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 S
hr�odinger oper-ator with a periodi
 potential. The analiti
 properties of eigenvalues ofthis operator as fun
tions in quasimomentum are investigated.�¢¥¤¥­¨¥�¡®§­ ç¨¬ ç¥à¥§
H0 = 12 ( ( ∂

∂x1 − iBx2)2 + ∂2
∂x22 ) (1)®¯¥à â®à �à¥¤¨­£¥à  á ®¤­®à®¤­ë¬ ¬ £­¨â­ë¬ ¯®«¥¬ B == 
onst > 0 ¢ ª «¨¡à®¢ª¥ � ­¤ ã, ¤¥©áâ¢ãîé¨© ¢ L2(R2) . �¡®-§­ ç¨¬ ¤ «¥¥ ç¥à¥§ R0(E) = (H0 − E)−1 à¥§®«ì¢¥­âã ®¯¥à â®à 

H0 ,   ç¥à¥§ G0(x, y,E) | ï¤à® à¥§®«ì¢¥­âë. �¨¤ ï¤à  G sim0 ¢á¨¬¬¥âà¨ç¥áª®© ª «¨¡à®¢ª¥ ¯à¨¢¥¤¥­, ­ ¯à¨¬¥à, ¢ [1℄ :
G sim0 (x, y,E) = 12π �( 12 − E

B

)

e−iB(x1y2−x2y1)/2 · e−B(x−y)2/4× (2)
×	( 12 − E

B , 1, B(x − y)2/2 )

.�¤¥áì � | £ ¬¬ -äã­ªæ¨ï, 	 | ¢ëà®�¤¥­­ ï £¨¯¥à£¥®¬¥âà¨-ç¥áª ï äã­ªæ¨ï 2-£® à®¤ . �®£« á­® [2℄
G0(x, y,E) = eiγ G sim0 (x, y,E), (3)77



£¤¥ γ | ­¥ª®â®à ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï.� L2(R2) ¢¢¥¤¥¬ ®¯¥à â®à ¬ £­¨â­®© âà ­á«ïæ¨¨ τa , £¤¥
a ∈ R

2 , ¤¥©áâ¢ãîé¨© ¯® ä®à¬ã«¥ τa(ψ)(x) = eiBa2x1ψ(x − a) .�§¢¥áâ­® (­¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥¬®¥) à ¢¥­áâ¢® H0τa = τaH0­  C∞0 (R2) ,   ¯®áª®«ìªã C∞0 (R2) | íâ® áãé¥áâ¢¥­­ ï ®¡« áâìá ¬®á®¯àï�¥­­­®áâ¨ ®¯¥à â®à  H0 [2℄, â®
τaR0(E) = R0(E) τa. (4)Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ à æ¨®­ «ì­®áâ¨ ¯®â®ª 

Ba1a2 ∈ 2πN, £¤¥ N | ¬­®�¥áâ¢® ­ âãà «ì­ëå ç¨á¥«. �®£¤ ¨§ (2) ¢ëâ¥ª ¥â, çâ®
eiBa2x1G0(x− a, y,E) = eiBa2y1 G0(x, y + a,E). (5)� ¤ «ì­¥©è¥¬ à áá¬ âà¨¢ ¥âáï ®¯¥à â®à H = H0 + V (x) , £¤¥

V (x) ∈ L∞(R2) | ¢¥é¥áâ¢¥­­ ï ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï ¯® ¯¥-à¥¬¥­­ë¬ xj á ¯¥à¨®¤ ¬¨ Tj > 0 , j = 1, 2 . � ª ¨§¢¥áâ­®, ¢ á«ã-ç ¥ B > 0 á¯¥ªâà ®¯¥à â®à  H0 á®¢¯ ¤ ¥â á ­ ¡®à®¬ á®¡áâ¢¥­-­ëå §­ ç¥­¨© ¡¥áª®­¥ç­®© ªà â­®áâ¨ En = (n+ 12)B , n = 0, 1, . . .(ãà®¢­¥© � ­¤ ã). �¥à¥§ σ(A) ®¡®§­ ç ¥âáï á¯¥ªâà A .� §«®�¥­¨¥ ¢ ¯àï¬®© ¨­â¥£à «Ǒ®«®�¨¬ 
 = [0, T1)× [0, T2) , 
∗ = [−π/T1, π/T1)× [−π/T2, π/T2)(ïç¥©ª¨ ¢ ¯àï¬®© ¨ ®¡à â­®© à¥è¥âª¥) ¨ ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ã­¨â à­ë© ®¯¥à â®à U : L2(R2) → L2(
× 
∗) ,
ψ(x) 7−→ ψ(x, k) = √

T1T22π ∑

n∈Z2 ei(T1n1k1+T2n2k2) τ(T1n1,T2n2)(ψ)(x).(6)� ª ®¡ëç­®, ¯à¥¤¯®« £ ¥âáï, çâ® BT1T2 ∈2πN. �ã­ªæ¨¨ ψ(x, k),à áá¬ âà¨¢ ¥¬ë¥ ¤«ï x ∈ R
2 , ã¤®¢«¥â¢®àïîâ ®ç¥¢¨¤­®¬ã à ¢¥­-áâ¢ã τ(T1n1,T2n2)(ψ(x, k)) = e−i(T1n1k1+T2n2k2)ψ(x, k) , â® ¥áâì ï¢«ï-îâáï ¬ £­¨â­®-¡«®å®¢áª¨¬¨ [3℄.�¥£ª® ¢¨¤¥âì, çâ® ®¯¥à â®à UHU−1 óà áá« ¨¢ ¥âáï� ¢ á¥-¬¥©áâ¢® ®¯¥à â®à®¢ H(k) , k ∈ 
∗ , ä®à¬ «ì­® â®£® �¥ ¢¨¤ , çâ®78



¨ ®¯¥à â®à H (á¬. ­¨�¥ â¥®à¥¬ã 0.1). �¯¥à â®àë H(k) ®¯à¥-¤¥«¥­ë ¢ L2(
) ­  (¤®áâ â®ç­® £« ¤ª¨å) ¬ £­¨â­®-¡«®å®¢áª¨åäã­ªæ¨ïå.� ¥ ® à ¥ ¬   0.1. �¯¥à â®à H à §« £ ¥âáï ¢ ¯àï¬®¬¨­â¥£à «¥ ¯à®áâà ­áâ¢
∫
∗

⊕

L2(
)dk = L2(
× 
∗) ≃ L2(
∗, L2(
)) (6)¢ á¥¬¥©áâ¢® (á ¬®á®¯àï�¥­­ëå) ®¯¥à â®à®¢ H(k) . Ǒà¨ íâ®¬á¯¥ªâà H(k) ï¢«ï¥âáï ç¨áâ® ¤¨áªà¥â­ë¬ ¨ ¢ ®ªà¥áâ­®áâ¨ «î-¡®© â®çª¨ (E0, k0) ∈ (σ(H(k0)),
∗) § ¤ ¥âáï ãà ¢­¥­¨¥¬ ¢¨¤ �(E, k) = 0 , £¤¥ �(E, k) | ­¥ª®â®à ï  ­ «¨â¨ç¥áª ï äã­ªæ¨ï¢ (ª®¬¯«¥ªá­®©) ®ªà¥áâ­®áâ¨ â®çª¨ (E0, k0) .� ® ª   §   â ¥ « ì á â ¢ ®. �­ ç «  ¤®ª �¥¬ à §«®�¨-¬®áâì ¢ ¯àï¬®¬ ¨­â¥£à «¥ (6) ®¯¥à â®à  H0 ¨«¨, çâ® íª¢¨¢ -«¥­â­®, ¥£® à¥§®«ì¢¥­âë. �¥£ª® ¢¨¤¥âì, çâ® ®¯¥à â®à UR0(E)U−1à áá« ¨¢ ¥âáï ¢ á¥¬¥©áâ¢® ®¯¥à â®à®¢ R0(E, k) á ï¤à®¬
G0(x, y, k,E) = ∑

n∈Z2 e(T1n1k1+T2n2k2) τ(T1n1,T2n2) (G0(·, y, E))(x).(7)�§ (3), (4) á ¨á¯®«ì§®¢ ­¨¥¬ ¨§¢¥áâ­ëå ®æ¥­®ª äã­ªæ¨¨ 	(α, γ, z)¤«ï ¬ «ëå ¨ ¤«ï ¡®«ìè¨å §­ ç¥­¨© |z| (á¬., ­ ¯à¨¬¥à, [4℄) «¥£ª®¢ë¢¥áâ¨ ­¥à ¢¥­áâ¢ 
∫
 ∣

∣

∂jG0(x,y,E)
∂Ej

∣

∣

2
dy 6 Ce−a|x|2, j = 0, 1,£¤¥ a > 0 , |x| = √

x21 + x22 ,   ª®­áâ ­â  C § ¢¨á¨â «¨èì ®â
ρ(E, σ(H0)) = inf

n=0,1,... |E − En| > 0.�§ ¤ ­­®© ®æ¥­ª¨ ¨ (¢¥ªâ®à­®§­ ç­®©) â¥®à¥¬ë �¥©¥àèâà áá ®¡  ­ «¨â¨ç­®áâ¨ à ¢­®¬¥à­® áå®¤ïé¥£®áï ­  ª®¬¯ ªâ å àï¤ 79



¨§  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ¢ëâ¥ª ¥â, çâ® G0(x, y, k,E) ï¢«ï-¥âáï  ­ «¨â¨ç¥áª®© L2(
 × 
) -§­ ç­®© äã­ªæ¨¥© ¯¥à¥¬¥­­ëå(k,E) ∈ C
3 ¤«ï E 6= En , n = 0, 1, . . . ,   ¯®â®¬ã R0(k,E) |ª®¬¯ ªâ­ë© ®¯¥à â®à,  ­ «¨â¨ç¥áª¨ § ¢¨áïé¨© ®â k ¨ E 6= En .� á¨«ã à¥§®«ì¢¥­â­®£® â®�¤¥áâ¢ 
R(k,E) = R0(k,E) −R0(k,E)V R(k,E) (8)®¯¥à â®à R(k,E) â ª�¥ ª®¬¯ ªâ¥­ ¨ à §«®�¨¬ ¢ ¯àï¬®¬ ¨­â¥-£à «¥ ¯à®áâà ­áâ¢ (6). �¯¥à â®à H(k) ¨¬¥¥â ç¨áâ® ¤¨áªà¥â­ë©á¯¥ªâà σd(H(k)) = {En(k)}∞n=1 ª ª ®¯¥à â®à á ª®¬¯ ªâ­®© à¥-§®«ì¢¥­â®©. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï En(k) ­ å®¤ïâáï ¨§ ãà ¢­¥-­¨ï ψ = −R0(k,E)V ψ ¤«ï ­¥­ã«¥¢ëå ψ . Ǒ®á«¥¤­¥¥ ãâ¢¥à�¤¥-­¨¥ â¥®à¥¬ë ¢ëâ¥ª ¥â â¥¯¥àì ¨§ ¤®ª § â¥«ìáâ¢   ­ «¨â¨ç¥áª®©â¥®à¥¬ë �à¥¤£®«ì¬  [5℄.�   ¬ ¥ ç   ­ ¨ ¥ 0.1. �ã­ªæ¨ï �(k,E) á â®ç­®áâìî ¤®ã¬­®�¥­¨ï ­  ­¥­ã«¥¢ãî  ­ «¨â¨ç¥áªãî äã­ªæ¨î ¯à¥¤áâ ¢«ï-¥â á®¡®© à¥£ã«ïà¨§®¢ ­­ë© ®¯à¥¤¥«¨â¥«ì �à¥¤£®«ì¬  D(k,E) == det2(1 + R0(k,E)V ) (¯® ¯®¢®¤ã ¤®ª § â¥«ìáâ¢  á¬. [6℄). � -ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ ­  ­ å®�¤¥­¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢®ªà¥áâ­®áâ¨ «î¡®© â®çª¨ (k,E) ∈ R

3 ¨¬¥¥â ¢¨¤ D(k,E) = 0 .�   ¬ ¥ ç   ­ ¨ ¥ 0.2. �à ¢­¥­¨¥ D(k,E) = 0 ¬®�­® «®-ª «ì­® § ¬¥­¨âì ãà ¢­¥­¨¥¬ P (k,E) = 0 , £¤¥ P (k,E) | ¬­®-£®ç«¥­ �¥©¥àèâà áá  (á¬. [7℄). �¥é¥áâ¢¥­­ë¥ ª®à­¨ E = Ej(k)¤ ­­®£® ¬­®£®ç«¥­ , ¡ã¤ãç¨ § ­ã¬¥à®¢ ­ë ¯® ¢®§à áâ ­¨î, ï¢-«ïîâáï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨. �âáî¤ , ¢¢¨¤ã ª®¬¯ ªâ­®áâ¨¬­®�¥áâ¢  
∗ , ¯®­¨¬ ¥¬®£® ª ª â®à, ¢ëâ¥ª ¥â, çâ® á¯¥ªâà
σ(H) = ⋃

k∈
∗

σ(H(k))(á¬. [8℄) ®¯¥à â®à  H ï¢«ï¥âáï «®ª «ì­® ª®­¥ç­ë¬ ®¡ê¥¤¨­¥­¨-¥¬ §®­ | § ¬ª­ãâëå ¯à®¬¥�ãâª®¢, ª®â®àë¥ ¯à¨ B > 0 ¬®£ãâ¢ëà®�¤ âìáï (­ ¯à¨¬¥à, ¯à¨ V = 0 ).80



�¡®§­ ç¨¬ ç¥à¥§ En(k) , n = 1, 2, . . . , (£¥®¬¥âà¨ç¥áª¨ à §«¨ç-­ë¥) ­ã«¨ äã­ªæ¨¨ D(k,E) , § ­ã¬¥à®¢ ­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à -áâ ­¨ï. �á«¥¤áâ¢¨¥ § ¬¥ç ­¨ï 0.2 | íâ® ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, ­ «¨â¨ç¥áª¨¥ ¢­¥ â®ç¥ª ¯¥à¥á¥ç¥­¨ï. �¨á«  En(k) ï¢«ïîâáïá®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ®¯¥à â®à  H(k) .� ¥ ® à ¥ ¬   0.2. Ǒãáâì A < B . �­®�¥áâ¢®
⋃

n 6=m

{

k ∈ 
∗ : En(k) = Em(k) ∈ [A,B℄} (7)¯à¥¤áâ ¢«ï¥â á®¡®© ª®­¥ç­®¥ ç¨á«®  ­ «¨â¨ç¥áª¨å ªà¨¢ëå.� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã ª®¬¯ ªâ­®áâ¨ ¬­®-�¥áâ¢  
∗× [A,B℄ ¤®áâ â®ç­® ¤®ª § âì ãâ¢¥à�¤¥­¨¥ ¢ ®ªà¥áâ­®-áâ¨ ¯à®¨§¢®«ì­®© â®çª¨ (k0, E0) , ¢ ª®â®à®© äã­ªæ¨¨ E = En(k)ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ã E0 = En(k0) . �â¨ äã­ªæ¨¨ á®£« á­®â¥®à¥¬¥ 0.1 ­¥ï¢­® ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨¥¬ �(k,E) = 0 . Ǒà¨íâ®¬ �(k,E) ­¥ à ¢­® â®�¤¥áâ¢¥­­® ­ã«î ¯® E , ¨­ ç¥ á¯¥ªâà
H(k) § ¯®«­ï« ¡ë ­¥ª®â®àë© ¯à®¬¥�ãâ®ª. �á«¥¤áâ¢¨¥ [7℄ ¯¥à¥-á¥ç¥­¨¥ à §«¨ç­ëå En(k) ¯à®¨áå®¤¨â ¢ â®çª å, ¤«ï ª®â®àëå�1(k) = 0, (8)£¤¥ äã­ªæ¨ï �1(k) ­¥ à ¢­  ­ã«î â®�¤¥áâ¢¥­­® ¨ ¯à¥¤áâ ¢«ï¥âá®¡®©  ­ «¨â¨ç¥áªãî äã­ªæ¨î ¢ ®ªà¥áâ­®áâ¨ â®çª¨ k0 (à¥§ã«ì-â ­â). � á¢®î ®ç¥à¥¤ì, ªà¨¢ë¥, ®¯à¥¤¥«ï¥¬ë¥ ãà ¢­¥­¨¥¬ (8),â¥àïîâ, ¢®®¡é¥ £®¢®àï,  ­ «¨â¨ç­®áâì ¨ á«¨¢ îâáï ¢ â®çª å,¤«ï ª®â®àëå (¢®§¬®�­®, ¯®á«¥ «¨­¥©­®© § ¬¥­ë ¯¥à¥¬¥­­ëå)�2(k1) = 0 , £¤¥ äã­ªæ¨ï �2(k1) ­¥ à ¢­  ­ã«î â®�¤¥áâ¢¥­­®¨  ­ «¨â¨ç­ . �â ª, ç¨á«® â®ç¥ª, ¢ ª®â®àëå ¬®�¥â ­ àãè âìáï ­ «¨â¨ç­®áâì ªà¨¢ëå (7), «®ª «ì­® ª®­¥ç­®,   §­ ç¨â, ª®­¥ç­®.� ¥ ® à ¥ ¬   0.3. Ǒãáâì γ |  ­ «¨â¨ç¥áª ï ªà¨¢ ï ¢
∗ , â®£¤  áã�¥­¨ï äã­ªæ¨© En(k) ­  íâã ªà¨¢ãî ¯à¥¤áâ ¢«ï-îâ á®¡®©  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ®â ¯ à ¬¥âà  ªà¨¢®©.� ® ª   §   â ¥ « ì á â ¢ ® ¢ëâ¥ª ¥â ¨§ â¥®à¨¨ ¢®§¬ãé¥­¨© [8℄.81
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