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onsider the one-dimensional S
hr�odinger operator Hwith the non-lo
al perturbed step potential. We prove that there existsthe unique level (i.e. eigenvalue or resonan
e of the operator H ) in theneighborhood of the boundary of the essential spe
trum of the operator
H . We investigate the asymptoti
 behaviour of this level.�¢¥¤¥­¨¥� áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥

Hψ = Eψ, (0.1)£¤¥ H = − d2
dx2 +V0θ(x)+λ(·, ϕ0)ϕ0 ,   E ∈ C . Ǒ®« £ ¥¬, çâ® äã­ª-æ¨ï ϕ0(x) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â, â. ¥. ¢ë¯®«­ï¥âáï ­¥à ¢¥­-áâ¢® |ϕ0(x)| 6 Ce−α|x| , £¤¥ C,α = 
onst > 0 , ¯à¨ç¥¬ α > 2√|V0| .�ç¨â ¥¬ V0 = 
onst < 0 (á«ãç © V0 > 0  ­ «®£¨ç¥­).�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: θ(x) { äã­ªæ¨ï �¥¢¨á ©¤ ,

λ(·, ϕ0)ϕ0 { ®¤­®¬¥à­ë© ®¯¥à â®à (óá¥¯ à ¡¥«ì­ë© ¯®â¥­æ¨ «�,á¬. [1℄), λ ∈ R { ¯ à ¬¥âà. � áá¬ âà¨¢ îâáï (®¡®¡é¥­­ë¥) á®¡-áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯¥à â®à  H , â. ¥. ­¥­ã«¥¢ë¥ à¥è¥­¨ï ψ(x)ãà ¢­¥­¨ï �à¥¤¨­£¥à  (0.1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
ψ · ϕ0 ∈ L1(R). (0.2)107



�¡®§­ ç¨¬ (ψ,ϕ0)=∫

R

ψ(x)ϕ0(x) dx , ¯®«®�¨¬ H1=− d2
dx2+V0θ(x)¨ § ¯¨è¥¬ ãà ¢­¥­¨¥ (0.1) ¢ ¢¨¤¥

H1ψ + λ(ψ,ϕ0)ϕ0 = Eψ. (0.3)�¤à® à¥§®«ì¢¥­âë (H1−E)−1 ¡ã¤¥¬ ¤«ï ªà âª®áâ¨ ­ §ë¢ âìäã­ªæ¨¥© �à¨­ . �¨¤ äã­ªæ¨¨ �à¨­  G1(x, y,E) ®¯¥à â®à  H1¯à¨¢¥¤¥­ ¢ à ¡®â¥ [2℄, â ¬ �¥ ¤®ª § ­®, çâ® á¯¥ªâà σ(H1) ®¯¥à -â®à  H1 à ¢¥­ áãé¥áâ¢¥­­®¬ã á¯¥ªâàã σess(H) ®¯¥à â®à  H ¨à ¢¥­ [V0,+∞) .� à ¡®â¥ ¨áá«¥¤ãîâáï á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ à¥§®­ ­áë, ª®-â®àë¥ ­ å®¤ïâáï àï¤®¬ á £à ­¨æ¥© V0 áãé¥áâ¢¥­­®£® á¯¥ªâà ®¯¥à â®à  H . � à ¡®â¥ [2℄ à áá¬ âà¨¢ ¥âáï â ª®© �¥ ®¯¥à â®à
H ¯à¨ ãá«®¢¨¨, çâ® V0 ¬ «®. Ǒ®¤®¡­®¥ ¨áá«¥¤®¢ ­¨¥ ¢ âà¥å¬¥à-­®¬ á«ãç ¥ ¤«ï «®ª «ì­®£® ¯®â¥­æ¨ «  ¨ ¬ «®£® V0 ¯à®¢¥¤¥­®¢ áâ âì¥ [3℄.Ǒãáâì E /∈ [V0,+∞) , â®£¤  ãà ¢­¥­¨¥ (0.3) ¯à¨¢®¤¨¬® ª ¨­-â¥£à «ì­®¬ã ¢¨¤ã

ψ(x) = −λ(ψ,ϕ0) ∫
R

G1(x, y,E)ϕ0(y)dy. (0.4)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.1. Ǒ®¤ à¥§®­ ­á®¬ ®¯¥à â®à  H¡ã¤¥¬ ¯®­¨¬ âì â ª®¥ E ∈ C , ¤«ï ª®â®à®£® áãé¥áâ¢ã¥â à¥è¥­¨¥ãà ¢­¥­¨ï (0.4), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (0.2), ¯à¨ç¥¬ ¢ë¯®«-­ï¥âáï ãá«®¢¨¥ Im√
E − V0 < 0 .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.2. �à®¢­¥¬ E ®¯¥à â®à  H ¡ã-¤¥¬ ­ §ë¢ âì á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¨«¨ à¥§®­ ­á ®¯¥à â®à  ( â ª�¥ á®®â¢¥âáâ¢ãîé¥¥ E ç¨á«® κ = √

E − V0 ).�¬¥áâ® G1(x, y,E) ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¨¬¥­ïâì ®¡®§­ ç¥-­¨¥ G1(x, y, κ) . �à ¢­¥­¨¥ (0.4) ¯à¨­¨¬ ¥â ¢¨¤
ψ(x) = −λ(ψ,ϕ0) ∫

R

G1(x, y, κ)ϕ0(y)dy, (0.5)£¤¥
G1(x, y, κ) = −θ(x)θ(y)( 12iκeiκ|x−y| + −

√
κ2+V0+κ2iκ(√κ2+V0+κ)eiκ(x+y))−108



−θ(x)θ(−y) 1
i(√κ2+V0+κ)eiκx−i√κ2+V0y−

−θ(−x)θ(y) 1
i(√κ2+V0+κ)e−i√κ2+V0x+iκy−

−θ(−x)θ(−y)( 12i√κ2+V0 ei√κ2+V0|x−y|−
− −

√
κ2+V0+κ2i√κ2+V0(√κ2+V0+κ)e−i√κ2+V0(x+y)).1. �ãé¥áâ¢®¢ ­¨¥ ãà®¢­ï ®ª®«® £à ­¨æë­¥¯à¥àë¢­®£® á¯¥ªâà � ¥ ¬ ¬   1.1. �ã­ªæ¨ï F (κ) = (∫

R

κG1(x, y, κ)ϕ0 (y)dy, ϕ0)ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¢ ­¥ª®â®à®© ¤®áâ â®ç­® ¬ -«®© ®ªà¥áâ­®áâ¨ â®çª¨ κ = 0 .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¨¢¥¤¥¬ äã­ªæ¨î �à¨­ 
G1(x, y, κ) ®¯¥à â®à  H1 ª ¢¨¤ã

G1(x, y, κ) = 1
κ
g1(x, y, κ) + g2(x, y, κ),£¤¥

g1(x, y, κ) = −θ(x)θ(y)( 12ieiκ|x−y| + −
√
κ2+V0+κ2i(√κ2+V0+κ)eiκ(x+y)),

g2(x, y, κ) = −θ(x)θ(−y) 1
i(√κ2+V0+κ)eiκx−i√κ2+V0y−

−θ(−x)θ(y) 1
i(√κ2+V0+κ)e−i√κ2+V0x+iκy−

−θ(−x)θ(−y)( 12i√κ2+V0 ei√κ2+V0|x−y|−
− −

√
κ2+V0+κ2i√κ2+V0(√κ2+V0)+κ)e−i√κ2+V0(x+y)).109



�«ï ¤®ª § â¥«ìáâ¢   ­ «¨â¨ç­®áâ¨ äã­ªæ¨¨ F (κ) ¤®áâ â®ç-­® ¤®ª § âì à ¢­®¬¥à­ãî (¯® κ ¨§ ®ªà¥áâ­®áâ¨ ­ã«ï) áå®¤¨¬®áâì¨­â¥£à « 
∫

R2 ∂
∂κ

(

g1(x, y, κ) + κg2(x, y, κ))ϕ0(y)ϕ0(x) dx dy.�®£« á­® ­¥à ¢¥­áâ¢ã �®è¨{�ã­ïª®¢áª®£® á¯à ¢¥¤«¨¢®
∣

∣

∫

R2 ∂
∂κ

(

g1(x, y, κ) + κg2(x, y, κ))ϕ0(y)ϕ0(x) dx dy ∣

∣ 6

6

√

∫

R2 ∣

∣

∂
∂κ

(

g1(x, y, κ) + κg2(x, y, κ))∣∣2∣∣ϕ0(y)ϕ0(x) ∣∣ dx dy ×

×
√

∫

R2 |ϕ0(y)ϕ0(x)| dx dy.�¯¥æ¨ä¨ª  äã­ªæ¨© g1 ¨ g2 ¨ ãá«®¢¨ï ­  ϕ0 ®¡¥á¯¥ç¨¢ îâáå®¤¨¬®áâì ¤ ­­ëå ¨­â¥£à «®¢.�«ï äã­ªæ¨¨ F (κ) ¨§ «¥¬¬ë 1.1 ¯®«ãç ¥¬
F ′(0) = ∫

R2 [−θ(x)θ(y)( |x−y|2 − 1
i
√
V0 − x+y2 )

−

−θ(x)θ(−y) 1
i
√
V0 e−i√V0y − θ(−x)θ(y) 1

i
√
V0 e−i√V0x−

−θ(−x)θ(−y)( 12i√V0 ei√V0|x−y|+ 12i√V0 e−i√V0(x+y))]ϕ0(y)ϕ0(x) dy dx,
F ′′(0) = ∫

R2 [−θ(x)θ(y)(− (x−y)22i − 2
iV0 + x+y√

V0 + (x+y)22i )

−

−2θ(x)θ(−y)e−i√V0y−1+i√V0x
iV0 − 2θ(−x)θ(y)e−i√V0x−1+i√V0y

iV0 −

−21
i
θ(−x)θ(−y)]ϕ0(y)ϕ(x) dy dx.Ǒà¥¤¯®«®�¨¬, çâ® F ′(0) 6= 0 ¨ ®¡®§­ ç¨¬ λ0 = − 1

F ′(0) .110



� ¥ ® à ¥ ¬   1.1. Ǒãáâì F ′(0) 6=0 , F ′′(0) 6=0 . �ãé¥áâ-¢ã¥â â ª ï ®ªà¥áâ­®áâì λ0 , çâ® ¤«ï «î¡®£® λ ¨§ íâ®© ®ªà¥áâ-­®áâ¨ ®¯¥à â®à H ¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ãà®¢¥­ì κ = √
E − V0¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ ­ã«ï.� ® ª   §   â ¥ « ì á â ¢ ®. �®£« á­® «¥¬¬¥ 1.1 ãà ¢­¥-­¨¥ (0.5) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

ψ(x) = −λ(ψ,ϕ0)
κ

∫

R

(

g1(x, y, κ) + κg2(x, y, κ))ϕ0(y) dy. (1.1)Ǒãáâì C = (ψ,ϕ0) ¨ I(x, κ) = ∫

R

(

g1(x, y, κ)+κg2(x, y, κ))ϕ0(y) dy ,â®£¤  ãà ¢­¥­¨¥ (1.1) ¯à¨­¨¬ ¥â ¢¨¤
ψ(x) = −λC

κ
I(x, κ). (1.2)Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (1.2) ¢ ãà ¢­¥­¨¥ (1.1), ¯®«ãç ¥¬

κ = −λ(I(x, κ), ϕ0) = F (κ). (1.3)�ã­ªæ¨ï F (κ) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¯à¨ κ , ¡«¨§-ª¨å ª ­ã«î (á¬. «¥¬¬ã 1.1), ¯®íâ®¬ã ãà ¢­¥­¨¥ (1.3) ¬®�­® § -¯¨á âì ¢ ¢¨¤¥
κ = −λ

(

F (0) + F ′(0)κ+ 12F ′′(0)κ2 + o(κ2)), (1.4)£¤¥, ª ª «¥£ª® ¯à®¢¥à¨âì, F (0) = 0 . � §¤¥«¨¬ ®¡¥ ç áâ¨ ãà ¢­¥-­¨ï ­  κ , â®£¤  ãà ¢­¥­¨¥ (1.4) ¯à¨®¡à¥â ¥â ¢¨¤1 = −λ
(

F ′(0) + 12F ′′(0)κ+ o(κ)), (1.5)  ¨§ â¥®à¥¬ë �ãè¥ á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à�¤¥­¨¥.2. �á¨¬¯â®â¨ª  ãà®¢­¥©� ¥ ® à ¥ ¬   2.1. � ãá«®¢¨ïå â¥®à¥¬ë 1.1 ¤«ï ãà®¢­ï ®¯¥-à â®à  H á¯à ¢¥¤«¨¢  á«¥¤ãîé ï  á¨¬¯â®â¨ç¥áª ï ä®à¬ã« 
κ = 2(F ′(0))2

F ′′(0) (λ− λ0) + o(λ− λ0).111



� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì h(κ) = F ′′(0)2 λ20κ+o(κ){  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ κ = 0 . �à ¢­¥­¨¥(1.5) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥ λ−λ0 = h(κ) . Ǒãáâì τ = λ−λ0 . Ǒ®-áª®«ìªã h′(0) 6= 0 , â® ¢ ®ªà¥áâ­®áâ¨ τ = 0 áãé¥áâ¢ã¥â ®¡à â­ ïäã­ªæ¨ï κ = h−1(τ) . � §«®�¨¬ ¯à ¢ãî ç áâì íâ®£® ãà ¢­¥­¨ï¯® ä®à¬ã«¥ �¥©«®à : κ = h−1(0) + (h−1)′(0)τ + o(τ) . � ª ª ª
h−1(0) = 0 ¨ (h−1)′(0) = 1

h′(0) = 2
F ′′(0)λ20 , â®

κ = 2
F ′′(0)λ20 τ + o(τ) = 2(F ′(0))2

F ′′(0) (λ−λ0) + o(λ−λ0).�   ¬ ¥ ç   ­ ¨ ¥ 2.1. � ª «¥£ª® ¢¨¤¥âì, F ′(0) { ç¨á«®¢¥é¥áâ¢¥­­®¥,   F ′′(0) { ç¨áâ® ¬­¨¬®¥, ®âáî¤  ¢ëâ¥ª ¥â, çâ® ) ¥á«¨ i(F ′(0))2
F ′′(0) (λ− λ0) > 0 , â® κ { à¥§®­ ­á;¡) ¥á«¨ i(F ′(0))2
F ′′(0) (λ− λ0) < 0 , â® κ { á®¡áâ¢¥­­®¥ §­ ç¥­¨¥.�âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ λ ¯¥à¥å®¤¨â ç¥à¥§ λ0 , â® á®¡áâ¢¥­­®¥§­ ç¥­¨¥ ¯à¥¢à é ¥âáï ¢ à¥§®­ ­á (¨«¨ ­ ®¡®à®â) (áà. [4℄).�¯¨á®ª «¨â¥à âãàë1. �¥¬ª®¢ �. �., �áâà®¢áª¨© �.�. �¥â®¤ ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à -¤¨ãá  ¢  â®¬­®© ä¨§¨ª¥. �.: �§¤-¢® �¥­¨­£à. ã­-â , 1975. 240 á.2. Ǒ«¥â­¨ª®¢  �.�. �¡ ®¤­®¬¥à­®¬ ãà ¢­¥­¨¨ �à¥¤¨­£¥à  á ­¥«®-ª «ì­ë¬ ¯®â¥­æ¨ «®¬ â¨¯  ¢®§¬ãé¥­­®© áâã¯¥­ìª¨ // �§¢. �­-â ¬ â¥¬. ¨ ¨­ä®à¬. �¤��. ��¥¢áª, 2004. �ë¯. 3(29). �. 95-108.3. �ã¡ãà¨­ �.Ǒ. �¡ ®¯¥à â®à¥ �à¥¤¨­£¥à  á ¬ «ë¬ ¯®â¥­æ¨ «®¬â¨¯  ¢®§¬ãé¥­­®© áâã¯¥­ìª¨ // �¥®à. ¨ ¬ â¥¬. ä¨§¨ª . 1999. �. 120,ò 2. C. 277-290.4. �ã¡ãà¨­ �. Ǒ. � ¯®¯ ¤ ­¨¨ á®¡áâ¢¥­­®£® §­ ç¥­¨ï (à¥§®­ ­á )®¯¥à â®à  �à¥¤¨­£¥à  ­  £à ­¨æã §®­ë // �¥®à. ¨ ¬ â¥¬. ä¨§¨ª .2001. �. 126, ò 2. �. 196-205.

112



�­­®â æ¨ï.�áá«¥¤ã¥âáï ®¤­®¬¥à­ë© ®¯¥à â®à �à¥¤¨­£¥à  á ­¥«®ª «ì-­ë¬ ¯®â¥­æ¨ «®¬ ¢ ¢¨¤¥ ¢®§¬ãé¥­­®© áâã¯¥­ìª¨. �®ª § ­® áã-é¥â¢®¢ ­¨¥ ãà®¢­ï ­  £à ­¨æ¥ áãé¥áâ¢¥­­®£® á¯¥ªâà . �«ï ¤ ­-­®£® á«ãç ï ¯®«ãç¥­   á¨¬¯â®â¨ç¥áª ï ä®à¬ã« .
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