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t. We investigate the s
attering problem for the S
hr�odinger op-erator with a non-lo
al perturbed step potential. The uniqueness of theinverse problem is proved.�¢¥¤¥­¨¥� áá¬ âà¨¢ ¥âáï ®¤­®¬¥à­®¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à 
Hψ = Eψ, (0.1)£¤¥ H = − d2

dx2 + V0θ(x) + λ(·, ϕ0)ϕ0 ,   E | á¯¥ªâà «ì­ë© ¯ à -¬¥âà. �¤¥áì V0 = 
onst < 0 (¤ ­­®¥ ¯à¥¤¯®«®�¥­¨¥ ­¥ ã¬¥­ìè ¥â®¡é­®áâ¨), θ(x) | äã­ªæ¨ï �¥¢¨á ©¤ , ­¥­ã«¥¢®¥ λ ∈ R | ¯ -à ¬¥âà, äã­ªæ¨ï ϕ0(x) ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥ |ϕ0(x)| 6 Ce−α|x|(C,α = 
onst > 0 ) (¤ «¥¥ â ª¨¥ äã­ªæ¨¨ ¡ã¤¥¬ ­ §ë¢ âì íªá¯®-­¥­æ¨ «ì­® ã¡ë¢ îé¨¬¨).� á«ãç ¥ ψ ·ϕ0 ∈ L1(R) ®¡®§­ ç ¥¬ (ψ,ϕ0) = ∫
R

ψ(x)ϕ0(x) dx .�¤­®¬¥à­ë© ®¯¥à â®à λ(·, ϕ0)ϕ0 ¢ ä¨§¨ç¥áª®© «¨â¥à âãà¥ ­ -§ë¢ îâ á¥¯ à ¡¥«ì­ë¬ ¯®â¥­æ¨ «®¬ [1℄.Ǒ®«®�¨¬ H1=− d2
dx2 + V0θ(x) . �¤à® à¥§®«ì¢¥­âë RV0(E) == (H1 − E)−1 ¡ã¤¥¬ ­ §ë¢ âì äã­ªæ¨¥© �à¨­ . �¨¤ äã­ªæ¨¨�à¨­  G1(x, y,E, V0) ®¯¥à â®à  H1 ¯à¨¢¥¤¥­ ¢ à ¡®â¥ [2℄.89



� áá¥ï­¨¥ ¬¨ªà®ç áâ¨æ ­  ¯®â¥­æ¨ «¥ ®¯¨áë¢ ¥âáï ãà ¢­¥-­¨¥¬ �¨¯¯¬ ­ {�¢¨­£¥à 
ψ(x) = ψ0(x)− λ(ψ,ϕ0) ∫

R

G1(x, y,E + i0, V0)ϕ0(y) dy, (0.2)£¤¥ ψ0(x) | à¥è¥­¨¥ ãà ¢­¥­¨ï �¨¯¯¬ ­ {�¢¨­£¥à  ¤«ï ®¯¥-à â®à  H1 .� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® E > 0 . � § ¯¨á¨ äã­ªæ¨¨ �à¨­ á¨¬¢®« +i0 ¤«ï ªà âª®áâ¨ ¡ã¤¥â ®¯ãáª âìáï. � à ¡®â¥ ¨§ãç ¥âáï§ ¤ ç  à áá¥ï­¨ï ¤«ï ®¯¥à â®à  H . �®ª § ­  (¯à¨ ®¯à¥¤¥«¥­-­ëå ãá«®¢¨ïå) ¥¤¨­áâ¢¥­­®áâì ®¡à â­®© § ¤ ç¨ à áá¥ï­¨ï.1. Ǒàï¬ ï § ¤ ç  à áá¥ï­¨ï�¥è¥­¨¥ ψ(x) ãà ¢­¥­¨ï (0.1), á®®â¢¥âáâ¢ãîé¥¥ ¯à®æ¥ááã à áá¥-ï­¨ï, ¨ ª®íää¨æ¨¥­âë à áá¥ï­¨ï ­ å®¤¨¬ á ¯®¬®éìî ¨­â¥£à «ì-­®£® ãà ¢­¥­¨ï �¨¯¯¬ ­ {�¢¨­£¥à  (0.2) (á¬., ­ ¯à., [3℄).�®£« á­® [4℄ ¢®«­®¢ ï äã­ªæ¨ï ψ0(x) ¢® ¢á¥© ®¡« áâ¨ x > 0¨¬¥¥â ¢¨¤ ψ0(x) = 2k
k+κeiκx , £¤¥ k = √

E , κ = √
E − V0 ,   ¢®¡« áâ¨ x < 0 | ψ0(x) = eikx + k−κ

k+κe−ikx .� ¥ ® à ¥ ¬   1.1. Ǒà¨ 1 + λ(RV0(k)ϕ0, ϕ0) 6= 0 à¥è¥­¨¥ãà ¢­¥­¨ï �¨¯¯¬ ­ {�¢¨­£¥à  (0.2) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­®¨ ¨¬¥¥â ¢¨¤
ψ(x) = A(k, κ)eiκx + η1(x), x > 0,

ψ(x) = eikx +B(k, κ)e−ikx + η2(x), x < 0,£¤¥
A(k, κ) = 2k

k+κ + λ(ψ0, ϕ0)1+λ(R
V0 (k)ϕ0, ϕ0) ( 12iκ +∞∫0 e−iκyϕ0(y) dy++ −k+κ2iκ(k+κ) +∞∫0 eiκyϕ0(y) dy + 1

i(k+κ) 0∫
−∞

e−ikyϕ0(y) dy )
,90



B(k, κ) = k−κ
k+κ + λ(ψ0, ϕ0)1+λ(R

V0 (k)ϕ0, ϕ0) ( 1
i(k+κ) +∞∫0 eiκyϕ0(y) dy++ 12ik 0∫

−∞
eikyϕ0(y) dy − −k+κ2ik(k+κ) 0∫

−∞
e−ikyϕ0(y) dy )| ª®íää¨æ¨¥­âë ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï á®®â¢¥âáâ¢¥­­®,  η1(x) , η2(x) | íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îé¨¥ äã­ªæ¨¨.� ® ª   §   â ¥ « ì á â ¢ ®. �à ¢­¥­¨¥ (0.2) ¨¬¥¥â ¢¨¤

ψ(x) = ψ0(x)− λ(ψ, ϕ0)RV0(k)ϕ0, (1.1)£¤¥ RV0(k)ϕ0 = ∫
R

G1(x, y, k, κ)ϕ0(y) dy . �á«¨ C = −λ(ψ, ϕ0) , â®
ψ(x) = ψ0(x) + CRV0(k)ϕ0 . Ǒ®¤áâ ¢¨¢ ¯®«ãç¨¢è¥¥áï ¢ëà �¥­¨¥á­®¢  ¢ (1.1), ¯®«ãç¨¬ à ¢¥­áâ¢®
ψ0(x)+CRV0(k)ϕ0 =ψ0(x)−λ ((ψ0, ϕ0)+ C(RV0(k)ϕ0, ϕ0))RV0(k)ϕ0.�«¥¤®¢ â¥«ì­®, C = − λ(ψ0, ϕ0)1+λ(RV0 (k)ϕ0, ϕ0) . Ǒà¨ x > 0 äã­ªæ¨ï �à¨-­  ®¯¥à â®à  H1 ¨¬¥¥â ¢¨¤

G1(x, y, k, κ) = −θ(y)( 12iκ eiκ|x−y| + −k+κ2iκ(k+κ) eiκ(x+y))−
−θ(−y) 1

i(k+κ) eiκx−iky.�®£« á­® «¥¬¬¥ 1 [5℄ ¯®«ãç¨¬
RV0(k)ϕ0 = (

− 12iκ +∞∫0 e−iκyϕ0(y) dy − −k+κ2iκ(k+κ) +∞∫0 eiκyϕ0 dy−
− 1
i(k+κ) 0∫

−∞
e−ikyϕ0 dy )

eiκx + η1(x),£¤¥ η1(x) | íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îé ï äã­ªæ¨ï. �áâ «®áì§ ¯¨á âì ψ(x) ¢ ¢¨¤¥ ψ(x) = A(k, κ)eiκx + η1(x) . �­ «®£¨ç­®à áá¬ âà¨¢ ¥âáï à¥è¥­¨¥ ψ(x) ¯à¨ x < 0 .91



� ¥ ¬ ¬   1.1. �®íää¨æ¨¥­âë ¯à®å®�¤¥­¨ï A(k, κ) ¨®âà �¥­¨ï B(k, κ) (á¬. â¥®à¥¬ã 1.1) ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ã
κ
k
|A(k, κ)|2 + |B(k, κ)|2 = 1 .� ® ª   §   â ¥ « ì á â ¢ ®. � ª ¨§¢¥áâ­®, ¤«ï ­®à¬¨à®-¢ ­­®£® à¥è¥­¨ï ψ(x, t) ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï �à¥¤¨­£¥-à  ¢ë¯®«­¥­® à ¢¥­áâ¢®

∫
R

|ψ(x, t)|2 dx = 1, t ∈ R, (1.2)  äã­ªæ¨ï ψ(x, t) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥
ψ(x, t) = 1√2π ∫

R

ϕ(k)ψ(x, k) e−ik2t dk, ‖ϕ‖ = 1,£¤¥ ψ(x, k) | à¥è¥­¨¥ ãà ¢­¥­¨ï �¨¯¯¬ ­ {�¢¨­£¥à . � «¥¥áç¨â ¥¬, çâ® äã­ªæ¨ï ϕ(k) ∈ C∞0 (R) ¨ ®â«¨ç­  ®â ­ã«ï ¢ ­¥ª®-â®à®© ¬ «®© ®ªà¥áâ­®áâ¨ ¯à®¨§¢®«ì­®© â®çª¨ k0 > 0 . �®£« á­®¬¥â®¤ã áâ æ¨®­ à­®© ä §ë [6℄ ¯à¨ t → ±∞ ¨­â¥£à «ë á ã¡ë¢ -îé¨¬¨ ¯® x äã­ªæ¨ï¬¨ ®¡à é îâáï ¢ ­ã«ì. Ǒ®íâ®¬ã ¯à¨ x < 0¨ t→ +∞

ψ1(x, t) ≈ 1√2π +∞∫0 ϕ(k)B (k, κ) e−ikxe−ik2t dk ≈

≈ 1√2π B (k0, κ0) +∞∫0 ϕ(k) e−ikx−ik2t dk,  ¯à¨ x > 0 ¨ t→ +∞

ψ2(x, t) ≈ 1√2π +∞∫0 ϕ(k)A (k, κ) e−iκxe−ik2t dk ≈

≈ 1√2π A (k0, κ0) +∞∫0 ϕ(k) e−iκx−ik2t dk.� ª ª ª k2 = κ2 + V0 , â®
ψ2(x, t) ≈ e−iV0tA(k0, κ0) κ0k0 · 1√2π +∞∫

√
−V0ϕ(√

κ2 + V0 )
eiκx−iκ

2t dκ.92



Ǒ®¤áâ ¢¨¬ à¥è¥­¨¥ ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï ¢ à ¢¥­áâ¢® (1.2)0∫
−∞

|ψ1(x, t)|2 dx+ +∞∫0 |ψ2(x, t)|2 dx = 1.�ç¨âë¢ ï, çâ® +∞∫
√
−V0 ∣∣ϕ(√

κ2 + V0 )∣∣2 dκ ≈ k0
κ0 +∞∫0 |ϕ(k)|2 dk = k0

κ0 ,¨ à áá¬ âà¨¢ ï äã­ªæ¨¨ ϕ , ­®á¨â¥«¨ ª®â®àëå áâï£¨¢ îâáï ªâ®çª¥ k0 , ¯®«ãç ¥¬ |B(k0, κ0)|2 + κ20
k20 · k0

κ0 |A(k0, κ0)|2 = 1 .2. �¡à â­ ï § ¤ ç  à áá¥ï­¨ï�¡®§­ ç¨¬ ç¥à¥§ S0 ¬­®�¥áâ¢® íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îé¨åäã­ªæ¨© ϕ0 : R → R â ª¨å, çâ® suppϕ0 ∈ [ 0,+∞) . Ǒ®«®�¨¬
ϕ̂0(k) = ∫

R

e−ikxϕ0(x) dx| ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ ϕ0(x) .� ¥ ¬ ¬   2.1. �«ï ϕ0(x) ∈ S0 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
(
RV0(k)ϕ0, ϕ0) = 1

κ

(
iπ |ϕ̂0(κ)|2 + v.p. ∫

R

|ϕ̂0(p)|2
p−κ dp

)
−

− −k+κ2iκ(k+κ) (ϕ̂0(−κ))2.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ®«ì§ãïáì ¯à¥¤¯®«®�¥­¨¥¬«¥¬¬ë ¨ ¢¨¤®¬ äã­ªæ¨¨ �à¨­  G1(x, y, k, κ) , ¯®«ãç ¥¬(RV0(k)ϕ0, ϕ0) = −
∫

R2 ( 12iκ eiκ|x−y| + −k+κ2iκ(k+κ) eiκ(x+y))×
×ϕ0(x)ϕ0(y) dxdy.� ª ª ª äã­ªæ¨ï − 12iκ eiκ |x−y| | íâ® äã­ªæ¨ï �à¨­  ®¯¥à â®à 

H0 = − d2
dx2 , â® ¬®�¥¬ § ¯¨á âì(RV0(k)ϕ0, ϕ0) = (R0(κ)ϕ0, ϕ0)− −k+κ2iκ(k+κ) (ϕ̂0(−κ))2.93



�®£« á­® à ¢¥­áâ¢ã Ǒ« ­è¥à¥«ï á¯à ¢¥¤«¨¢®(R0(κ+ i0)ϕ0, ϕ0) = lim
ε→0 ((R0(κ+ iε)ϕ0)∧, ϕ̂0),£¤¥(R0(κ+ iε)ϕ0)∧ = 1

p2−(κ+iε)2 ϕ̂0 = 12(κ+iε) · ( 1
p−κ−iε − 1

p+κ+iε)ϕ̂0 ,  ä®à¬ã«ë �®å®æª®£® [7℄ § ¢¥àè îâ ¤®ª § â¥«ìáâ¢®:(R0(κ)ϕ0, ϕ0) = 1
κ

(
iπ |ϕ̂0(κ)|2 + v.p. ∫

R

|ϕ̂0(p)|2
p−κ dp

)
.�ç¥¢¨¤­®, çâ® (ψ0, ϕ0) = 2k

k+κ ϕ̂0(−κ) ¤«ï «î¡®£® ϕ0(x) ∈ S0 .�á«¨ α = α(k, κ) = A(k, κ) − 2k
k+κ , β = β(k, κ) = B(k, κ) − k−κ

k+κ ,
g(κ) = (ϕ̂0(−κ))2 , f(κ) = |ϕ̂0(κ)|2 , â® ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®©2.1 ª®íää¨æ¨¥­âë ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï (á¬. â¥®à¥¬ã 1.1)­¥ï¢­® ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨©






α = k
k+κf(κ) + k(−k+κ)(k+κ)2 g(κ)

iκ
λ

−πf(κ) + i v.p. ∫
R

f(p)
p−κ dp−

−k+κ2(k+κ) g(κ) ,
β = 2kκ(k+κ)2 g(κ)

iκ
λ

−πf(κ) + i v.p. ∫
R

f(p)
p−κ dp−

−k+κ2(k+κ) g(κ) . (2.1)
�§ á¨áâ¥¬ë ¢¨¤­® (á¬. â ª�¥ ä®à¬ã«ë ¤«ï ª®íää¨æ¨¥­â®¢ ¯à®-å®�¤¥­¨ï ¨ ®âà �¥­¨ï), çâ® ª àâ¨­  à áá¥ï­¨ï ¯®«­®áâìî ®¯à¥-¤¥«ï¥âáï äã­ªæ¨¥© |ϕ̂0(κ)|2 .� ¤ «ì­¥©è¥¬ ¨áá«¥¤ã¥âáï ®¡à â­ ï § ¤ ç  à áá¥ï­¨ï ¢ á«¥-¤ãîé¥© ä®à¬ã«¨à®¢ª¥: ¯® § ¤ ­­ë¬ äã­ªæ¨ï¬ A(κ) = A(k, κ) ¨
B(κ) = B(k, κ) ( k §¤¥áì ¢ëà �¥­® ç¥à¥§ κ ) ­ ©â¨ ¨­ä®à¬ æ¨î® äã­ªæ¨¨ |ϕ̂0(κ)|2 . Ǒ®«®�¨¬

M =M(κ) = B(κ)(k+κ)−k+κ
B(κ)(k+κ)−2k · A(κ)(κ−k)

B(κ)(κ−k)+κ+k ,94



a∗ = a∗(κ) = −2 + 2M − k
απ(k+κ) = −2 + 2M − k

π(A(κ)(k+κ)−2k) == k(−8πκA(κ)+(4π−1)(B(κ)(κ−k)+κ+k))
π(A(κ)(k+κ)−2k)(B(κ)(κ−k)+κ+k) ,

b∗ = b∗(κ) = − k
π(A(κ)(k+κ)−2k) .�§ ¢â®à®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (2.1) ¢ëà §¨¬ g(κ) :

g(κ) = 2β (k+κ)2
β(κ2−k2)+4kκ ·

(
iκ
λ
− πf(κ) + i v.p. ∫

R

f(p)
p−κ dp

)
,  ¯¥à¢®¥ ¯à¨¢¥¤¥¬ ª ¢¨¤ã

iκ
λ
−

(
π + k

α(k+κ))f(κ) + i v.p. ∫
R

f(p)
p−κ dp = −k+κ

k+κ · α(k+κ)+2k2α(k+κ) g(κ).�«¥¤®¢ â¥«ì­®,(1−M) iκ
λ
−

(1−M + k
απ(k+κ))πf(κ)− 1−M

πi
v.p. ∫

R

πf(p)
p−κ dp = 0.(2.2)�â® ãà ¢­¥­¨¥ à áá¬ âà¨¢ ¥âáï ¤ «¥¥ ¢ ¯à®áâà ­áâ¢¥ L2(R2) .�§ (2.2) á«¥¤ã¥â, çâ® ¢¥«¨ç¨­  1−M áâà¥¬¨âáï ª ­ã«î ¯à¨

|κ | → ∞ ¡ëáâà¥¥ «î¡®© áâ¥¯¥­¨ |κ | .Ǒ®¤ indR a
∗(κ) ¡ã¤¥¬ ¯®­¨¬ âì ¯à¨à é¥­¨¥  à£ã¬¥­â  äã­ª-æ¨¨ a∗(κ) , ¤¥«¥­­®¥ ­  2π , ª®£¤  κ ¯à®¡¥£ ¥â R .� ¥ ¬ ¬   2.2. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

A(κ)(k + κ)− 2k 6= 0,
B(κ)(κ − k) + κ+ k 6= 0,

−8πκA(κ) + (4π − 1)(B(κ)(κ − k) + κ+ k) 6= 0.�á«¨ indR a
∗(κ) = 0 , â® ãà ¢­¥­¨¥ (2.2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥à¥è¥­¨¥. �á«¨ indR a

∗(κ) > 0 , â® ãà ¢­¥­¨¥ (2.2) ¨¬¥¥â ­¥ ¡®«¥¥®¤­®£® à¥è¥­¨ï. 95



� ® ª   §   â ¥ « ì á â ¢ ®. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ -ç¥­¨ï: P = 12 (I + S) ¨ Q = 12(I − S), £¤¥ I | ¥¤¨­¨ç­ë©®¯¥à â®à,   S | á¨­£ã«ïà­ë© ¨­â¥£à «ì­ë© ®¯¥à â®à, ®¯à¥¤¥-«ï¥¬ë© ä®à¬ã«®© Sξ = 1
πi
v.p. ∫

R

ξ(τ)
τ−t dτ . � ­®¢ëå ®¡®§­ ç¥­¨ïåãà ¢­¥­¨¥ (2.2) ¨¬¥¥â ¢¨¤(1−M) iκ

λ
+ a∗(κ)P (πf(κ)) + b∗(κ)Q(πf(κ)) = 0. (2.3)Ǒ® â¥®à¥¬¥ 6.I [8℄, ¤«ï â®£® çâ®¡ë ®¯¥à â®à F = a∗P + b∗Q ¡ë«®¡à â¨¬ ¢ ¯à®áâà ­áâ¢¥ L2(R) á ª ª®©-«¨¡® áâ®à®­ë, ­¥®¡å®¤¨-¬® ¨ ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨¨ a∗(κ) ¨ b∗(κ) ã¤®¢«¥â¢®àï«¨á«¥¤ãîé¨¬ ãá«®¢¨ï¬: 1) a∗(κ)b∗(κ) 6= 0;2) lim

κ→±∞
a∗(κ)b∗(κ) 6= 0.�á«¨ ãá«®¢¨ï 1), 2) ¢ë¯®«­¥­ë, â® ®¯¥à â®à ®¡à â¨¬ ¨«¨ ®¡à -â¨¬ á«¥¢  ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, ï¢«ï¥âáï «¨ ç¨á«® indR a

∗(κ)à ¢­ë¬ ­ã«î ¨«¨ ¯®«®�¨â¥«ì­ë¬. �â¢¥à�¤¥­¨¥ «¥¬¬ë á«¥¤ã¥â¨§ ã¯®¬ï­ãâ®© â¥®à¥¬ë.Ǒ®¤ à¥è¥­¨¥¬ ®¡à â­®© § ¤ ç¨ à áá¥ï­¨ï ¤«ï ãà ¢­¥­¨ï�à¥¤¨­£¥à  (0.1) ¯®­¨¬ ¥¬ äã­ªæ¨î f(κ) = |ϕ̂0(κ)|2 , ã¤®¢«¥-â¢®àïîéãî ãà ¢­¥­¨î (2.3).� ¥ ® à ¥ ¬   2.1. Ǒãáâì ϕ0 ∈ S0 ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï
A(κ)(k + κ)− 2k 6= 0,

B(κ)(κ − k) + κ+ k 6= 0,
−8πκA(κ) + (4π − 1)(B(κ)(κ − k) + κ+ k) 6= 0,indR a

∗(κ) > 0.�®£¤  à¥è¥­¨¥ ®¡à â­®© § ¤ ç¨ à áá¥ï­¨ï ¤«ï ãà ¢­¥­¨ï �à¥-¤¨­£¥à  (0.1) ¢ ª« áá¥ L2(R) ¥¤¨­áâ¢¥­­®.� ® ª   §   â ¥ « ì á â ¢ ® á«¥¤ã¥â ¨§ «¥¬¬ë 2.2.96
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