¢¥­­ëå ¨§¬¥­¥-­¨© ¤®ª § â¥«ìáâ¢  ¬®�­® à áá¬ âà¨¢ âì äã­ªæ¨¨ V1 ∈ Lq(K) ,
q > 2 ). � [26℄ ¯à¨¬¥­ï«¨áì ¬¥â®¤ë à ¡®âë [23℄. �®«¥¥ ®¡é¨¥ ãá«®-¢¨ï ­  V , V1 ¨ A ¯à¨¢¥¤¥­ë ¢ [28℄: ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨¨
V2 ln(1 + |V|) , V21 ln(1 + |V1|) ¨ |A|2 lnq(1 + |A|) ¤«ï ­¥ª®â®à®£®
q > 1 ¯à¨­ ¤«¥� «¨ ¯à®áâà ­áâ¢ã L1(K) .� ¨¡®«¥¥ á¨«ì­ë¥ à¥§ã«ìâ âë ¤«ï ¤¢ã¬¥à­®£® ¯¥à¨®¤¨ç¥áª®-£® ®¯¥à â®à  �¨à ª  ¯®«ãç¥­ë ¢ [17; 29℄. � [29℄ ¤®ª § ­® ®âáãâ-áâ¢¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢ á¯¥ªâà¥ ®¡®¡é¥­­®£® ¤¢ã¬¥à­®£®¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �¨à ª 

−i
2
∑

j=1(hj1σ̂1 + hj2σ̂2) ∂
∂xj

+ Ŵ , (0.7)£¤¥ hjl ∈ L∞(R2;R) , j, l = 1, 2 , | ¯¥à¨®¤¨ç¥áª¨¥ á à¥è¥âª®© ¯¥-à¨®¤®¢ � ⊂ R
2 äã­ªæ¨¨, ¤«ï ª®â®àëå 0 < ε 6 h11(x)h22(x) −

h12(x)h21(x) ¯à¨ ¯®çâ¨ ¢á¥å x ∈ R
2 , ¨ W ∈ L2(2,�; 0) . �á«¨ ®¯¥-à â®à (0.7) á ¬®á®¯àï�¥­, â® ¥£® á¯¥ªâà  ¡á®«îâ­® ­¥¯à¥àë¢¥­.� áâ­ë¥ á«ãç ¨ ®¯¥à â®à  (0.7) à áá¬ âà¨¢ «¨áì â ª�¥ ¢ [7; 30;31℄ (¢ [30℄ ­ « £ «¨áì â¥ �¥ ãá«®¢¨ï ­  äã­ªæ¨¨ hjl , çâ® ¨ ¢ [29℄,­® ¯à¥¤¯®« £ «®áì, çâ® W ∈ Lp(K;M2) , p > 2 ).� [27℄ ¯à¨ n > 3 ¤®ª § ­   ¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì á¯¥ªâà ®¯¥à â®à  (0.2), (0.6) ¯à¨ V,V1 ∈ C(Rn;R) ¨ A ∈ C2n+3(Rn;Rn) .Ǒà¨ ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§®¢ «¨áì à¥§ã«ìâ âë �.�. �®¡®«¥¢ [6℄, ãáâ ­®¢¨¢è¥£®  ¡á®«îâ­ãî ­¥¯à¥àë¢­®áâì á¯¥ªâà  ®¯¥-à â®à  �à¥¤¨­£¥à  á ¯¥à¨®¤¨ç¥áª¨¬ ¬ £­¨â­ë¬ ¯®â¥­æ¨ «®¬

A ∈ C2n+3(Rn;Rn) . Ǒ®á«¥¤­¥¥ ãá«®¢¨¥ ¡ë«® ®á« ¡«¥­® Ǒ.�ãç-¬¥­â®¬ ¨ �.�¥¢¥­¤®àáª¨¬ [4℄: A ∈ Hqlo
(Rn;Rn) , 2q > 3n − 2 ,çâ® ¯®§¢®«ï¥â á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ®á« ¡¨âì ®£à ­¨ç¥­¨¥­  ¬ £­¨â­ë© ¯®â¥­æ¨ « A ¨ ¤«ï ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  �¨-à ª  [5; 27℄.Ǒãáâì Mh , h > 0 , | ¬­®�¥áâ¢® ¡®à¥«¥¢áª¨å ç¥â­ëå §­ ª®-¯¥à¥¬¥­­ëå ¬¥à (§ àï¤®¢) µ ­  R (á ª®­¥ç­®© ¯®«­®© ¢ à¨ -53



æ¨¥©), ¤«ï ª®â®àëå ∫

R

e ipt dµ(t) = 1 ¯à¨ ¢á¥å p ∈ (−h, h) . � [32℄¯à¨ n > 3 ¯à¨¢¥¤¥­® ¤®ª § â¥«ìáâ¢®  ¡á®«îâ­®© ­¥¯à¥àë¢­®áâ¨á¯¥ªâà  ¯¥à¨®¤¨ç¥áª®£® (á à¥è¥âª®© ¯¥à¨®¤®¢ � ⊂ R
n ) ®¯¥à â®-à  (0.2), (0.3), ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï:1) V̂(s) ∈ C(Rn;MM ) , s = 0, 1 ;2) A ∈ C(Rn;Rn) ¨ áãé¥áâ¢ãîâ â ª¨¥ ¢¥ªâ®à γ ∈ �\{0} ¨¬¥à  µ ∈ Mh , h > 0 , çâ® ¤«ï ¢á¥å x ∈ R

n ¨ ¢á¥å ¥¤¨­¨ç­ëå¢¥ªâ®à®¢ e ∈ R
n : (e, γ) = 0 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣

∣A0 − ∫

R

dµ(t) 1
∫0 A(x−ξγ−te) dξ ∣

∣ < π

| γ | , (0.8)£¤¥ A0 = v−1(K) ∫

K

A(x) dnx , v(K) | ®¡ê¥¬ í«¥¬¥­â à­®© ïç¥©-ª¨ K à¥è¥âª¨ � ⊂ R
n .�«ï ¯¥à¨®¤¨ç¥áª®£® ¬ £­¨â­®£® ¯®â¥­æ¨ «  A ∈ C(Rn;Rn)ãá«®¢¨¥ (0.8) (¯à¨ ¢ë¡®à¥ ­¥ª®â®àëå ¢¥ªâ®à  γ ∈ �\{0} ¨ ¬¥àë

µ ∈ Mh , h > 0 ) ¢ë¯®«­ï¥âáï, ¥á«¨ A ∈ Hqlo
(Rn;Rn) , 2q > n−2 ,  â ª�¥ ¢ á«ãç ¥ ∑

N

|AN |C n < +∞ , £¤¥ AN | ª®íää¨æ¨¥­âë�ãàì¥ äã­ªæ¨¨ A [32; 33℄.Ǒà¨ n = 3 ¬®�­® áç¨â âì, çâ® M = 4 , ¨ ¯®«®�¨âì
β̂ = (

Î 0̂0̂ −Î

)

, α̂j = ( 0̂ σ̂j

σ̂j 0̂ )

, j = 1, 2, 3 ,£¤¥ 0̂ ¨ Î | ­ã«¥¢ ï ¨ ¥¤¨­¨ç­ ï 2 × 2 -¬ âà¨æë ¨ σ̂j | ¬ -âà¨æë Ǒ ã«¨. � íâ®¬ á«ãç ¥ ¬ âà¨ç­®§­ ç­ë¥ äã­ªæ¨¨ V̂(s) ,
s = 0, 1 , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (0.3), ¬®�­® ¢ë¡à âì ¢ ¢¨-¤¥ V̂(0) = V(0)1 Î − iV(0)2 α̂1α̂2α̂3 , V̂(1) = V(1)1 β̂ + V(1)2 α̂1α̂2α̂3β̂ , £¤¥

−iα̂1α̂2α̂3 = (0̂ Î

Î 0̂) , α̂1α̂2α̂3β̂ = ( 0̂ −iÎ
iÎ 0̂ )¨ V(s)

q , q = 1, 2 , | ¯¥à¨®¤¨ç¥áª¨¥ (á à¥è¥âª®© ¯¥à¨®¤®¢ � ) ¢¥-é¥áâ¢¥­­®§­ ç­ë¥ äã­ªæ¨¨.�á­®¢­ë¬ à¥§ã«ìâ â®¬ ­ áâ®ïé¥© à ¡®âë ï¢«ï¥âáï54



� ¥ ® à ¥ ¬   0.1. �¯¥ªâà ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à (0.2), (0.3) ¯à¨ n = 3  ¡á®«îâ­® ­¥¯à¥àë¢¥­, ¥á«¨ ¤«ï ¬ £­¨â-­®£® ¯®â¥­æ¨ «  A ∈ L∞(R3;R3) ¢ë¯®«­¥­® ãá«®¢¨¥ (0.5) ¨ ¤«ï­¥ª®â®à®£® δ > 0
∫

x∈K: ‖V̂(x)‖>1 ‖V̂(x)‖3 ln 2+δ ‖V̂(x)‖ d 3x < +∞ .�â¢¥à�¤¥­¨¥ â¥®à¥¬ë 0.1 á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.1, áä®à¬ã«¨-à®¢ ­­®© ¨ ¤®ª § ­­®© ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.1. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 0.1Ǒãáâì {Ej} | ¡ §¨á à¥è¥âª¨ � ⊂ R
3 . � §¨á ®¡à â­®© à¥è¥âª¨�∗ ®¡à §ãîâ ¢¥ªâ®àë E∗

i , i = 1, 2, 3 , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨-ï¬ (E∗
i , Ej) = δij ; K ¨ K∗ | í«¥¬¥­â à­ë¥ ïç¥©ª¨ à¥è¥â®ª �¨ �∗ á®®â¢¥âáâ¢¥­­®, v(K) ¨ v(K∗) | ®¡ê¥¬ë í«¥¬¥­â à­ëåïç¥¥ª K ¨ K∗ , d(K∗) | ¤¨ ¬¥âà ïç¥©ª¨ K∗ (¯à¨ ä¨ªá¨à®¢ ­-­®¬ ¡ §¨á¥ {E∗

i } à¥è¥âª¨ �∗ ).Ǒãáâì e = (e1, e2, e3) | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢ R
3 , ej = (e, Ej) ,

k ∈ R
3 , kj = (k, Ej) , κ > 0 ( {Ej} | ä¨ªá¨à®¢ ­­ë© ®àâ®£®-­ «ì­ë© ¡ §¨á ¢ R

3 ). Ǒ®«®�¨¬
D̂(k + iκe) = −i

3
∑

j=1 α̂j
∂

∂xj
+ 3

∑

j=1 (kj + iκej)α̂j .�¯¥à â®à D̂(k + iκe) ¤¥©áâ¢ã¥â ¢ L2(K;CM ) ¨ ¨¬¥¥â ®¡« áâì®¯à¥¤¥«¥­¨ï D(D̂(k+ iκe)) = ~H1(K;CM ) , á®áâ®ïéãî ¨§ ¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(K;CM ) , ¢á¥ ª®¬¯®­¥­âë ª®â®àëå, ¯¥à¨®¤¨ç¥á-ª¨ ¯à®¤®«�¥­­ë¥ á í«¥¬¥­â à­®© ïç¥©ª¨ K ­  ¢á¥ ¯à®áâà ­áâ¢®
R
3 , ¯à¨­ ¤«¥� â ª« ááã �®¡®«¥¢  H1lo
(R3) .�«ï äã­ªæ¨© A ¨ V̂ , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ â¥®à¥¬ë0.1, ®¡®§­ ç¨¬ Ŵ = −

3
∑

j=1Ajα̂j + V̂ . � ª ª ª V̂ ∈ L3(K;MM ) , â®¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ ~H1(K;CM ) ¨¬¥¥â ¬¥áâ® ¢ª«î-ç¥­¨¥ V̂ϕ ∈ L2(K;CM ) ¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â ç¨á«®55



C(ε, V̂) > 0 â ª®¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R
3 ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ϕ ∈ ~H1(K;CM ) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖V̂ϕ‖ 6 ε ‖D̂(k)ϕ‖ + C(ε, V̂)‖ϕ‖ (1.1)(£¤¥ D̂(k) | íâ® ®¯¥à â®à D̂(k+iκe) ¯à¨ κ = 0 ). �âáî¤ , ¢ ç áâ-­®áâ¨, ¢ëâ¥ª ¥â, çâ® ®¯¥à â®àë D̂(k+iκe)+Ŵ (á ®¡« áâìî ®¯à¥-¤¥«¥­¨ï D(D̂(k+ iκe)+Ŵ) = ~H1(K;CM ) ⊂ L2(K;CM ) ) ¯à¨ ¢á¥å
k+iκe ∈ C

2 ¨¬¥îâ ª®¬¯ ªâ­ãî à¥§®«ì¢¥­âã. Ǒà¨ íâ®¬ D̂(k)+Ŵ ,
k ∈ R

3 , | á ¬®á®¯àï�¥­­ë¥ ®¯¥à â®àë á ¤¨áªà¥â­ë¬ á¯¥ªâà®¬.Ǒãáâì λν(k) , ν ∈ Z , | ã¯®àï¤®ç¥­­ë¥ ¯® ¢®§à áâ ­¨î (á ãç¥â®¬ªà â­®áâ¨) á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à®¢ D̂(k) + Ŵ . �ã¬¥-à æ¨î á®¡áâ¢¥­­ëå §­ ç¥­¨© ¯à¨ à §­ëå k ¬®�­® ¢ë¡à âì â ª,çâ®¡ë äã­ªæ¨¨ R
3 ∋ k → λν(k) ¡ë«¨ ­¥¯à¥àë¢­ë¬¨.�¯¥à â®à D̂(A, V̂) (0.2) ã­¨â à­® íª¢¨¢ «¥­â¥­ ¯àï¬®¬ã ¨­-â¥£à «ã

∫2πK∗

⊕

(

D̂(k) + Ŵ) d 3k(2π)3 v(K∗) .�¥ªâ®à k ∈ 2πK∗ ⊂ R
3 ­ §ë¢ ¥âáï ª¢ §¨¨¬¯ã«ìá®¬. �­¨â à-­ ï íª¢¨¢ «¥­â­®áâì ãáâ ­ ¢«¨¢ ¥âáï á ¯®¬®éìî ¯à¥®¡à §®¢ -­¨ï �¥«ìä ­¤  [34; 35℄. �¯¥ªâà ®¯¥à â®à  D̂(A,V) á®¢¯ ¤ ¥â á®¡ê¥¤¨­¥­¨¥¬ §®­ {λν(k) : k ∈ 2πK∗} , ν ∈ Z .� ª ª ª ¢ á¯¥ªâà¥ ®¯¥à â®à  D̂(A, V̂) (0.2) ­¥â á¨­£ã«ïà­®©á®áâ ¢«ïîé¥© [1℄, â® ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 0.1 ¤®áâ â®ç­®ãáâ ­®¢¨âì ®âáãâáâ¢¨¥ ¢ ¥£® á¯¥ªâà¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© (¡¥á-ª®­¥ç­®© ªà â­®áâ¨). � ¤àã£®© áâ®à®­ë, ¥á«¨ λ | á®¡áâ¢¥­­®¥§­ ç¥­¨¥ ®¯¥à â®à  D̂(A, V̂) , â® λ | á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥-à â®à®¢ D̂(k + iκe) + Ŵ ¯à¨ ¢á¥å k + iκe ∈ C

2 (á¬. [36; 4℄).Ǒ®íâ®¬ã â¥®à¥¬  0.1 á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.1.� ¥ ® à ¥ ¬   1.1. Ǒãáâì äã­ªæ¨¨ A ¨ V̂ ã¤®¢«¥â¢®àï-îâ ãá«®¢¨ï¬ â¥®à¥¬ë 0.1. �ë¡¥à¥¬ ¢¥ªâ®à γ ∈ �\{0} , ¤«ï ª®-â®à®£® |γ| = min{|γ ′| : γ ′ ∈ �\{0}} ; e .= |γ|−1γ . �®£¤  ¤«ï «î¡®-£® λ ∈ R ­ ©¤¥âáï ç¨á«® κ = κ(λ) > 0 â ª®¥, çâ® ¤«ï ª �¤®£®¢¥ªâ®à  k ∈ R3 : (k, γ) = π ç¨á«® λ ­¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬§­ ç¥­¨¥¬ ®¯¥à â®à  D̂(k + iκe) + Ŵ .56



�¥à¥§ ϕN = v−1(K) ∫

K

ϕ(x) e−2πi (N,x) d 3x , N ∈ �∗ , ®¡®§­ ç¨¬ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨© ϕ ∈ L1(K;U) , £¤¥ U = C
M ¨«¨

MM . �«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ ~H1(K;CM ) ¨¬¥¥¬
D̂(k + iκe)ϕ = ∑

N ∈�∗

D̂N (k;κ)ϕN e 2πi (N,x),£¤¥ D̂N (k;κ) = 3
∑

j=1 (kj+2πNj+iκej) α̂j , Nj = (N, Ej) , j = 1, 2, 3 .�«ï ¢¥ªâ®à®¢ y ∈ R
3 ®¡®§­ ç¨¬ y‖ = (y, e)e , y⊥ = y−(y, e)e .Ǒ®«®�¨¬ G±

N (k;κ) .= (

|k‖+2πN‖|2+(κ±|k⊥+2πN⊥|)2) 12 , N ∈ �∗ ;
G+

N (k;κ) > G−
N (k;κ) , G+

N (k;κ) > κ . �ã¤¥¬ ¨á¯®«ì§®¢ âì â ª�¥á®ªà é¥­­®¥ ®¡®§­ ç¥­¨¥ GN (k;κ) .= G−
N (k;κ) .�¨ªá¨àã¥¬ ¢¥ªâ®à γ ∈ �\{0} . � ¤ «ì­¥©è¥¬ áç¨â ¥¬, çâ®

e = |γ|−1γ . �á«¨ k ∈ R
3 : (k, γ) = π , â® GN (k;κ) > π|γ|−1 ¤«ï¢á¥å N ∈ �∗ (¨ ¢á¥å κ > 0 ).�«ï «î¡ëå k ∈ R

3 , κ > 0 , N ∈ �∗ ¨ ¢á¥å u ∈ C
M ¨¬¥¥¬

GN (k;κ) ‖u‖ 6 ‖D̂N (k;κ)u‖ 6 G+
N (k;κ) ‖u‖ . �«¥¤®¢ â¥«ì­®, ¤«ï«î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ ~H1(K;CM ) ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨

v(K) ∑

N ∈�∗

G2
N (k;κ) ‖ϕN‖2 6 ‖D̂(k + iκe)ϕ‖2 6

6 v(K) ∑

N ∈�∗

(G+
N (k;κ))2‖ϕN‖2.� á«ãç ¥ k ∈ R

3 : (k, γ) = π ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¯¥à â®-àë Ĝ± 12 = Ĝ± 12 (k;κ) , Ĝ
± 12+ = Ĝ

± 12+ (k;κ) ¨ Ĝ−1 = Ĝ−1(k;κ)á ®¡« áâï¬¨ ®¯à¥¤¥«¥­¨ï D(Ĝ 12 ) = D(Ĝ 12+) = ~H 12 (K;CM ) ¨
D(Ĝ− 12 ) = D(Ĝ− 12+ ) = D(Ĝ−1) = L2(K;CM ) , £¤¥ ~H 12 (K;CM )| ¯à®áâà ­áâ¢® ¢¥ªâ®à-äã­ªæ¨© ϕ ∈ L2(K;CM ) , ¢á¥ ª®¬¯®-­¥­âë ª®â®àëå, ¯¥à¨®¤¨ç¥áª¨ (á à¥è¥âª®© ¯¥à¨®¤®¢ � ) ¯à®¤®«-�¥­­ë¥ ­  ¢á¥ ¯à®áâà ­áâ¢® R

3 , ¯à¨­ ¤«¥� â ª« ááã �®¡®«¥¢ 57



H
12lo
(R3) . �â¨ ®¯¥à â®àë áâ ¢ïâ ¢ á®®â¢¥âáâ¢¨¥ ¢¥ªâ®à-äã­ªæ¨ï¬

ϕ ¢¥ªâ®à-äã­ªæ¨¨
Ĝ± 12 (k;κ)ϕ = ∑

N ∈�∗

G
± 12
N (k;κ)ϕN e 2πi (N,x) ,

Ĝ
± 12+ (k;κ)ϕ = ∑

N ∈�∗

(G+
N (k;κ))± 12 ϕN e 2πi (N,x) ,

Ĝ−1(k;κ)ϕ = ∑

N ∈�∗

G−1
N (k;κ)ϕN e 2πi (N,x) .�«ï ¬­®�¥áâ¢ O ⊆ �∗ ®¯à¥¤¥«¨¬ ¢ L2(K;CM ) ®àâ®£®­ «ì-­ë¥ ¯à®¥ªâ®àë P̂ O : P̂ Oϕ = ∑

N ∈O
ϕN e 2πi (N,x) , ϕ ∈ L2(K;CM ) ;

P̂ ∅ = 0̂ | ­ã«¥¢®© ®¯¥à â®à.Ǒ®«®�¨¬ P(e) = {λe : λ ∈ R} ⊂ R
3 . �«ï y ∈ R

3\P(e) ¡ã¤¥¬¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ ~e(y) = y−(y,e)e
|y−(y,e)e| = y⊥

|y⊥| ∈ S1(e) , £¤¥
S1(e) .= {~e ∈ R

3 : | ~e | = 1 ¨ (~e, e) = 0} . �«ï «î¡®£® ¢¥ªâ®à ~e ∈ S1(e) ®¯à¥¤¥«¨¬ ®àâ®£®­ «ì­ë¥ ¯à®¥ªâ®àë ¢ C
M :

P̂ ±~e = 12 (

Î ∓ i
(

3
∑

j=1 ejα̂j

)(

3
∑

j=1 ~ejα̂j

) )

.Ǒãáâì N (k; e) .= {N ∈ �∗ : k + 2πN ∈ P(e)} , k ∈ R
3 . �¡®§­ -ç¨¬ ç¥à¥§ P̂ ± = P̂ ±(k; e) ®àâ®£®­ «ì­ë¥ ¯à®¥ªâ®àë ¢ ¯à®áâà ­-áâ¢¥ L2(K;CM ) , áâ ¢ïé¨¥ ¢ á®®â¢¥âáâ¢¨¥ ¢¥ªâ®à-äã­ªæ¨ï¬ ϕ¨§ L2(K;CM ) ¢¥ªâ®à-äã­ªæ¨¨

P̂ ±(k; e)ϕ = ∑

N ∈�∗\N (k;e) P̂ ±~e(k+2πN) ϕN e 2πi (N,x) ;
P̂ +(k; e) + P̂ −(k; e) + P̂ N (k;e) = Î .� ¥ ® à ¥ ¬   1.2. �¨ªá¨àã¥¬ γ ∈ �\{0} , e = |γ|−1γ .Ǒãáâì ε ∈ (0, 1) , 
 > 1 . Ǒà¥¤¯®«®�¨¬, çâ® ¬ âà¨ç­®§­ ç­ ï58



äã­ªæ¨ï V̂ : R
3 → MM ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 0.1.�®£¤  ­ ©¤¥âáï â ª®¥ ç¨á«® κ0 > 0 , çâ® ¤«ï «î¡®£® κ1 > κ0áãé¥áâ¢ã¥â ç¨á«® κ ∈ [κ1 ,
κ1℄ â ª®¥, çâ® ¤«ï ¢á¥å ¢¥ªâ®-à®¢ k ∈ R

3 : (k, γ) = π ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ϕ ∈ ~H1(K;CM )á¯à ¢¥¤«¨¢  ®æ¥­ª 
‖Ĝ− 12 (k;κ)(P̂ +(k; e) + P̂ N (k;e))(D̂(k + iκe) + V̂)ϕ‖2+ (1.2)+‖Ĝ− 12+ (k;κ)P̂ −(k; e)(D̂(k + iκe) + V̂)ϕ‖2 >

>(1−ε)(‖Ĝ 12+(k;κ)(P̂ +(k; e)+P̂ N (k;e))ϕ‖2+‖Ĝ 12 (k;κ)P̂ −(k; e)ϕ‖2).�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2 ¯à¨¢¥¤¥­® ­¨�¥.� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 1.1. Ǒãáâì ¢¥ªâ®à γ ¨§�\{0} ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 1.1. �¥ ®£à ­¨ç¨¢ ï®¡é­®áâ¨, ¬®�­® áç¨â âì, çâ® λ = 0 (¢ ¯à®â¨¢­®¬ á«ãç ¥ ¤®áâ -â®ç­® á¤¥« âì § ¬¥­ã V̂ − λÎ → V̂ , V̂(0) − λÎ → V̂(0) ). �®¯ãáâ¨¬0 < ε < 1 − π−2|γ|2‖ |A| ‖2
L∞(R3) . � ª ª ª G+

N (k;κ) > GN (k,κ)¤«ï ¢á¥å N ∈ �∗ , â® ¨§ (1.2) (¯à¨ ¢á¥å ¢¥ªâ®à å k ∈ R
3 :(k, γ) = π ¨ ¢ë¡¨à ¥¬ëå ¢ â¥®à¥¬¥ 1.2 ç¨á« å κ ) ¤«ï ¢á¥å¢¥ªâ®à-äã­ªæ¨© ϕ ∈ ~H1(K;CM ) ¢ëâ¥ª ¥â ®æ¥­ª 

‖Ĝ− 12 (k;κ)(D̂(k + iκe) + V̂)ϕ‖2 > (1− ε) ‖Ĝ 12 (k;κ)ϕ‖2 . (1.3)� ¤àã£®© áâ®à®­ë, â ª ª ª GN (k;κ) > π|γ|−1 ¯à¨ ¢á¥å N ∈ �∗ ,â® ¤«ï ¢á¥å ­¥­ã«¥¢ëå ϕ ∈ ~H1(K;CM ) ¨§ (1.3) ¯®«ãç ¥¬
‖(D̂(k + iκe) + Ŵ)ϕ‖ > ‖(D̂(k + iκe) + V̂)ϕ‖ − ‖

(

3
∑

j=1Ajα̂j

)

ϕ‖ >

>
√

π
|γ| ‖Ĝ− 12 (k;κ)(D̂(k + iκe) + V̂)ϕ‖ − ‖ |A| ‖L∞(R3) ‖ϕ‖ >

>
√1− ε

√

π
|γ| ‖Ĝ

12 (k;κ)ϕ‖ − ‖ |A| ‖L∞(R3) ‖ϕ‖ >

>
(√1− ε π

|γ| − ‖ |A| ‖L∞(R3)) ‖ϕ‖ > 0 ,¯®íâ®¬ã ç¨á«® λ = 0 ­¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ à á-á¬ âà¨¢ ¥¬ëå ®¯¥à â®à®¢ D̂(k + iκe) + Ŵ .59



2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2�ã¤¥¬ ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë ¨ ¬¥â®¤ë à ¡®â [24; 32℄. Ǒà¥¤¢ -à¨â¥«ì­® ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ­¥®¡å®¤¨¬ë¥ ¤«ï ¤®ª § â¥«ìáâ¢ â¥®à¥¬ë 1.2 ãâ¢¥à�¤¥­¨ï.�«ï ª®íää¨æ¨¥­â®¢ �ãàì¥ V̂(s)
N , N ∈ �∗ , ¬ âà¨ç­®§­ ç­ëåäã­ªæ¨© V̂(s) , s = 0, 1 , ¨¬¥¥¬ V̂(s)
N α̂j = (−1)sα̂j V̂(s)

N , j = 1, 2, 3 .�«¥¤®¢ â¥«ì­®, ª®íää¨æ¨¥­âë �ãàì¥ V̂(s)
N (ª ª ®¯¥à â®àë ¢

C
M ) ª®¬¬ãâ¨àãîâ á® ¢á¥¬¨ ®àâ®£®­ «ì­ë¬¨ ¯à®¥ªâ®à ¬¨ P̂ ±~e ,~e ∈ S1(e) . � ª ª ª V̂ = V̂(0) + V̂(1) , â® ª®íää¨æ¨¥­âë �ãàì¥

V̂N = V̂(0)
N + V̂(1)

N , N ∈ �∗ , â ª�¥ ª®¬¬ãâ¨àãîâ á® ¢á¥¬¨ ®àâ®£®-­ «ì­ë¬¨ ¯à®¥ªâ®à ¬¨ P̂ ±~e , ~e ∈ S1(e) .�«ï ¢á¥å ~e ∈ S1(e) ¨¬¥¥¬ (

3
∑

j=1 ejα̂j

)

P̂ ±~e = P̂ ∓~e (

3
∑

j=1 ejα̂j

)

, ¯®-íâ®¬ã ¤«ï ¢á¥å ~e ′, ~e ′′ ∈ S1(e) ¯®«ãç ¥¬ à ¢¥­áâ¢®
P̂ ±~e ′ P̂

∓~e ′′ = ± i2 P̂ ±~e ′

(

3
∑

j=1 ejα̂j

)(

3
∑

j=1 (~e ′′j − ~e ′j)α̂j

)¨, á«¥¤®¢ â¥«ì­®,
‖P̂ ±~e ′ P̂

∓~e ′′‖ = 12 |~e ′′ − ~e ′| . (2.1)�á«¨ k ∈ R
3 , N ∈ �∗ ¨ k + 2πN ∈ R

3\P(e) , â®
P̂ ±~e(k+2πN)D̂N (k;κ)P̂ ±~e(k+2πN) = 0̂ (2.2)¨ ¤«ï «î¡®£® ¢¥ªâ®à  u ∈ C

M

‖D̂N (k;κ)P̂ ±~e(k+2πN)u‖ = G±
N (k;κ)‖P̂ ±~e(k+2πN)u‖ . (2.3)�á«¨ k + 2πN ∈ P(e) , â®

G+
N (k;κ) = GN (k;κ) . (2.4)�  «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ MM ¢¢¥¤¥¬ ­®à¬ã �¨«ì¡¥àâ {�¬¨¤â  ‖B̂‖HS = (

M
∑

p,q=1 |Bpq|2) 12 , £¤¥ B̂ = (Bpq)p,q=1,...,M ∈ MM .60



�¯à ¢¥¤«¨¢® ‖B̂‖ 6 ‖B̂‖HS 6
(

M max
q

∑

p

|Bpq|2 )
12 6

√
M ‖B̂‖ .�á«¨ Ŵ ∈ L2(K;MM ) , â®

∑

N ∈�∗

‖ŴN‖2 6
∑

N ∈�∗

‖ŴN‖2HS = (2.5)= v−1(K) ∫

K

‖Ŵ(x)‖2HS d
3x 6 M v−1(K) ∫

K

‖Ŵ(x)‖2 d 3x .�®«¨ç¥áâ¢® ¢¥ªâ®à®¢ ª®­¥ç­®£® ¬­®�¥áâ¢  O ⊂ �∗ ¡ã¤¥¬®¡®§­ ç âì ç¥à¥§ #O . �«ï (¨§¬¥à¨¬®©) ¬ âà¨ç­®§­ ç­®© äã­ª-æ¨¨ Ŵ : K → MM ¨ «î¡®£® a > 0 ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨¥
Ŵa(x) = {

Ŵ(x) , ¥á«¨ ‖Ŵ(x)‖ > a ,0̂ ¢ ¯à®â¨¢­®¬ á«ãç ¥ .� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 1.2. �ë¡¥à¥¬ ç¨á«® h > 64â ª, çâ® h > 2πd(K∗) . �â ç¨á«  h § ¢¨á¨â ¢ë¡®à ç¨á«  κ0 > 0 ,ãá«®¢¨ï ­  ª®â®à®¥ ¡ã¤ãâ ãâ®ç­ïâìáï ¯® å®¤ã ¤®ª § â¥«ìáâ¢ .�­ ç «¥ ¯à¥¤¯®« £ ¥¬, çâ® κ0 > 2h . Ǒãáâì κ0 6 κ1 6 κ 6 
κ1 ,
l = l(h,κ1) ∈ N | ­ ¨¡®«ìè¥¥ ç¨á«®, ¤«ï ª®â®à®£® 2h l 6 κ1(â®£¤  κ1 < 2h l+1 ¨, á«¥¤®¢ â¥«ì­®, 2h l 6 κ < 2
h l+1 ).� ¤ «ì­¥©è¥¬ ¢¥ªâ®à γ ∈ �\{0} ä¨ªá¨àã¥âáï, e = |γ|−1γ ,  ¢¥ªâ®à k ∈ R

3 ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (k, γ) = π . Ǒ®«ã-ç ¥¬ë¥ ­¨�¥ ®æ¥­ª¨ ¡ã¤ãâ à ¢­®¬¥à­ë ¯® ¢ë¡¨à ¥¬ë¬ ¯®¤®¡-­ë¬ ®¡à §®¬ ¢¥ªâ®à ¬ k . �«ï «î¡®£® b ∈ [0,κ) ®¡®§­ ç¨¬
K(b) = {N ∈ �∗ : GN (k;κ) 6 b} . �­®�¥áâ¢  K(b) § ¢¨áïâ â ª�¥®â k ¨ κ . Ǒà¨ b > 2πd(K∗) (¨ b < κ ) ¨¬¥¥¬ #K(b) 6 c1κb2 ,£¤¥ c1 = c1(�) > 0 . �á«¨ N ∈ K(b) , â® k + 2πN /∈ P(e) .�á«¨ N ∈ K(h l) , â® |κ − |k⊥ + 2πN⊥|| 6 h l 6 κ2 , ¯®íâ®¬ã
|k⊥ + 2πN⊥| > κ2 > 1 . �«¥¤®¢ â¥«ì­®, ¤«ï «î¡ëå N,N ′ ∈ K(h l)

|~e(k + 2πN)− ~e(k + 2πN ′)| 6 4π
κ

|N⊥ −N ′
⊥| . (2.6)Ǒãáâì K1 .= K(h) , Kµ

.= {N ∈ �∗ : hµ−1 < GN (k;κ) 6 hµ} ¯à¨
µ = 2, . . . , l . �«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ L2(K;CM )

√

π
| γ | ‖P̂ K1ϕ‖ 6 ‖Ĝ 12 P̂ K1ϕ‖ 6 h

12 ‖P̂ K1ϕ‖ , (2.7)61



h
µ−12 ‖P̂ Kµϕ‖ 6 ‖Ĝ 12 P̂ Kµϕ‖ 6 h

µ2 ‖P̂ Kµϕ‖, µ = 2, . . . , l . (2.8)�¡®§­ ç¨¬ P̂
(±)

µ
.= P̂ ±(k; e) P̂ Kµ ¯à¨ µ = 1, . . . , l ¨ P̂ (±) .=

.= P̂ ±(k; e) P̂ K(h l) = l
∑

µ=1 P̂ (±)
µ . � ¢¥­áâ¢® P̂ (+) + P̂ (−) = P̂ K(h l)®ç¥¢¨¤­®. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¨¬¥­ïâì ªà âª®¥ ®¡®§­ ç¥­¨¥

P̂ (◦) .= P̂ �∗ \K(h l) (¯à¨ íâ®¬ N (k; e) ⊂ �∗ \K(h l) ).Ǒà¨ κ > 0 ¤«ï ¢á¥å N ∈ �∗ ¨¬¥¥¬
G+

N (k;κ) > |k + 2πN | > |k‖ + 2πN‖| > π|γ|−1 .� ª ª ª κ < 2
h l+1 , â® ¤«ï ¢á¥å N ∈ �∗ \K(h l) ¯®«ãç ¥¬
GN (k;κ) > h l(2κ + h l)−1G+

N (k;κ) > (4
h+ 1)−1G+
N (k;κ) , (2.9)

GN (k;κ) > h l(κ+h l)−1|k+2πN | > (2
h+1)−1|k+2πN | . (2.10)�«ï «î¡ëå ¢¥ªâ®à®¢ u, v ∈ C
M (¨ «î¡®£® ε ∈ (0, 1) ) ¨¬¥¥¬

‖u+v‖2 >
(1− ε2 )

‖u‖2− 2−ε
ε

‖v‖2 . Ǒ®íâ®¬ã (á¬. â ª�¥ (2.2), (2.3)¨ (2.4)) ¤«ï ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ϕ ∈ ~H1(K;CM ) ¢ë¯®«­ï¥âáï®æ¥­ª 
‖Ĝ− 12 (P̂ + + P̂ N (k;e))(D̂(k + iκe) + V̂)ϕ‖2+ (2.11)+‖Ĝ− 12+ P̂ −(D̂(k + iκe) + V̂)ϕ‖2 >

>
(1− ε2 )(

‖Ĝ− 12 P̂ +D̂(k + iκe)P̂ −ϕ‖2++‖Ĝ− 12 P̂ N (k;e)D̂(k+iκe)P̂ N (k;e)ϕ‖2+‖Ĝ− 12+ P̂ −D̂(k+iκe)P̂ +ϕ‖2)−
− 2−ε

ε

(

‖Ĝ− 12 (P̂ + + P̂ N (k;e))V̂ϕ‖2 + ‖Ĝ− 12+ P̂ −V̂ϕ‖2) == (1− ε2 )(

‖Ĝ
12+(

P̂ + + P̂ N (k;e))ϕ‖2 + ‖Ĝ 12 P̂ −ϕ‖2)−
− 2−ε

ε

(

‖Ĝ− 12 (P̂ + + P̂ N (k;e))V̂ϕ‖2 + ‖Ĝ− 12+ P̂ −V̂ϕ‖2) .Ǒà¨ íâ®¬ (â ª ª ª G+
N (k;κ) > GN (k;κ) ¤«ï ¢á¥å N ∈ �∗ )

‖Ĝ
12+(

P̂ + + P̂ N (k;e))ϕ‖2 + ‖Ĝ 12 P̂ −ϕ‖2 > (2.12)62



> ‖Ĝ
12+P (+)ϕ‖2 + ‖Ĝ 12P (−)ϕ‖2 + ‖Ĝ 12P (◦)ϕ‖2 ,

‖Ĝ− 12 (P̂ + + P̂ N (k;e))V̂ϕ‖2 + ‖Ĝ− 12+ P̂ −V̂ϕ‖2 6 (2.13)
6 ‖Ĝ− 12P (+)V̂ϕ‖2 + ‖Ĝ− 12+ P (−)V̂ϕ‖2 + ‖Ĝ− 12P (◦)V̂ϕ‖2 .� «¥¥ ¡ã¤¥¬ ®æ¥­¨¢ âì á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢ (2.13) ç¥à¥§ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (2.12). �® â¥-®à¥¬ë 2.1 ¬®�­® ¢ë¡¨à âì «î¡®¥ ç¨á«® κ ∈ [κ1 ,
κ1℄ .� ¥ ¬ ¬   2.1. Ǒãáâì Ŵ ∈ L2(K;MM ) . �®£¤  ¤«ï «î-¡®£® ª®­¥ç­®£® ¬­®�¥áâ¢  O ⊂ �∗ ¨ «î¡®© ¢¥ªâ®à-äã­ªæ¨¨

ϕ ∈ L2(K;CM ) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
‖ŴP̂ Oϕ‖ 6 v−

12 (K) (#O) 12 ‖Ŵ‖L2(K;MM ) ‖P̂ Oϕ‖ .� ® ª   §   â ¥ « ì á â ¢ ®. �¥©áâ¢¨â¥«ì­®,
‖ŴP̂ Oϕ‖ 6 ‖Ŵ‖L2(K;MM ) ‖P̂ Oϕ‖L∞(K;CM ) 6

6 ‖Ŵ‖L2(K;MM ) ( ∑

N ∈O
‖ϕN‖

)

6

6 (#O) 12 ‖Ŵ‖L2(K;MM ) ( ∑

N ∈O
‖ϕN‖2 )

12 == v−
12 (K) (#O) 12 ‖Ŵ‖L2(K;MM ) ‖P̂ Oϕ‖ .� ¥ ¬ ¬   2.2. �«ï ¯à®¨§¢®«ì­®© ¬ âà¨ç­®§­ ç­®© äã­-ªæ¨¨ Ŵ ∈ L3(K;MM ) áãé¥áâ¢ã¥â ­¥¢®§à áâ îé ï äã­ªæ¨ï[0,+∞) ∋ t → fŴ(t) ∈ [0, 1℄ , ¤«ï ª®â®à®© fŴ(t) → 0 ¯à¨ t →+∞ , â ª ï, çâ® ¤«ï «î¡®£® ª®­¥ç­®£® ¬­®�¥áâ¢  O ⊂ �∗ ¨«î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ L2(K;CM ) á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖ŴP̂ Oϕ‖ 6 2v− 13 (K) (#O) 13 fŴ(#O) ‖Ŵ‖L3(K;MM ) ‖P̂ Oϕ‖ .
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� ® ª   §   â ¥ « ì á â ¢ ®. �ç¨â ¥¬ ‖Ŵ‖L3(K;MM ) 6= 0(¢ ¯à®â¨¢­®¬ á«ãç ¥ ¢ë¡¥à¥¬, ­ ¯à¨¬¥à, äã­ªæ¨î fŴ(t) ≡ 0 ,
t ∈ [0,+∞) ). �«ï «î¡ëå a > 0 ¨ ϕ ∈ L2(K;CM ) (á¬. «¥¬¬ã 2.1)¨¬¥¥â ¬¥áâ® æ¥¯®çª  ­¥à ¢¥­áâ¢

‖ŴP̂ Oϕ‖ 6 ‖(Ŵ − Ŵa)P̂ Oϕ‖+ ‖ŴaP̂
Oϕ‖ 6 (2.14)

6 (a+ v−
12 (K) (#O) 12 ‖Ŵa‖L2(K;MM )) ‖P̂ Oϕ‖ 6

6 (a+ v−
12 (K) (#O) 12 a− 12 ‖Ŵa‖

32
L3(K;MM )) ‖P̂ Oϕ‖ 6

6 (a+ v−
12 (K) (#O) 12 a− 12 ‖Ŵ‖

32
L3(K;MM )) ‖P̂ Oϕ‖ .�á«¨ ¯®«®�¨âì a = v−

13 (K) (#O) 13 ‖Ŵ‖L3(K;MM ) (¯à¨ O 6= ∅ ),â® ¨§ (2.14) á«¥¤ã¥â ®æ¥­ª 
‖ŴP̂ Oϕ‖ 6 2v− 13 (K) (#O) 13 ‖Ŵ‖L3(K;MM ) ‖P̂ Oϕ‖ , (2.15)ª®â®à ï á¯à ¢¥¤«¨¢  ¨ ¯à¨ O = ∅ . � ¤àã£®© áâ®à®­ë, ¤«ï «î-¡®£® ç¨á«  θ ∈ (0, 1) ­ ©¤¥âáï â ª®¥ ç¨á«® a0 = a0(θ, Ŵ) > 0 ,çâ® ‖Ŵa0‖L3(K;MM ) 6 θ ‖Ŵ‖L3(K;MM ) . �á«¨#O > v(K) θ−3 a30 ‖Ŵ‖−3

L3(K;MM ) ,â® ¯®«®�¨¬ a = v−
13 (K) θ (#O) 13 ‖Ŵ‖L3(K;MM ) . �®£¤  a > a0 ¨¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ L2(K;CM ) ¨§ (2.14) á«¥¤ã¥â

‖ŴP̂ Oϕ‖ 6 (a+ v−
12 (K) (#O) 12 a− 12 ‖Ŵa‖

32
L3(K;MM )) ‖P̂ Oϕ‖ 6

6 2v− 13 (K) θ (#O) 13 ‖Ŵ‖L3(K;MM ) ‖P̂ Oϕ‖ .� á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  ç¨á«  θ ∈ (0, 1) ¨§ ¯®«ãç¥­­®©®æ¥­ª¨ ¨ ¨§ (2.15) á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥ «¥¬¬ë.� ¥ ¬ ¬   2.3. �«ï «î¡®£® ε ′ > 0 áãé¥áâ¢ã¥â ç¨á«®
κ

′0 (ε ′) = κ
′0 (ε ′; �, γ, V̂ , h) > 2h â ª®¥, çâ® ¤«ï ¢á¥å κ1 > κ

′0 (ε ′) ,
κ ∈ [κ1 ,
κ1℄ , ¢á¥å ¢¥ªâ®à®¢ k ∈ R

3 : (k, γ) = π ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ϕ ∈ L2(K;CM ) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
‖Ĝ− 12+ V̂(Î − P̂ (◦))ϕ‖ 6 ε ′ ‖Ĝ 12 (Î − P̂ (◦))ϕ‖ . (2.16)64



� ® ª   §   â ¥ « ì á â ¢ ®. �«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨
ϕ ∈ L2(K;CM ) , ãç¨âë¢ ï ®æ¥­ª¨ #Kµ 6 c1κh 2µ , µ = 1, . . . , l , á¯®¬®éìî «¥¬¬ë 2.2 ¯®«ãç ¥¬

‖Ĝ− 12+ V̂(Î − P̂ (◦))ϕ‖ 6

6 κ
− 12 l

∑

µ=1 ‖V̂(P̂ (+)
µ + P̂

(−)
µ )ϕ‖ = κ

− 12 l
∑

µ=1 ‖V̂P̂ Kµϕ‖ 6

6 2κ− 12 v− 13 (K) ‖V̂‖L3(K;MM ) l
∑

µ=1 (c1κh 2µ) 13 fV̂(c1κh 2µ) ‖P̂ Kµϕ‖ 6

6 2c 131 v− 13 (K) ‖V̂‖L3(K;MM ) fV̂(c1κh 2)κ
− 16 l

∑

µ=1 h µ6 (h µ2 ‖P̂ Kµϕ‖).�âáî¤  ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ç¨á«  κ
′0 (ε ′) ­¥¯®áà¥¤áâ-¢¥­­® á«¥¤ã¥â ­¥à ¢¥­áâ¢® (2.16), â ª ª ª (á¬. (2.7) ¨ (2.8))

h
12 ‖P̂ K1ϕ‖ 6

√

|γ|h
π

‖Ĝ 12 P̂ K1ϕ‖ ,
h

µ2 ‖P̂ Kµϕ‖ 6 h
12 ‖Ĝ 12 P̂ Kµϕ‖, µ = 2, . . . , l ,

‖Ĝ 12 P̂ Kµϕ‖ 6 ‖Ĝ 12 (Î − P̂ (◦))ϕ‖, µ = 1, . . . , l ,
κ
− 16 l

∑

µ=1 h µ6 = (κ−1h l) 16 l−1
∑

ν=0h− ν6 < 2 56¨ fV̂(t) → 0 ¯à¨ t→ +∞ . �� «¥¥ ¯®« £ ¥¬ ε ′ = ε (3√2(2 − ε))−1 , κ0 > κ
′0 (ε ′) . �§ (2.16)á«¥¤ãîâ ®æ¥­ª

‖̈Ĝ− 12+ P̂ (−)V̂P̂ (−)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (−)ϕ‖ , (∗1)
‖Ĝ− 12+ P̂ (−)V̂P̂ (+)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (+)ϕ‖ 6 ε ′ ‖Ĝ

12+P̂ (+)ϕ‖ . (∗2)Ǒà¥¤¯®«®�¨¬ â ª�¥, çâ® κ0 > κ
′0 ((4
h+1)− 12 ε ′) . �®£¤  ¨§ (2.16)¨ (2.9) ¯®«ãç ¥¬

‖Ĝ− 12 P̂ (◦)V̂P̂ (−)ϕ‖ 6 (∗3)65



6 (4
h+ 1) 12 ‖Ĝ− 12+ V̂P̂ (−)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (−)ϕ‖ ,
‖Ĝ− 12 P̂ (◦)V̂P̂ (+)ϕ‖ 6 (∗4)

6 (4
h+1) 12 ‖Ĝ− 12+ P̂ (◦)V̂P̂ (+)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (+)ϕ‖ 6 ε ′ ‖Ĝ
12+P̂ (+)ϕ‖ .�á«¨ ¢ (2.16) á¤¥« âì § ¬¥­ã ϕ = Ĝ− 12 ψ , £¤¥ ψ ∈ ~H 12 (K;CM ) ,â® ¯®«ãç ¥¬ ®æ¥­ªã

‖Ĝ− 12+ V̂(Î − P̂ (◦))Ĝ− 12ψ‖ 6 ε ′ ‖(Î − P̂ (◦))ψ‖ 6 ε ′ ‖ψ‖ .�¯¥à â®à Ĝ
− 12+ V̂(Î − P̂ (◦))Ĝ− 12 , ¤¥©áâ¢ãîé¨© ¢ ~H 12 (K;CM ) , ­¥-¯à¥àë¢­ë¬ ®¡à §®¬ ¯à®¤®«� ¥âáï ¤® ®£à ­¨ç¥­­®£® ®¯¥à â®-à  Ĝ

− 12+ V̂Ĝ− 12 (Î − P̂ (◦)) , ¤¥©áâ¢ãîé¥£® ­  ¢á¥¬ ¯à®áâà ­áâ¢¥
L2(K;CM ) . Ǒ®íâ®¬ã ¤«ï á®¯àï�¥­­®£® ®¯¥à â®à , ª®â®àë© ­ 
ψ ∈ ~H 12 (K;CM ) ¤¥©áâ¢ã¥â ª ª ψ → Ĝ− 12 (Î − P̂ (◦))V̂Ĝ− 12+ ψ , â ª-�¥ á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖Ĝ− 12 (Î − P̂ (◦))V̂Ĝ− 12+ ψ‖ 6 ε ′ ‖ψ‖ , ψ ∈ ~H 12 (K;CM ) . (2.17)�á«¨ ¯®«®�¨âì ψ = Ĝ
12+ ϕ , £¤¥ ϕ ∈ ~H1(K;CM ) , â® ¨§ (2.17)¯®«ãç ¥¬

‖Ĝ− 12 (Î − P̂ (◦))V̂ϕ‖ 6 ε ′ ‖Ĝ
12+ϕ‖ . (2.18)� ç áâ­®áâ¨, ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ L2(K;CM )

‖Ĝ− 12 P̂ (+)V̂P̂ (+)ϕ‖ 6 ε ′ ‖Ĝ
12+P̂ (+)ϕ‖ . (∗5)� ª ª ª ¯à¥¤¯®« £ ¥âáï, çâ® κ0 > κ

′0 ((4
h+1)− 12 ε ′) , â® á¯à -¢¥¤«¨¢® â ª�¥ ­¥à ¢¥­áâ¢® (2.18) á § ¬¥­®© ε ′ ­  (4
h+1)− 12 ε ′ .Ǒ®íâ®¬ã (á¬. (2.9)) ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ ~H1(K;CM )¢ë¯®«­ïîâáï ®æ¥­ª¨
‖Ĝ− 12 P̂ (+)V̂P̂ (◦)ϕ‖ 6 (4
h+ 1)− 12 ε ′ ‖Ĝ 12+P̂ (◦)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (◦)ϕ‖ ,(∗6)66



‖Ĝ− 12+ P̂ (−)V̂P̂ (◦)ϕ‖ 6 (∗7)
6 ‖Ĝ− 12 P̂ (−)V̂P̂ (◦)ϕ‖ 6 (4
h+1)− 12 ε ′ ‖Ĝ 12+P̂ (◦)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (◦)ϕ‖.�§ (1.1) ¨ (2.10) á«¥¤ã¥â, çâ® ¯à¨ ¢ë¡®à¥ ¤®áâ â®ç­® ¡®«ìè®£®ç¨á«  κ

′′0 > 2h (§ ¢¨áïé¥£® ®â ε ′ , � , γ , V̂ , 
 ¨ h ) ¤«ï ¢á¥å
κ1 > κ

′′0 , κ ∈ [κ1 ,
κ1℄ , ¢á¥å ¢¥ªâ®à®¢ k ∈ R
3 : (k, γ) = π ¨ ¢á¥å¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(K;CM ) (¤«ï ­¨å Ĝ−1ψ ∈ ~H1(K;CM ) )á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖V̂Ĝ−1P̂ (◦)ψ‖ 6 ε ′ ‖P̂ (◦)ψ‖ . (2.19)Ǒà¨ íâ®¬ (V̂Ĝ−1P̂ (◦))∗P̂ (◦)ψ = Ĝ−1P̂ (◦) V̂P̂ (◦)ψ ¤«ï á®¯àï�¥­-­®£® ®¯¥à â®à  (V̂Ĝ−1P̂ (◦))∗ ¨ «î¡®© äã­ªæ¨¨ ψ ∈ ~H1(K;CM ) ,¯®íâ®¬ã
‖Ĝ−1P̂ (◦)V̂P̂ (◦)ψ‖ 6 ε ′ ‖P̂ (◦)ψ‖ . (2.20)�á¯®«ì§ãï ¨­â¥à¯®«ïæ¨î [37; 38℄ (á¬. â ª�¥ [15℄), ¨§ (2.19) ¨(2.20) ¤«ï ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ψ ∈ ~H 12 (K;CM ) (¤«ï ­¨å á¯à -¢¥¤«¨¢® ¢ª«îç¥­¨¥ Ĝ− 12 ψ ∈ ~H1(K;CM ) ) ¯®«ãç ¥¬

‖Ĝ− 12 P̂ (◦)V̂Ĝ− 12 P̂ (◦)ψ‖ 6 ε ′ ‖P̂ (◦)ψ‖ .�¥« ï § ¬¥­ã ϕ = Ĝ− 12 ψ ∈ ~H1(K;CM ) , ¯®«ãç ¥¬ ®æ¥­ªã
‖Ĝ− 12 P̂ (◦)V̂P̂ (◦)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (◦)ϕ‖, ϕ ∈ ~H1(K;CM ) . (∗8)� ¥ ® à ¥ ¬   2.1. �ãé¥áâ¢ã¥â ç¨á«® ~κ0 > 2h â ª®¥,çâ® ¤«ï ª �¤®£® κ1 > ~κ0 ­ ©¤¥âáï ç¨á«® κ ∈ [κ1 ,
κ1℄ â ª®¥,çâ® ¤«ï ¢á¥å ¢¥ªâ®à®¢ k ∈ R

3 : (k, γ) = π ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨©
ϕ ∈ L2(K;CM ) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖Ĝ− 12 P̂ (+)V̂P̂ (−)ϕ‖ 6 ε ′ ‖Ĝ 12 P̂ (−)ϕ‖ . (∗9)� ® ª   §   â ¥ « ì á â ¢ ®. �«ï ¢á¥å µ, ν = 1, . . . , l ¨
ψ ∈ L2(K;CM ) ®æ¥­¨¬ ­®à¬ã ‖P̂ (+)

µ V̂P̂ (−)
ν ψ‖ . Ǒãáâì Sµν(n) ,£¤¥ µ, ν ∈ {1, . . . , l} , n ∈ �∗ , ®¡®§­ ç ¥â ª®«¨ç¥áâ¢® ¢¥ªâ®à®¢67



N ∈ Kµ , ¤«ï ª®â®àëå N − n ∈ Kν . Ǒ®«®�¨¬ hµν = hµ + h ν ,
µ, ν = 1, . . . , l . �á«¨ π|n⊥| > κ + 12 hµν ¨«¨ π|n‖| > 12 hµν , â®
Sµν(n) = 0 . � ª ª ª h > 2πd(K∗) , â® h l+2πd(K∗)<2h l 6κ16κ ,¯®íâ®¬ã h l < κ − 2πd(K∗) . Ǒà¨ íâ¨å ãá«®¢¨ïå áãé¥áâ¢ã¥â ª®­-áâ ­â  c2 = c2(�) > 0 (á¬. [24℄) â ª ï, çâ® ¤«ï ¢á¥å µ, ν = 1, . . . , l¨ ¢á¥å ¢¥ªâ®à®¢ n ∈ �∗ , ¤«ï ª®â®àëå π|n⊥| 6 κ + 12 hµν (¨
π|n‖| 6 12 hµν ), ¢ë¯®«­ï¥âáï ®æ¥­ª 

Sµν(n) 6 c2 hµ+ν+min {µ,ν}
κ

32(2π|n⊥|+ hµν)√κ + hµν − π|n⊥|
.�«¥¤®¢ â¥«ì­® (á¬. â ª�¥ (2.1) ¨ (2.6)), ¤«ï ¢á¥å ¬ âà¨ç­®§­ ç-­ëå äã­ªæ¨© Ŵ ∈ L2(K;MM ) , ª®íää¨æ¨¥­âë �ãàì¥ Ŵn ,

n ∈ �∗ , ª®â®àëå ª®¬¬ãâ¨àãîâ á® ¢á¥¬¨ ®àâ®£®­ «ì­ë¬¨ ¯à®-¥ªâ®à ¬¨ P̂ ±~e , ~e ∈ S1(e) , ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(K;CM )¨¬¥¥â ¬¥áâ® æ¥¯®çª  ­¥à ¢¥­áâ¢
‖P̂ (+)

µ ŴP̂ (−)
ν ψ‖2 = (2.21)= v(K) ∑

N ∈Kµ

∥

∥

∑

n∈�∗ :
N−n∈Kν

P̂ +~e(k+2πN)ŴnP̂
−~e(k+2π(N−n)) ψN−n ‖2 6

6 v(K) ∑

N ∈Kµ

(
∑

n∈�∗ :
N−n∈Kν

| ~e(k + 2πN)− ~e(k + 2π(N − n)) | ×
×‖Ŵn‖ ‖(P̂ −ψ)N−n‖

)2
6

6 v(K)κ
−2 ∑

N ∈Kµ

(
∑

n∈�∗ :
N−n∈Kν

2π|n⊥| ‖Ŵn‖ ‖(P̂ −ψ)N−n‖
)2

6

6 v(K)κ
−2 ∑

N ∈Kµ

(
∑

n∈�∗ :
N−n∈Kν

(2π|n⊥|)2‖Ŵn‖2 )

×

×
(

∑

n∈�∗ :
N−n∈Kν

‖(P̂ −ψ)N−n‖2 ) =68



= κ
−2 (

∑

n∈�∗

(
∑

N ∈Kµ :
N−n∈Kν

1 ) (2π|n⊥|)2‖Ŵn‖2 )

· ‖P̂ (−)
ν ψ‖2 == κ

−2 (
∑

n∈�∗

Sµν(n) (2π|n⊥|)2‖Ŵn‖2 )

· ‖P̂ (−)
ν ψ‖2 6

6 c2 hµ+ν+min{µ,ν}×

×
{

∑

n∈�∗ :
π|n⊥|6κ+ 12 hµν ,

π|n‖|6 12 hµν

(2π|n⊥|)2‖Ŵn‖2(2π|n⊥|+hµν)√κ(κ+hµν−π|n⊥|) }

· ‖P̂ (−)
ν ψ‖2 .�«ï «î¡®£® a > 0 ª®íää¨æ¨¥­âë �ãàì¥ (V̂a)n , n ∈ �∗ , ¬ â-à¨ç­®§­ ç­®© äã­ªæ¨¨ V̂a ∈ L3(K;MM ) ⊂ L2(K;MM ) ª®¬¬ã-â¨àãîâ á® ¢á¥¬¨ ®àâ®£®­ «ì­ë¬¨ ¯à®¥ªâ®à ¬¨ P̂ ±~e , ~e ∈ S1(e) .Ǒ®íâ®¬ã (â ª ª ª 2κ+hµν < 3κ ¨ κ 6 
κ1 ) ¨§ (2.21) ¯®«ãç ¥¬,¢ ç áâ­®áâ¨, ­¥à ¢¥­áâ¢ 

‖P̂ (+)
µ V̂aP̂

(−)
ν ψ‖ 6 h

12 (µ+ν+min {µ,ν})× (2.22)
×

( 3c2√
κ1 ∑

n∈�∗ :
π|n⊥|6κ+ 12 hµν

‖(V̂a)n‖2√
κ+hµν−π|n⊥|

)
12 · ‖P̂ (−)

ν ψ‖ .Ǒãáâì a > 2 . �¡®§­ ç¨¬
Yδ(V̂; a) .= ∫

x∈K : ‖V̂(x)‖>a

‖V̂(x)‖3 ln2+δ ‖V̂(x)‖ d 3x ;
Yδ(V̂ ; a) ↓ 0 ¯à¨ a→ +∞ . �¯à ¢¥¤«¨¢®

‖V̂a‖2L2(K;MM ) 6 (2.23)
6 (a ln 2+δ a)−1 ∫

x∈K : ‖V̂(x)‖>a

‖V̂(x)‖3 ln2+δ ‖V̂(x)‖ d 3x == (a ln 2+δ a)−1 Yδ(V̂ ; a) .�á¥¬ ã¯®àï¤®ç¥­­ë¬ ¯ à ¬ ç¨á¥« µ, ν ∈ {1, . . . , l} ¯®áâ ¢¨¬¢ á®®â¢¥âáâ¢¨¥ ç¨á«  j = j(µ, ν) = µ+ν+min{µ, ν} ∈ {1, . . . , 3l} .69



Ǒãáâì L(j) , j = 1, . . . , 3l , | ¬­®�¥áâ¢® ã¯®àï¤®ç¥­­ëå ¯ à(µ, ν) (¢®§¬®�­®, ¯ãáâ®¥), ¤«ï ª®â®àëå j(µ, ν) = j . Ǒ®«®�¨¬
X(κ1 ; V̂) .= ∑

n∈�∗ : 2π|n⊥|> κ1 ‖V̂n‖2 . �ë¡¥à¥¬ ç¨á«  fj ∈ (0, 1℄ ,
j ∈ N , â ª, çâ® f1 = 1 , fj ↓ 0 , aj

.= h
13 jfj ↑ +∞ , f−1

j Yδ(V̂ ; aj) ↓ 0¯à¨ j → +∞ ¨ +∞
∑

j=1 j(lnaj)−2−δ < +∞ . �¬¥¥¬ (¯à¨ áã¬¬¨à®¢ -­¨¨ ¯à®¯ãáª ¥âáï ¯¥à¢ ï áã¬¬ , ¥á«¨ X(κ1 ; V̂) = 0 , ¨ á« £ ¥¬ë¥¢® ¢â®à®© áã¬¬¥, ¤«ï ª®â®àëå Yδ(V̂ ; aj) = 0 )1(
−1)√κ1 (

X−1(κ1 ; V̂) 3l
∑

j=1 2−j ×

× ∑(µ,ν)∈L(j) 
κ1
∫

κ1 (
∑

n∈�∗ :12 κ1 < π|n⊥|6κ+ 12 hµν

‖V̂n‖2√
κ+hµν−π|n⊥|

)

dκ++ 3l
∑

j=1 ajY
−1
δ (V̂; aj)×

× ∑(µ,ν)∈L(j) 
κ1
∫

κ1 (
∑

n∈�∗ :
π|n⊥|6κ+ 12 hµν

‖(V̂aj
)n‖2√

κ+hµν−π|n⊥|
)

dκ
)

6

6 1(
−1)√κ1 (


κ1
∫

κ1 dκ√
κ−κ1 )

×

×
(

X−1(κ1 ; V̂) ( 3l
∑

j=1 j2−j
) (

∑

n∈�∗ :
κ1 < 2π|n⊥|< 3
κ1 ‖V̂n‖2 )++ 3l

∑

j=1 jajY
−1
δ (V̂; aj) ( ∑

n∈�∗

‖(V̂aj
)n‖2 ))

6

6 2√
−1 (2 +Mv−1(K) 3l
∑

j=1 jajY
−1
δ (V̂ ; aj) ‖V̂aj

‖2
L2(K;MM )) 6

6 2√
−1 (2 +Mv−1(K) +∞
∑

j=1 j(ln aj)−2−δ
) .=70



.= c3 = c3(M,�,
, h; V̂ , {fj}) < +∞(¨á¯®«ì§®¢ ­ë ®æ¥­ª¨ (2.5) ¨ (2.23)). Ǒ®íâ®¬ã áãé¥áâ¢ã¥â ç¨á«®
κ ∈ [κ1 ,
κ1℄ (ª®â®à®¥ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥â ¢ë¡¨à âìáï ¨¬¥­­®â ª¨¬ ®¡à §®¬) â ª®¥, çâ® ¤«ï ¢á¥å µ, ν = 1, . . . , l

∑

n∈�∗ :12 κ1 < π|n⊥|6κ+ 12 hµν

‖V̂n‖2√
κ+hµν−π|n⊥| 6 2 jc3 κ

− 121 ∑

n∈�∗ :2π|n⊥|> κ1 ‖V̂n‖2 ,(2.24)
∑

n∈�∗ :
π|n⊥|6κ+ 12 hµν

‖(V̂aj
)n‖2√

κ+hµν−π|n⊥|
6 c3 κ

− 121 a−1
j Yδ(V̂; aj) , (2.25)£¤¥ aj = h

13 jfj , j = j(µ, ν) . �¥à ¢¥­áâ¢  (2.24) á¯à ¢¥¤«¨¢ëâ ª�¥ ¯à¨ X(κ1 ; V̂) = 0 ,   ­¥à ¢¥­áâ¢  (2.25) | ¢ á«ãç ¥, ª®-£¤  Yδ(V̂ ; aj) = 0 ¯à¨ ­¥ª®â®àëå j ∈ {1, . . . , 3l} . �«ï ª �¤®£®ç¨á«  j ∈ {1, . . . , 3l} (¥á«¨ ä¨ªá¨à®¢ ­® ç¨á«® κ1 ) ¨§ (2.21)¨ (2.24) á«¥¤ã¥â, çâ® ¤«ï ¢á¥å ¯ à ç¨á¥« (µ, ν) ∈ L(j) , ¢á¥å¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(K;CM ) ¨ ¤«ï ¢ë¡à ­­®£® ¢ëè¥ ç¨á« 
κ ∈ [κ1 ,
κ1℄ á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖P̂ (+)
µ V̂P̂ (−)

ν ψ‖ 6 (2.26)
6 c

122 h 12 j
( ( 3√
κ1 ∑

n∈�∗ :12 κ1 < π|n⊥|6κ+ 12 hµν

‖V̂n‖2√
κ+hµν−π|n⊥|

)
12++ (√

κ1 ∑

n∈�∗ :2π|n⊥|6κ1 2π|n⊥|·‖V̂n‖2
κ1√κ+hµν−π|n⊥|

)
12 )

· ‖P̂ (−)
ν ψ‖ 6

6 c
122 h 12 j

( ( 3√
 2 jc3 ∑

n∈�∗ :2π|n⊥|> κ1 ‖V̂n‖2 )
12++ (√2 ∑

n∈�∗ :2π|n⊥|6κ1 2π|n⊥|
κ1 ‖V̂n‖2 )

12 )

· ‖P̂ (−)
ν ψ‖ .71



Ǒãáâì ε ′′ .= 13 ε ′h−1min{1, π|γ|−1} . �ë¡¥à¥¬ j0 = j0(ε ′′) ∈ N (§ -¢¨áïé¥¥ â ª�¥ ®â c2 , c3 , 
 , V̂ , h ¨ {fj} ) â ª, çâ® fj 6 12 ε ′′¨ (3√
 c2 c3) 12 (f−1
j Yδ(V̂ ; aj)) 12 6 ε ′′2 ¤«ï ¢á¥å j > j0 . �§ (2.26)á«¥¤ã¥â, çâ® ­ ©¤¥âáï ~κ0 = ~κ0(M,�,
, h, V̂ , {fj}; j0, ε ′′) > 2h â -ª®¥, çâ® ¤«ï ¢á¥å κ1 > ~κ0 ¨ ¢ë¡¨à ¥¬ëå ¢ëè¥ κ ∈ [κ1 ,
κ1℄ ,¢á¥å ç¨á¥« µ, ν = 1, . . . , l (£¤¥ l = l(h,κ1) ∈ N ), ¤«ï ª®â®àëå

j(µ, ν) 6 j0 , ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ψ∈L2(K;CM ) ¨¬¥¥¬
‖P̂ (+)

µ V̂P̂ (−)
ν ψ‖ 6 ε ′′ h

13 j(µ,ν) ‖P̂ (−)
ν ψ‖ . (2.27)� ¤àã£®© áâ®à®­ë, ¥á«¨ κ1 > ~κ0 > 2h ¨ [κ1 ,
κ1℄ ∋ κ | ¢ë¡¨à -¥¬ë¥ ¢ëè¥ ç¨á« , â® ¤«ï ¢á¥å ç¨á¥« µ, ν = 1, . . . , l , ¤«ï ª®â®àëå

j = j(µ, ν) > j0 , ¨ ¢á¥å ¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(K;CM ) á ¯®¬®-éìî ®æ¥­®ª (2.22) ¨ (2.25) (¨ ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ®¯à¥¤¥«¥­¨¥ç¨á«  j0 ) ¯®«ãç ¥¬
‖P̂ (+)

µ V̂P̂ (−)
ν ψ‖ 6 ‖P̂ (+)

µ (V̂ − V̂aj
)P̂ (−)

ν ψ‖+ ‖P̂ (+)
µ V̂aj

P̂ (−)
ν ψ‖ 6

6
(

aj + h
12 j

( 3c2 √
κ1 ∑

n∈�∗ :
π|n⊥|6κ+ 12 hµν

‖(V̂aj
)n‖2√

κ+hµν−π|n⊥|
)
12 )

×

×‖P̂ (−)
ν ψ‖ 6 h

13 j
(

fj + (3√
 c2 c3) 12 (f−1
j Yδ(V̂ ; aj)) 12 )

‖P̂ (−)
ν ψ‖ 6

6 ε ′′ h
13 j ‖P̂ (−)

ν ψ‖ ,â® ¥áâì ®æ¥­ª  (2.27) á¯à ¢¥¤«¨¢  ¯à¨ ¢á¥å µ, ν = 1, . . . , l .�§ ®æ¥­®ª (2.7), (2.8) ¨ (2.27) (¤«ï ¢á¥å µ, ν = 1, . . . , l ¨ ¢á¥å¢¥ªâ®à-äã­ªæ¨© ψ ∈ L2(K;CM ) ) ¢ëâ¥ª ¥â ®æ¥­ª 
‖Ĝ− 12 P̂ (+)

µ V̂Ĝ− 12P̂ (−)
ν ψ‖ 6 h−µ+ν2 (

h max{1, |γ|
π

} )

‖P̂ (+)
µ V̂P̂ (−)

ν ψ‖6

6 ε ′3 h
13 min {µ,ν} h−µ+ν6 ‖P̂ (−)

ν ψ‖ = ε ′3 h− 16 |µ−ν| ‖P̂ (−)
ν ψ‖ .�«¥¤®¢ â¥«ì­®,

‖Ĝ− 12 P̂ (+)V̂Ĝ− 12 P̂ (−)ψ‖2 = l
∑

µ=1 ‖Ĝ− 12 P̂ (+)
µ V̂Ĝ− 12 (

l
∑

ν=1 P̂ (−)
ν

)

ψ‖2672



6
l

∑

µ=1 (

l
∑

ν=1 ‖Ĝ− 12 P̂ (+)
µ V̂Ĝ− 12 P̂ (−)

ν ψ‖
)2

6

6
(

ε ′3 )2 l
∑

µ=1 (

l
∑

ν=1 h− 16 |µ−ν| ‖P̂ (−)
ν ψ‖

)2
6

6
(

ε ′3 )2 l
∑

µ=1 (

l
∑

ν=1 h− 16 |µ−ν| ) (

l
∑

ν=1 h− 16 |µ−ν| ‖P̂ (−)
ν ψ‖2) 6

6
( 1+h− 161−h

− 16 ) (

ε ′3 )2 l
∑

ν=1 (

l
∑

µ=1h− 16 |µ−ν| ) ‖P̂ (−)
ν ψ‖2 6

6
( 1+h− 161−h

− 16 )2 (

ε ′3 )2 l
∑

ν=1 ‖P̂ (−)
ν ψ‖2 6 (ε ′)2 ‖P̂ (−)ψ‖2 .�áâ «®áì á¤¥« âì § ¬¥­ã ψ = Ĝ
12 P̂ (−)ϕ , ϕ ∈ L2(K;CM ) . �¥®à¥-¬  2.1 ¤®ª § ­ .�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.2 ¢®á¯®«ì§ã¥¬-áï ¯®«ãç¥­­ë¬¨ ®æ¥­ª ¬¨ (2.12), (2.13), (∗1) − (∗9) . �¯à¥¤¥-«¨¬ ç¨á«® κ0 .= max {κ ′0(ε ′),κ ′0(~ε ′),κ ′′0 , ~κ0} > 2h , £¤¥ ~ε ′ == (4
h+1)− 12 ε ′ . �®£¤  ¤«ï «î¡®£® κ1 > κ0 ¨ ¢ë¡¨à ¥¬®£® ¢ â¥-®à¥¬¥ 2.1 ç¨á«  κ ∈ [κ1 ,
κ1℄ , «î¡®£® ¢¥ªâ®à  k ∈ R

3 : (k, γ) = π¨ «î¡®© ¢¥ªâ®à-äã­ªæ¨¨ ϕ ∈ ~H1(K;CM ) ¨¬¥¥¬
‖Ĝ− 12 (P̂ + + P̂ N (k;e))V̂ϕ‖2 + ‖Ĝ− 12+ P̂ −V̂ϕ‖2 6 (2.28)
6 3 (

‖Ĝ− 12P (+)V̂P (+)ϕ‖2 + ‖Ĝ− 12P (+)V̂P (−)ϕ‖2+
‖Ĝ− 12P (+)V̂P (◦)ϕ‖2)++3 (

‖Ĝ− 12+ P (−)V̂P (+)ϕ‖2 + ‖Ĝ− 12+ P (−)V̂P (−)ϕ‖2+
‖Ĝ− 12+ P (−)V̂P (◦)ϕ‖2)++3 (

‖Ĝ− 12P (◦)V̂P (+)ϕ‖2 + ‖Ĝ− 12P (◦)V̂P (−)ϕ‖2++‖Ĝ− 12P (◦)V̂P (◦)ϕ‖2) 673



6 9 (ε ′)2 (

‖Ĝ
12+P (+)ϕ‖2 + ‖Ĝ 12P (−)ϕ‖2 + ‖Ĝ 12P (◦)ϕ‖2 )

6

6 9 (ε ′)2 (

‖Ĝ
12+(

P̂ + + P̂ N (k;e))ϕ‖2 + ‖Ĝ 12 P̂ −ϕ‖2 )
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