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t. We 
onsider the one-dimensional dis
rete S
hr�odinger operator
H0 + V a
ting on the spa
e l2(Z), where V is a de
reasing potential.The theorem of existen
e and uniqueness of the 
orresponding Lippmann{S
hwinger equation is proved. We study the asymptoti
s behaviour ofsolutions of this equation.�¢¥¤¥­¨¥� áá¬ âà¨¢ ¥âáï ®¤­®¬¥à­ë© ¤¨áªà¥â­ë© ®¯¥à â®à �à¥¤¨­£¥à 

H = H0 + V, ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥ l2(Z) . �¤¥áì(á¬. [1℄)
H0{ψ(n)}n∈Z = {ψ(n + 1) + ψ(n− 1)}n∈Z .�¯¥à â®à (¯®â¥­æ¨ «) V = √

|V |
√
V , £¤¥ √

V = √

|V | sgnV , ®â®-�¤¥áâ¢«ï¥¬ë© á ¯®á«¥¤®¢ â¥«ì­®áâìî {V (n)}n∈Z
∈ l∞(Z) , ¤¥©-áâ¢ã¥â ¢ l2(Z) ¯® ä®à¬ã«¥ V {ψ(n)}n∈Z

= {V (n)ψ(n)}n∈Z . Ǒà¥¤-¯®« £ ¥¬, çâ® {V (n)} | ­¥­ã«¥¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì, ã¤®¢«¥-â¢®àïîé ï ­¥à ¢¥­áâ¢ã
|V (n)| 6 Ce−a|n|, n ∈ Z , (0.1)£¤¥ C, a > 0 | ­¥ª®â®àë¥ ª®­áâ ­âë. Ǒ®á«¥¤®¢ â¥«ì­®áâ¨, ã¤®-¢«¥â¢®àïîé¨¥ ®æ¥­ª ¬ â ª®£® ¢¨¤ , ¡ã¤¥¬ ­ §ë¢ âì íªá¯®­¥­-æ¨ «ì­® ã¡ë¢ îé¨¬¨. �®£« á­® [2℄ á¯¥ªâà ®¯¥à â®à  H0 á®¢¯ -¤ ¥â á ®âà¥§ª®¬ [−2, 2℄. �¡®§­ ç¨¬ ç¥à¥§ R0(E) = (H0 − E)−183



à¥§®«ì¢¥­âã ®¯¥à â®à  H0 . �¤à® G0(n,m,E) íâ®© à¥§®«ì¢¥­âë,¢®§¬®�­® ¯à®¤®«�¥­­®¥ ¯® ¯ à ¬¥âàã E ­  ¨­â¥à¢ « (−2, 2) ,¡ã¤¥¬ ­ §ë¢ âì äã­ªæ¨¥© �à¨­ . Ǒà¨ ¢á¥å n,m ∈ Z ¨¬¥¥â ¬¥áâ®ä®à¬ã«  (á¬. [3; 4℄)
G0(n,m,E) = G0(n−m,E) = − 1√

E2−4(E−
√

E2−42 )|n−m|
.�¯¥à â®àë â ª®£® ¢¨¤  ¢áâà¥ç îâáï, ­ ¯à¨¬¥à, ¢ â¥®à¨¨ á¯¨-­®¢ëå ¢®«­ [3℄, ¢ § ¤ ç¥ à áá¥ï­¨ï ¢ ¬®¤¥«¨ á¨«ì­®© á¢ï§¨ [5℄.(� ¯®á«¥¤­¥© à ¡®â¥ ¨áá«¥¤®¢ ­® ¯®¢¥¤¥­¨¥ ¬ âà¨æë à áá¥ï­¨ï¢¡«¨§¨ à¥§®­ ­á .) � áá¥ï­¨¥ ­  ¯®â¥­æ¨ «¥ ª ª ¨ ¢ ó­¥¯à¥àë¢-­®¬� á«ãç ¥ [6℄ ®¯¨áë¢ ¥âáï ãà ¢­¥­¨ï¬¨ �¨¯¯¬ ­ {�¢¨­£¥à 

ψ±(n,E) = ψ0(n,E)− ∑

m∈Z

G0(n−m,E ± i0)V ψ±(m,E),£¤¥ E ∈ (−2, 2), ψ0(n,E) | ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì (á¬.­¨�¥), ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î H0ψ0 = Eψ0 .� ¯¥à¢®© ç áâ¨ à ¡®âë ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­-­®áâì à¥è¥­¨ï ãà ¢­¥­¨ï �¨¯¯¬ ­ {�¢¨­£¥à . �® ¢â®à®© ¯®-«ãç¥­   áá¨¬¯â®â¨ª  à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï ¯à¨ n → ±∞.�áá«¥¤®¢ ­ë  ¬¯«¨âã¤ë ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï.1. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ïãà ¢­¥­¨ï �¨¯¯¬ ­ {�¢¨­£¥à Ǒ®«®�¨¬ q = E−
√

E2−42 . � ª ª ª E ∈ (−2, 2), â® | q | = 1 . Ǒ¥-à¥©¤¥¬ ª ­®¢®© ¯¥à¥¬¥­­®© θ = arg q. �ç¨â ¥¬, çâ® θ ∈ (0, 2π),
θ 6= π, â®£¤  á®®â¢¥âáâ¢¨¥ ¬¥�¤ã E ∈ (−2, 2) ¨ θ ¡ã¤¥â ¢§ ¨¬­®®¤­®§­ ç­ë¬. �á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨ï ¢¨¤  G0(n−m, θ) ¢¬¥áâ®
G0(n−m,E). � ­®¢ëå ¯¥à¥¬¥­­ëå G(n−m, θ) = 12 sin θ

eiθ|n−m| ,
n,m ∈ Z ,   ãà ¢­¥­¨¥ �¨¯¯¬ ­ {�¢¨­£¥à  ¯à¨­¨¬ ¥â ¢¨¤

ψ(n, θ) = ψ0(n, θ)− ∑

m∈Z

G0(n−m, θ)V (m)ψ(m, θ). (1.1)Ǒà¨ íâ®¬, ®ç¥¢¨¤­®, ψ0(n, θ) = eiθn .84



�«¥¤ã¥â § ¬¥â¨âì, çâ® ¢ á¨«ã á¢®©áâ¢  ­ «¨â¨ç¥áª®© äã­ª-æ¨¨ w = z −
√
z2 − 1 , ®¡à â­®© ª äã­ªæ¨¨ �ãª®¢áª®£®, ¨§¬¥-­¥­¨î θ ¢ ¯à®¬¥�ãâª¥ (π, 2π) á®®â¢¥âáâ¢ã¥â ¯à¥¤¥« E + i0,  ¨§¬¥­¥­¨î θ ∈ (0, π) | ¯à¥¤¥« E − i0 . �«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã-¤¥¬ áç¨â âì, çâ® θ ∈ (0, π) . � ãà ¢­¥­¨¨ (1.1) á¤¥« ¥¬ § ¬¥­ã,¯®« £ ï ϕ = √

|V |ψ , â®£¤  ¢ ®¯¥à â®à­®¬ ¢¨¤¥ ¨¬¥¥¬
ϕ = ϕ0 − √

|V |G0(θ)√V ϕ. (1.2)�á«¨ K(θ)℄ _=−
√

|V |G0(θ)√V , â® ãà ¢­¥­¨¥ (1.2) ¯à¨­¨¬ ¥â ¢¨¤
ϕ = ϕ0 +K(θ)ϕ. (1.3)�ã¤ãç¨ ®¯¥à â®à®¬ �¨«ì¡¥àâ {�¬¨¤â  [7℄, ®¯¥à â®à K(θ) ï¢«ï-¥âáï ª®¬¯ ªâ­ë¬ ¢ l2(Z) .�ã¤¥¬ ­ §ë¢ âì ¤¨áªà¥â­ë¬ ¬­®�¥áâ¢®¬ ¢ 
 ⊆ C ¬­®�¥-áâ¢®, ­¥ ¨¬¥îé¥¥ ¯à¥¤¥«ì­ëå â®ç¥ª ¢ 
 . Ǒ®­ïâ­®, çâ® ¤¨áªà¥â-­®áâì ¯® ®â­®è¥­¨î ª ¯¥à¥¬¥­­®© θ ∈ (0, π) ®§­ ç ¥â ¤¨áªà¥â-­®áâì ¯® ®â­®è¥­¨î ª E ∈ (−2, 2) .� ¥ ® à ¥ ¬   1.1. �«ï «î¡®£® θ ∈ (0, π) , §  ¨áª«îç¥-­¨¥¬, ¢®§¬®�­®, ¤¨áªà¥â­®£® ¬­®�¥áâ¢  â®ç¥ª, áãé¥áâ¢ã¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1.3) ¢ ª« áá¥ l2(Z) .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ®«®�¨¬ D = (0, π)× (−δ,∞)

⊂ R
2 ∼= C , £¤¥ δ > 0 | ¤®áâ â®ç­® ¬ «®. �à ¢­¥­¨¥ (1.3) ¬®�-­® à áá¬ âà¨¢ âì ¤«ï θ ∈ D, ¯à¨ç¥¬ ®¯¥à â®à K(θ) ®áâ ¥âáï ¢

D ª®¬¯ ªâ­ë¬ ®¯¥à â®à®¬,  ­ «¨â¨ç¥áª¨ § ¢¨áïé¨¬ ®â θ. Ǒ®-á«¥¤­¥¥ ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë �¥©¥àèâà áá  ®¡  ­ «¨â¨ç­®áâ¨àï¤ , á®áâ ¢«¥­­®£® ¨§  ­ «¨â¨ç¥áª¨å äã­ªæ¨©, ¯à¨¬¥­¨â¥«ì­®ª ¢¥ªâ®à®§­ ç­ë¬ ¯®á«¥¤®¢ â¥«ì­®áâï¬. � á¨«ã  ­ «¨â¨ç¥áª®©â¥®à¥¬ë �à¥¤£®«ì¬  [2℄ ¤®áâ â®ç­® ¤®ª § âì, çâ® ‖K(θ)‖ < 1¤«ï ­¥ª®â®àëå θ .Ǒãáâì θ = α+ iβ , £¤¥ α ∈ (0, π) , β > 0 . � á¨«ã (0.1)
‖K(θ)‖2

l2(Z) 6
∑

n,m∈Z

|V (n)| |G0(n−m, θ)|2 |V (m)| 685



6
C

|eiθ−e−iθ|2 ∑

n,m∈Z

e−a|n|e−β|n−m|e−a|m| 6
C

|eiθ−e−iθ|2 (
∑

n∈Z

e−a|n|)2.� ª ª ª |eiθ−e−iθ| > |eβ |−|e−β | → ∞ ¯à¨ β → ∞ , â® ‖K(θ)‖ < 1¤«ï ¤®áâ â®ç­® ¡®«ìè¨å β ¨ «î¡ëå α ∈ (0, π) .� « ¥ ¤ á â ¢ ¨ ¥ 1.1. �«ï ¢á¥å θ ∈ (0, π) , §  ¨áª«îç¥-­¨¥¬, ¢®§¬®�­®, ¤¨áªà¥â­®£® ¬­®�¥áâ¢  â®ç¥ª, áãé¥áâ¢ã¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1.3) ¢ ª« áá¥ l∞(Z).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì ψ _= ϕ√
|V |

. Ǒ®ª �¥¬, çâ®
ψ ∈ l∞(Z) . (�á«¨ V (n) = 0, â® ψ ®¯à¥¤¥«ï¥âáï ¯à ¢®© ç áâìîãà ¢­¥­¨ï (1.1), ¢ ª®â®à®¬ V ψ § ¬¥­¥­® ­  √

|V |ϕ .) Ǒ¥à¥¯¨è¥¬ãà ¢­¥­¨¥ (1.2) ¢ ¢¨¤¥ ψ = ψ0 −G0(θ)√|V |ϕ . �®£¤ 
|ψ(n, θ)| 6 |ψ0(n, θ)|++ (

∑

m∈Z

|G0(n−m, θ)|2 |V (m)|) 12 (
∑

m∈Z

|ϕ(m, θ)|2) 12 <∞ .2. �á¨¬¯â®â¨ª  à¥è¥­¨© ãà ¢­¥­¨ï�¨¯¯¬ ­ {�¢¨­£¥à � ¥ ® à ¥ ¬   2.1. �¥è¥­¨¥ ãà ¢­¥­¨ï (1.2) ¨¬¥¥â ¢¨¤
ψ(n, θ) = A+(θ)eiθn + η+(n), n > 0 ,

ψ(n, θ) = eiθn +A−(θ)e−iθn + η−(n), n < 0 ,£¤¥ A+(θ) ¨ A−(θ) |  ¬¯«¨âã¤ë ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï:
A+(θ) = 1 + ∑

m∈Z

e−iθmϕ0(m), A−(θ) = ∑

m∈Z

eiθmϕ0(m) ,  äã­ªæ¨¨ η+(n) ¨ η−(n) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ á®®â¢¥â-áâ¢¥­­® ¯à¨ n→ +∞ ¨ ¯à¨ n→ −∞ .86



� ® ª   §   â ¥ « ì á â ¢ ®. �à ¢­¥­¨¥ (1.1) ¯à¨ n > 0¨¬¥¥â ¢¨¤
ψ(n, θ) = eiθn + 12 sin θ

eiθn
∑

m∈Z

e−iθm V (m)ψ(m)++ 12 sin θ

∑

m>n

(e−iθ(n−m) − eiθ(n−m))V (m)ψ(m).�á«¨ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ®¡®§­ ç¨âì ç¥à¥§ η+(θ) , â® ¢ á¨«ã (0.1)
|η+(n)| 6 | 12 sin θ

| ∑

m>n

| sin(θ|n−m|)| |V (m)| |ψ(m)| 6
C11−e−a e

−a|n|,£¤¥ C1 | ­¥ª®â®à ï ª®­áâ ­â .� ª¨¬ ®¡à §®¬, η+ íªá¯®­¥­æ¨- «ì­® ã¡ë¢ ¥â ¯à¨ n→ ∞ . �«ãç © n < 0 á¨¬¬¥âà¨ç¥­.� ¥ ® à ¥ ¬   2.2. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢® |A
−

|2+|A+ |2=1.� ® ª   §   â ¥ « ì á â ¢ ®. �ç¥¢¨¤­®,
N
∑

n=−N

(Hψ)(n) · ψ(n)− N
∑

n=−N

ψ(n) · (Hψ)(n) == E
N
∑

n=−N

|ψ(n)|2 − E
N
∑

n=−N

|ψ(n)|2 = 0,  á ¤àã£®© áâ®à®­ë,lim
N→∞

( N
∑

n=−N

(Hψ)(n) · ψ(n)− N
∑

n=−N

ψ(n) · (Hψ)(n)) == lim
N→∞

(

ψ(−N + 1)ψ(−N)++ψ(−N)ψ(−N − 1) + ψ(N + 1)ψ(N) − ψ(N)ψ(N + 1) ) == |A−|2(eiθ − e−iθ
)

−
(

eiθ − e−iθ
)+ |A+|2(eiθ − e−iθ

) == (

eiθ − e−iθ
)(

|A−|2 + |A+|2 − 1).�áë«ª  ­  ãá«®¢¨¥ θ 6= π § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.87
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