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Abstract. Su�cient conditions of catching were derived in two problems
of group pursuit.

�¢¥¤¥­¨¥
� ¡®â  á®áâ®¨â ¨§ âà¥å ç áâ¥©. �¥à¢ ï ­®á¨â ¢á¯®¬®£ â¥«ì­ë©

å à ªâ¥à, §¤¥áì ¤®ª § ­ë ­¥ª®â®àë¥ ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì­¥©-
è¥¬ á¢®©áâ¢  ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á¯¥æ¨ «ì­®£® ¢¨¤ .

�® ¢â®à®© ç áâ¨ ¤ ­­®© à ¡®âë à áá¬ âà¨¢ ¥âáï ®¡®¡é¥­-
­ë© ¯à¨¬¥à �.�. �®­âàï£¨­  ¯à¨ ®¤¨­ ª®¢ëå ¤¨­ ¬¨ç¥áª¨å ¨
¨­¥àæ¨®­­ëå ¢®§¬®¦­®áâïå ¨£à®ª®¢. � ¯à¥¤¯®«®¦¥­¨¨, çâ® ª®à-
­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ï¢«ïîâáï ¯à®áâë¬¨ ¨ ç¨áâ®
¬­¨¬ë¬¨, ¢ â¥à¬¨­ å ­ ç «ì­ëå ¯®§¨æ¨© ¯®«ãç¥­ë ¤®áâ â®ç­ë¥
ãá«®¢¨ï ¯®¨¬ª¨ £àã¯¯®© ¯à¥á«¥¤®¢ â¥«¥© ®¤­®£® ã¡¥£ îé¥£®.

� ¯®á«¥¤­¥© ç áâ¨ à áá¬ âà¨¢ ¥âáï «¨­¥©­ë© ª®­ä«¨ªâ­®
ã¯à ¢«ï¥¬ë© ¯à®æ¥áá á® ¬­®£¨¬¨ ãç áâ­¨ª ¬¨. � ¯à¥¤¯®«®¦¥-
­¨¨, çâ® ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ï¢«ïîâáï ¯à®-
áâë¬¨ ¨ ç¨áâ® ¬­¨¬ë¬¨, ¢ â¥à¬¨­ å ­ ç «ì­ëå ¯®§¨æ¨© ¯®«ã-
ç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯®¨¬ª¨.

� ¡®â  ¯à¨¬ëª ¥â ª ¨áá«¥¤®¢ ­¨ï¬ [1;2].
1� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �¥¤¥à «ì­®£®  £¥­âáâ¢  ¯® ®¡à §®¢ -

­¨î (£à ­â �04{2.8{60) ¨ ¯à®£à ¬¬ë ó�­¨¢¥àá¨â¥âë �®áá¨¨ô (£à ­â 34126).
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1. �¡ ®¤­®¬ ª« áá¥ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©
� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ ¨ ¤¢  ¨§¢¥áâ­ëå á¢®©áâ¢  ¯®çâ¨ ¯¥-

à¨®¤¨ç¥áª¨å äã­ªæ¨©.
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1. �¥¯à¥àë¢­ ï ­  R1 äã­ªæ¨ï g

­ §ë¢ ¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®©, ¥á«¨ ¤«ï «î¡®£® ε > 0 áãé¥-
áâ¢ã¥â ç¨á«® T = T (ε) > 0 â ª®¥, çâ® «î¡®© ®âà¥§®ª [a, a + T ]
á®¤¥à¦¨â ¯® ¬¥­ìè¥© ¬¥à¥ ®¤­® ç¨á«® τ, ¤«ï ª®â®à®£® ¯à¨ ¢á¥å
t á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖g(t + τ)− g(t)‖ < ε.

1. �¥à¨®¤¨ç¥áª ï äã­ªæ¨ï ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®©.
2. �¨­¥©­ ï ª®¬¡¨­ æ¨ï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© ¥áâì

äã­ªæ¨ï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª ï.
� áá¬®âà¨¬ ¯®çâ¨ ¯¥à¨®¤¨ç¥áªãî äã­ªæ¨î f ¢¨¤ 

f(t) =
p∑

k=1

(
ck cos bkt + sk sin bkt

)
, £¤¥ ck, sk, bk ∈ R1, bk > 0.

� ¥ ¬ ¬   1.1. �ãáâì f(t) 6≡ 0. �®£¤  ­ ©¤ãâáï ¯®«®¦¨â¥«ì-
­ë¥ ç¨á«  t1, t2, τ â ª¨¥, çâ® f(t1) < 0, f(t2) > 0, f(τ) = 0.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãé¥áâ¢®¢ ­¨¥ â ª¨å t1, t2 á«¥¤ã¥â ¨§
«¥¬¬ë 1.1 [1, á. 151], ¯®íâ®¬ã, ãç¨âë¢ ï ­¥¯à¥àë¢­®áâì äã­ªæ¨¨
f(t), ­ ©¤¥âáï å®âï ¡ë ®¤­® ¨áª®¬®¥ τ. �¥¬¬  ¤®ª § ­ .

�®ª ¦¥¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¨
ξ â ª®©, çâ®

ξ(t) =
p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, £¤¥ Ck, Sk ∈ Rν , bk ∈ R1, bk > 0

¨«¨ ¢ ª®®à¤¨­ â­®© ä®à¬¥

ξq(t) =
p∑

k=1

(
Cq

k cos bkt + Sq
k sin bkt

)
, q = 1, 2, . . . , ν.
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�¡®§­ ç¨¬ ç¥à¥§ H ªà¨¢ãî

H = {ξ(t), t ∈ [0,∞)}.

� ¥ ¬ ¬   1.2. �ãáâì ξ(t) 6= 0 ¤«ï ¢á¥å t ∈ [0,∞). �®£¤ 
1) ¥á«¨ ν > 3, â® IntcoH = ∅ ¨«¨ 0 ∈ IntcoH;
2) ¥á«¨ ν = 2, â® 0 ∈ IntcoH.
� ® ª   §   â ¥ « ì á â ¢ ®. 1. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥:

IntcoH 6= ∅ ¨ 0 6∈ IntcoH.

� â ª®¬ á«ãç ¥ ¯® â¥®à¥¬¥ ®â¤¥«¨¬®áâ¨ ­ ©¤¥âáï ­¥­ã«¥¢®© ¢¥ª-
â®à e ∈ Rν â ª®©, çâ®

〈h, e〉 6 0 ¤«ï ¢á¥å h ∈ coH.

�§ ¯®á«¥¤­¥£® á«¥¤ã¥â, çâ® äã­ªæ¨ï

f(t) = 〈ξ(t), e〉 =
ν∑

q=1
ξq(t)eq 6 0 ¤«ï ¢á¥å t ∈ [0,∞).

�á«¨ f(t) = 0 ¤«ï ¢á¥å t ∈ [0,∞), â® IntcoH = ∅, çâ® ­¥¢®§-
¬®¦­®. � ª¨¬ ®¡à §®¬, äã­ªæ¨ï f(t) 6≡ 0, ¯®íâ®¬ã ª ­¥© ¬®¦­®
¯à¨¬¥­¨âì «¥¬¬ã 1.1, ®âªã¤  f(t2) > 0 ¯à¨ ­¥ª®â®à®¬ t2 > 0.
�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �â¢¥à¦¤¥­¨¥ 1 «¥¬¬ë ¤®ª § ­®.

2. �à¥¤¯®«®¦¨¬, çâ®

IntcoH = ∅.

�®£¤  ¤«ï ­¥ª®â®à®© ¯àï¬®© L ¢ë¯®«­¥­® H ⊂ L, ®âªã¤ 
á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ª®­áâ ­â a, b ∈ R1 â ª¨å, çâ® ¤«ï ¢á¥å
t ∈ [0,∞) ¨¬¥¥â ¬¥áâ® ®¤­® ¨§ âà¥å à ¢¥­áâ¢:

1. ξ1(t)− aξ2(t) = b, a 6= 0; 2. ξ1(t) = b; 3. ξ2(t) = b.

� ¯¥à¢®¬ á«ãç ¥ ¯®«®¦¨¬ f(t) = ξ1(t)−aξ2(t). �§ «¥¬¬ë 1.1
á«¥¤ã¥â, çâ® f(τ1) = 0 ¤«ï ­¥ª®â®à®£® τ1 > 0, §­ ç¨â b = 0 ¨
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ξ1(t) = aξ2(t). �­®¢  ¯à¨¬¥­ïï «¥¬¬ã 1.1, ¯®«ãç¨¬, çâ® ξ2(τ) = 0
¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ τ > 0, ¯®íâ®¬ã ξ1(τ) = 0 ¨ ξ(τ) = 0.

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¢® ¢â®à®¬ á«ãç ¥ b = 0. �à¨-
¬¥­ïï «¥¬¬ã 1.1, ¯®«ãç ¥¬ ξ2(τ) = 0, τ > 0, ¯®íâ®¬ã ξ(τ) = 0.
�à¥â¨© á«ãç © à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®.

�â ª, ¯®ª § ­®, çâ® ¢® ¢á¥å á«ãç ïå ­ ©¤¥âáï §­ ç¥­¨¥ τ > 0
â ª®¥, çâ® ξ(τ) = 0. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ ãá«®¢¨î «¥¬¬ë,
á«¥¤®¢ â¥«ì­®,

IntcoH 6= ∅.
� «¥¥ ¯à®¢®¤¨¬ ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã

ãâ¢¥à¦¤¥­¨ï 1. �â¢¥à¦¤¥­¨¥ 2 ¤®ª § ­®. �¥¬¬  ¤®ª § ­ .

2. �àã¯¯®¢®¥ ¯à¥á«¥¤®¢ ­¨¥ ¢ ¯à¨¬¥à¥ �®­âàï£¨­ 
� ¯à®áâà ­áâ¢¥ Rν(ν > 2) à áá¬ âà¨¢ ¥âáï ¤¨ää¥à¥­æ¨-

 «ì­ ï ¨£à  � n + 1 «¨æ: n ¯à¥á«¥¤®¢ â¥«¥© P1, P2, . . . , Pn ¨
ã¡¥£ îé¥£® E . �¢¨¦¥­¨¥ ª ¦¤®£® ¯à¥á«¥¤®¢ â¥«ï Pi ®¯¨áë¢ -
¥âáï ãà ¢­¥­¨¥¬

x
(l)
i + a1x

(l−1)
i + a2x

(l−2)
i + · · ·+ alxi = ui, ‖ui‖ 6 1, (2.1)

§ ª®­ ¤¢¨¦¥­¨ï ã¡¥£ îé¥£® E ¨¬¥¥â ¢¨¤

y(l) + a1y
(l−1) + a2y

(l−2) + · · ·+ aly = v, ‖v‖ 6 1, (2.2)

£¤¥ xi, y, ui, v ∈ Rν , a1, a2, . . . , al ∈ R1 . �à¨ t = 0 § ¤ ­ë ­ ç «ì-
­ë¥ ãá«®¢¨ï

x
(q)
i (0) = Xq

i , y(q)(0) = Y q, ¯à¨ç¥¬ X0
i 6= Y 0 ¤«ï ¢á¥å i.

�¤¥áì ¨ ¤ «¥¥

i ∈ I = {1, 2, . . . , n}, q = 0, 1, . . . , l − 1, Z0 = (Xq
i , Y q).

�¬¥áâ® (2.1), (2.2) à áá¬®âà¨¬ ãà ¢­¥­¨¥

z
(l)
i + a1z

(l−1)
i + a2z

(l−2)
i + · · ·+ alzi = ui − v (2.3)
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á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

z
(q)
i (0) = Zq

i = Xq
i − Y q.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1. �¯à ¢«¥­¨ï ui(t), v(t) ¨§ ª« áá 
¨§¬¥à¨¬ëå äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨¥ á®®â¢¥âáâ¢¥­­® ®£à ­¨-
ç¥­¨ï¬ ¨§ (2.1), (2.2), ­ §ë¢ îâáï ¤®¯ãáâ¨¬ë¬¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2. � ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª , ¥á«¨
áãé¥áâ¢ã¥â ¬®¬¥­â T0 = T0(Z0), çâ® ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£®
ã¯à ¢«¥­¨ï v(t) ­ ©¤ãâáï ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥­¨ï

ui(t) = ui(t, Z0, v(s), 0 6 s 6 t)

â ª¨¥, çâ® ¤«ï ­¥ª®â®àëå τ ∈ [0, T0], α ∈ I ¢ë¯®«­¥­® zα(τ) = 0.
�¥à¥§ ϕq(t) ®¡®§­ ç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï

ω(l) + a1ω
(l−1) + a2ω

(l−2) + · · ·+ alω = 0

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

ω(0) = 0, . . . , ω(q−1)(0) = 0, ω(q)(0) = 1,

ω(q+1)(0) = 0, . . . , ω(l−1)(0) = 0.

� à ¥ ¤ ¯ ® « ® ¦ ¥ ­ ¨ ¥ 2.1. �á¥ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£®
ãà ¢­¥­¨ï

λl + a1λ
l−1 + a2λ

l−2 + · · ·+ al = 0 (2.4)
ï¢«ïîâáï ¯à®áâë¬¨ ¨ ç¨áâ® ¬­¨¬ë¬¨.

�¡®§­ ç¨¬ ª®à­¨ ãà ¢­¥­¨ï (2.4) ç¥à¥§

±b1ι,±b2ι, . . . ,±bpι (0 < b1 < b2 < · · · < bp, 2p = l),

£¤¥ ι { ¬­¨¬ ï ¥¤¨­¨æ . �ãáâì, ¤ «¥¥

ξi(t) = ϕ0(t)Z0
i + ϕ1(t)Z1

i + · · ·+ ϕl−1(t)Z l−1
i ,

7



¨ â ª ª ª ª ¦¤ ï ¨§ äã­ªæ¨© ϕq(t) ¨¬¥¥â ¢¨¤

ϕq(t) =
p∑

k=1

(
ck cos bkt + sk sin bkt

)
, £¤¥ ck, sk ∈ R1,

â® ¢á¥ äã­ªæ¨¨ ξi(t) ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥

ξi(t) =
p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, £¤¥ Ck, Sk ∈ Rν .

�ç¨â ¥¬, çâ® ξi(t) 6= 0 ¤«ï ¢á¥å i, t > 0, ¨¡® ¥á«¨ ξα(τ) =
0 ¯à¨ ­¥ª®â®àëå α ∈ I, τ > 0, â® ¯à¥á«¥¤®¢ â¥«ì Pα «®¢¨â
ã¡¥£ îé¥£® E ª ¬®¬¥­âã τ, ¯®« £ ï uα(t) = v(t), t ∈ [0, τ ].

�¡®§­ ç¨¬ ç¥à¥§ Hi ªà¨¢ë¥

Hi = {ξi(t), t ∈ [0,∞)}.
� á « ® ¢ ¨ ¥ 2.1. �ãé¥áâ¢ãîâ h0

i ∈ Hi â ª¨¥, çâ®

0 ∈ Intco{h0
i }.

�¥à¥§ D(c, ρ) ®¡®§­ ç¨¬ § ¬ª­ãâë© è à á æ¥­âà®¬ ¢ â®çª¥ c
á à ¤¨ãá®¬ ρ.

� á « ® ¢ ¨ ¥ 2.2. �«ï «î¡ëå hi ∈ D(h0
i , ε)

0 ∈ Intco{hi}.
� ¥ ¬ ¬   2.1. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ 2.1. �®£¤  ¯à¨ ­¥-

ª®â®à®¬ §­ ç¥­¨¨ ε > 0 ¢ë¯®«­¥­® ãá«®¢¨¥ 2.2.
� ® ª   §   â ¥ « ì á â ¢ ®. �­®¦¥áâ¢® co{h0

i } ï¢«ï¥âáï ¢ë¯ã-
ª«ë¬ ¬­®£®£à ­­¨ª®¬ á ¢¥àè¨­ ¬¨ ¢ â®çª å h0

k, £¤¥ k ∈ K ⊂ I.
�§ ãá«®¢¨ï 2.1 á«¥¤ã¥â, çâ®

0 ∈ Intco{h0
k}.

� ª ª ª ¬­®¦¥áâ¢® Intco{h0
k} ï¢«ï¥âáï ®âªàëâë¬, â® ­ ©¤¥âáï

ç¨á«® ε > 0 â ª®¥, çâ® ¤«ï «î¡ëå hk ∈ D(h0
k, ε)

0 ∈ Intco{hk}.
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�§ ¯®á«¥¤­¥£®, ãç¨âë¢ ï, çâ®

Intco{hk} ⊂ Intco{hi},

á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï 2.2. �¥¬¬  ¤®ª § ­ .
� ª ª ª äã­ªæ¨¨ ξi ï¢«ïîâáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨, â® áã-

é¥áâ¢ã¥â T > 0, ¤«ï ª®â®à®£® ¢ë¯®«­¥­®
� á « ® ¢ ¨ ¥ 2.3. �«ï ¢á¥å t > 0 ­ ©¤¥âáï τi ∈ [t, t + T ), çâ®

ξi(τi) ∈ D(h0
i , ε).

�ç¨â ¥¬, çâ® ε > 0 ¨ T ¢ë¡à ­ë ¨áå®¤ï ¨§ ãá«®¢¨© 2.2 ¨ 2.3.
�¯à¥¤¥«¨¬ äã­ªæ¨¨ ψ, λi, Ji :

ψ(t) =
{

1, ¥á«¨ ϕl−1(t) > 0
−1, ¢ ¯à®â¨¢­®¬ á«ãç ¥,

λi(v, ψ, hi) = sup
{
λ : λ > 0,

∥∥v − λψhi

∥∥6 1
}

,

Ji(t, hi) =
t∫

0

|ϕl−1(t− s)|λi(v(s), ψ(t− s), hi)ds.

�®«®¦¨¬

h = (h1, h2, . . . , hn), D = D(h0
1, ε)×D(h0

2, ε)× · · · ×D(h0
n, ε).

� ¥ ¬ ¬   2.2. �ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨¥ 2.1 ¨ ãá«®¢¨¥
2.1. �®£¤  áãé¥áâ¢ã¥â ¬®¬¥­â T̂ â ª®©, çâ® ¤«ï ¢á¥å ¤®¯ã-
áâ¨¬ëå ã¯à ¢«¥­¨© v(t) ¨ «î¡ëå h ∈ D ­ ©¤¥âáï ­®¬¥à α ∈ I,
çâ® Jα(T̂ , hα) > 1.

� ® ª   §   â ¥ « ì á â ¢ ®. �§ ãá«®¢¨© «¥¬¬ë á«¥¤ã¥â, çâ®
¢ë¯®«­¥­® ãá«®¢¨¥ 2.2, ¯®íâ®¬ã ¤«ï ¯à®¨§¢®«ì­®£® h ∈ D á¯à -
¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

δ±1(h) = min
‖v‖61

max
i∈I

λi(v,±1, hi) > 0.
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� ª ª ª äã­ªæ¨¨ λi ­¥¯à¥àë¢­ë, â®

lim
h∗→h

δ±1(h∗) = lim
h∗→h

min
‖v‖61

max
i∈I

λi(v,±1, h∗i ) =

= min
‖v‖61

max
i∈I

λi(v,±1, hi) = δ±1(h),

á«¥¤®¢ â¥«ì­®, ¨ äã­ªæ¨¨ δ±1 ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨, ãç¨âë-
¢ ï ¥é¥, çâ® ¬­®¦¥áâ¢® D ª®¬¯ ªâ, ¯®«ãç¨¬

δ = min
h∈D

min
ψ∈{1,−1}

min
‖v‖61

max
i∈I

λi(v, ψ, hi) = min
h∈D

{δ+1(h), δ−1(h)} > 0.

� «¥¥,

max
i∈I

Ji(t, hi) > 1
n

t∫

0

|ϕl−1(t− s)|
∑

i∈I

λi(v(s), ψ(t− s), hi)ds >

> δ

n

t∫

0

|ϕl−1(t− s)|ds.

� ª¨¬ ®¡à §®¬, ¤«ï ¬®¬¥­â  T̂ , ®¯à¥¤¥«ï¥¬®£® ¨§ ãá«®¢¨ï

δ

n

T̂∫

0

|ϕl−1(T̂ − s)|ds > 1,

¨ ­¥ª®â®à®£® α ∈ I ¢ë¯®«­¥­® Jα(T̂ , hα) > 1. �¥¬¬  ¤®ª § ­ .
�ãáâì

T1 = T1(Z0) = min{t > 0 : inf
v(·)

min
h∈D

max
i∈I

Ji(t, hi) > 1}.

� á¨«ã «¥¬¬ë 2.2 T1 < ∞.
� ¥ ® à ¥ ¬   2.1. �ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨¥ 2.1 ¨

ãá«®¢¨¥ 2.1. �®£¤  ¢ ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª .
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� ® ª   §   â ¥ « ì á â ¢ ®. �® ä®à¬ã«¥ �®è¨ ¤«ï ¢á¥å t > 0

zi(t) = ξi(t) +
t∫

0

ϕl−1(t− s)(ui(s)− v(s))ds.

�ãáâì v(τ), 0 6 τ 6 T0 = T1 + T { ¯à®¨§¢®«ì­®¥ ¤®¯ãáâ¨¬®¥
ã¯à ¢«¥­¨¥ ã¡¥£ îé¥£® � ¨ t1 { ­ ¨¬¥­ìè¨© ¯®«®¦¨â¥«ì­ë©
ª®à¥­ì äã­ªæ¨¨ F ¢¨¤ 

F (t) = 1−max
i∈I

t∫

0

|ϕl−1(τi − s)|λi(v(s), ψ(τi − s), ξi(τi))ds,

£¤¥ τi ∈ [T1, T0) ¢ë¡à ­ë â ª, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ 2.3.
�â¬¥â¨¬, çâ® t1 6 τi, â ª ª ª ¢ á¨«ã «¥¬¬ë 2.2 F (τi) 6 0.

� ¤ ¥¬ ã¯à ¢«¥­¨¥ ¯à¥á«¥¤®¢ â¥«¥© Pi á«¥¤ãîé¨¬ ®¡à §®¬:

ui(t) = v(t)− λi(v(t), ψ(τi − t), ξi(τi))ψ(τi − t)ξi(τi), t ∈ [0, T0],

£¤¥ áç¨â ¥¬, çâ® λi(v(t), ψ(τi − t), ξi(τi)) = 0 ¯à¨ t ∈ [t1, T0]. �®-
£¤ , á ãç¥â®¬ ä®à¬ã«ë �®è¨,

zi(τi) = ξi(τi)
(

1−
t1∫

0

|ϕl−1(τi − s)|λi(v(s), ψ(τi − s), ξi(τi))ds
)
.

� á¨«ã ®¯à¥¤¥«¥­¨ï t1, ¤«ï ­¥ª®â®à®£® α ∈ I ¢ëà ¦¥­¨¥ ¢ áª®¡-
ª å ®¡à é ¥âáï ¢ ­®«ì, ¯®íâ®¬ã zα(τα) = 0. �¥®à¥¬  ¤®ª § ­ .

� á « ® ¢ ¨ ¥ 2.4. � ç «ì­ë¥ ¯®§¨æ¨¨ ãç áâ­¨ª®¢ â ª®¢ë, çâ®

0 ∈ Intco{Z0
i }.

� « ¥ ¤ á â ¢ ¨ ¥ 2.1. �ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨¥ 2.1 ¨
ãá«®¢¨¥ 2.4. �®£¤  ¢ ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª .

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ç¥áâ¢¥ h0
i ¢ ãá«®¢¨¨ 2.1 ¢®§ì¬¥¬

Z0
i = ξi(0) ∈ Hi ¨ ¯à¨¬¥­¨¬ â¥®à¥¬ã 2.1. �«¥¤áâ¢¨¥ ¤®ª § ­®.
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� « ¥ ¤ á â ¢ ¨ ¥ 2.2. �ãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ 2.1,
ν = 2 ¨ n = 3 . �®£¤  ¢ ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª  ¨§ «î¡ëå
­ ç «ì­ëå ¯®§¨æ¨©.

� ® ª   §   â ¥ « ì á â ¢ ®. �§ «¥¬¬ë 1.2 á«¥¤ã¥â, çâ® ¬®¦­®
¢ë¡à âì h0

i â ª, çâ®¡ë ãá«®¢¨¥ 2.1 ¨¬¥«® ¬¥áâ®. �¥¯¥àì ®áâ «®áì
¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 2.1. �«¥¤áâ¢¨¥ ¤®ª § ­®.

�«¥¤áâ¢¨¥ 2.2, ¯®áâà®¨¢ ¤àã£®¥ ã¯à ¢«¥­¨¥, ¬®¦­® ãá¨«¨âì.
� «¥¥ (¢¯«®âì ¤® ¯à¨¬¥à®¢) áç¨â ¥¬ ν = 2, n = 2 ¨ k = 1, 2.

� ä¨ªá¨àã¥¬ ç¨á«® r > 0 â ª, çâ®¡ë

Hi ∈ IntD(0, r),

¥£® áãé¥áâ¢®¢ ­¨¥ á«¥¤ã¥â ¨§ ®£à ­¨ç¥­­®áâ¨ äã­ªæ¨© ξi. � -
ç «® ª®®à¤¨­ â ®¡®§­ ç¨¬ ç¥à¥§ O. � «¥¥, ¯® ¥¤¨­¨ç­ë¬ ¢¥ª-
â®à ¬ ek

i ∈ R2 ®¯à¥¤¥«¨¬: Dk
i ∈ ∂D(0, r) { â®çª¨ ¢¨¤  ek

i r; Di

{ ­ ¨¬¥­ìè¨© ¨§ ¤¢ãå á¥ªâ®à®¢ ªàã£  D(0, r), ®¡à §®¢ ­­ëå ®â-
à¥§ª ¬¨ OD1

i ¨ OD2
i ; ∂i { ®ªàã¦­®áâì á¥ªâ®à  Di; ­ ª®­¥æ,

θi(t) = {ξi(s), s ∈ [t∗, t∗]},

£¤¥ t∗ > t∗ > t { â ª¨¥ ¬®¬¥­âë, ¤«ï ª®â®àëå ¢¯¥à¢ë¥
(
ξi(t∗) ∈ OD1

i , ξi(t∗) ∈ OD2
i

)
¨«¨

(
ξi(t∗) ∈ OD2

i , ξi(t∗) ∈ OD1
i

)
¨

ξi(s) ∈ Di, s ∈ [t∗, t∗],
â® ¥áâì θi(t) { íâ® ªà¨¢ ï, «¥¦ é ï ¢ á¥ªâ®à¥ Di, ®¡« ¤ îé ï
á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨ ¤¢¨£ âìáï ¨§ â®çª¨ ξi(t) ¢ ­ ¯à ¢«¥-
­¨¨ à®áâ  t, â® ¤ ­­ë© á¥ªâ®à ¢¯¥à¢ë¥ ó¯¥à¥á¥ç¥èì æ¥«¨ª®¬ô
¨¬¥­­® ¯® íâ®© ªà¨¢®©. � á¨«ã ¢â®à®£® ãâ¢¥à¦¤¥­¨ï «¥¬¬ë 1.2
áãé¥áâ¢ãîâ ek

i â ª¨¥, çâ®

〈e1
i , e

2
i 〉 > 0, ek

2 = −ek
1, IntDi 6= ∅ ¨ θi(t) 6= ∅ ¤«ï ¢á¥å t > 0.

�ç¨â ¥¬, çâ® â ª¨¥ ¢¥ªâ®à  ¢ë¡à ­ë (á¬. à¨á.).
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O

D1
1

D2
1

D2
2

D1
2

�¨á. �ë¡®à ¢¥ªâ®à®¢ ej
i

�â¬¥â¨¬, çâ®
0 ∈ Intco{ek

i }. (2.5)
�¯à¥¤¥«¨¬ äã­ªæ¨¨ ρk

i , ki, Qi

ρk
i (v, ψ) = sup

{
ρ : ρ > 0,

∥∥v − ρψek
i r

∥∥6 1
}

,

§­ ç¥­¨¥ äã­ªæ¨¨ ki(t, s) ∈ I ­ å®¤¨âáï ¨§ ãá«®¢¨ï

ρ
ki(t,s)
i (v(s), ψ(t− s)) = max

k∈I
ρk

i (v(s), ψ(t− s)),

¥á«¨ ¦¥ ®­® ­¥ ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­®, â® ¯®«®¦¨¬ ki(t, s) = 1,

Qi(t) =
t∫

0

|ϕl−1(t + �− s)|ρki(t+�,s)
i (v(s), ψ(t + �− s))eki(t+�,s)

i rds.

� ¥ ¬ ¬   2.3. �ãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ 2.1. �®£¤ 
áãé¥áâ¢ã¥â ¬®¬¥­â �T â ª®©, çâ® ¤«ï ª ¦¤ëå ¤®¯ãáâ¨¬®£®
ã¯à ¢«¥­¨ï v(t) ¨ � ∈ R1 ­ ©¤¥âáï ­®¬¥à α ∈ I ¨ ¬®¬¥­â
�Tα 6 �T , çâ® Qα(t) ∈ Dα ¤«ï ¢á¥å t ∈ [0, �Tα] ¨ Qα( �Tα) ∈ ∂α.

� ® ª   §   â ¥ « ì á â ¢ ®. �ã­ªæ¨ï Qi(t) ¯à¨ ª ¦¤®¬
t > 0 ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ Qi(t) = q1

i (t)e1
i + q2

i (t)e2
i , £¤¥ äã­ªæ¨¨

qk
i (t) > 0, qk

i (0) = 0 ¨ ­¥¯à¥àë¢­ë. �âáî¤  á«¥¤ã¥â, çâ® §­ ç¥-
­¨¥ äã­ªæ¨¨ Qi(t) ¬®¦¥â ¢ë©â¨ §  ¯à¥¤¥«ë Di â®«ìª® ç¥à¥§ ∂i

(á¬. à¨á. ).
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� ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® ¤®ª § âì, çâ® áãé¥áâ¢ã¥â ¬®¬¥­â
�T â ª®©, çâ® ¤«ï ª ¦¤®£® ¤®¯ãáâ¨¬®£® v(t) ¨ ¢á¥å � ∈ R1 ¢ë-
¯®«­¥­® max

i∈I
‖Qi( �T )‖ > r. �§ (2.5) ¯®«ãç ¥¬, çâ® ¢¥«¨ç¨­ 

σ = min
ψ∈{1,−1}

min
‖v‖61

max
(i,k)∈I×I

ρk
i (v, ψ) > 0.

� «¥¥,
max
i∈I

‖Qi(t)‖ =

= max
i∈I

∥∥∥
t∫

0

|ϕl−1(t+�−s)|ρki(t+�,s)
i (v(s), ψ(t+�−s))eki(t+�,s)

i rds
∥∥∥>

> r

2 max
i∈I

t∫

0

|ϕl−1(t + �− s)|ρki(t+�,s)
i (v(s), ψ(t + �− s))ds >

> r

8

t∫

0

|ϕl−1(t + �− s)|
∑

i,k∈I

ρk
i (v(s), ψ(t + �− s))ds >

> rσ

8

t∫

0

|ϕl−1(t + �− s)|ds.

� ª¨¬ ®¡à §®¬, ¢ ¬®¬¥­â �T , ®¯à¥¤¥«ï¥¬ë© ¨§ ãá«®¢¨ï

σ

8 inf
�∈R1

�T∫

0

|ϕl−1( �T + �− s)|ds > 1,

¯®«ãç¨¬ max
i∈I

‖Qi( �T )‖ > r. �¥¬¬  ¤®ª § ­ .
�ãáâì

T2 = min{t > 0 : Qi(s) ∈ Di, s ∈ [0, t] ¨ inf
v(·)

inf
�∈R1

max
i∈I

‖Qi(t)‖ > r}.

� á¨«ã «¥¬¬ë 2.3 T2 < ∞.
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� ¥ ® à ¥ ¬   2.2. �ãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ 2.1 , ν = 2
¨ n = 2 . �®£¤  ¢ ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª  ¨§ «î¡ëå ­ ç «ì­ëå
¯®§¨æ¨©.

� ® ª   §   â ¥ « ì á â ¢ ®. �ë¡¥à¥¬ T0 â ª, çâ®¡ë

θi(T2) ⊂ {ξi(s), s ∈ [T2, T0]}.

�ãáâì v(s), 0 6 s 6 T0 { ¯à®¨§¢®«ì­®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥-
­¨¥ ã¡¥£ îé¥£® �. �ë¡¥à¥¬ ­ ¨¬¥­ìè¥¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® t1
â ª, çâ®¡ë ¤«ï ­¥ª®â®àëå α ∈ I ¨ τ ∈ [T2, T0]

t1∫

0

|ϕl−1(T0−s)|ρki(T0,s)
i (v(s), ψ(T0−s))eki(T0,s)

i rds = ξα(τ) ∈ θα(T2).

� ª ª ª T0 = T2 + �, £¤¥ � = T0 − T2, â® ¢ á¨«ã ®¯à¥¤¥«¥­¨ï
¬®¬¥­â  T2 ¯®«ãç¨¬, çâ® t1 6 T2.

�®£« á­® ä®à¬ã«¥ �®è¨ ¤«ï ¢á¥å t > 0 ¨¬¥¥¬

zi(t) = ξi(t) +
t∫

0

ϕl−1(t− s)(ui(s)− v(s))ds.

� ¤ ¥¬ ã¯à ¢«¥­¨¥ ¯à¥á«¥¤®¢ â¥«¥© Pi á«¥¤ãîé¨¬ ®¡à §®¬:

ui(t) = v(t)− ρ
ki(T0,t)
i (v(t), ψ(T0 − t))ψ(T0 − t)eki(T0,t)

i r, t ∈ [0, T0],

£¤¥ áç¨â ¥¬, çâ® ρ
ki(T0,t)
i (v(t), ψ(T0 − t)) = 0 ¯à¨ t ∈ [t1, T0].

�®£¤ , á ãç¥â®¬ ä®à¬ã«ë �®è¨ ¤«ï t ∈ [T2, T0] , ¨¬¥¥¬

zi(t) = ξi(t)−
t1∫

0

|ϕl−1(T0 − s)|ρki(T0,s)
i (v(s), ψ(T0 − s))eki(T0,s)

i rds

¨ ¯® ®¯à¥¤¥«¥­¨î ¬®¬¥­â  t1 ¤«ï ­¥ª®â®àëå α ∈ I ¨ τ ∈ [T2, T0]
zα(τ) = ξα(τ)− ξα(τ) = 0. �¥®à¥¬  ¤®ª § ­ .

15



� à ¨ ¬ ¥ à 2.1. � ¯à®áâà ­áâ¢¥ R3 à áá¬®âà¨¬ ¤¨ää¥à¥­æ¨-
 «ì­ãî ¨£àã �1 6-â¨ «¨æ: 5 ¯à¥á«¥¤®¢ â¥«¥© P1, P2, P3, P4, P5 ¨
ã¡¥£ îé¨© E. �à ¢­¥­¨¥ (2.3) ¨ ­ ç «ì­ë¥ ãá«®¢¨ï ¨¬¥îâ ¢¨¤

�zi + zi = ui − v, Z0
1 = Z0

2 = Z0
3 = (1, 0, 0), Z0

4 = Z0
5 = (0, 0, 1),

Z1
i = (0, 1, 0), i = 1, 2, 3, 4, 5.

�®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï λ2 + 1 = 0 à ¢­ë ±ι ¨
¯à¥¤¯®«®¦¥­¨¥ 2.1 ¢ë¯®«­¥­®. �¤¥áì ãá«®¢¨¥ 2.4 ­¥ ¢ë¯®«­¥­®.
�®ª ¦¥¬, çâ® ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥ 2.1, â ª ª ª

ξi(t) = Z0
i cos t + Z1

i sin t,

â® H1 = H2 = H3 { íâ® ®ªàã¦­®áâ¨ á à ¤¨ãá®¬ 1, á æ¥­âà®¬ ¢
­ ç «¥ ª®®à¤¨­ â, «¥¦ é¨¥ ¢ ¯«®áª®áâ¨ ¯¥à¢®© ¨ ¢â®à®© ª®®à-
¤¨­ âë, H4 = H5 { íâ® ®ªàã¦­®áâ¨ á à ¤¨ãá®¬ 1, á æ¥­âà®¬ ¢
­ ç «¥ ª®®à¤¨­ â, «¥¦ é¨¥ ¢ ¯«®áª®áâ¨ ¢â®à®© ¨ âà¥âì¥© ª®®à-
¤¨­ âë. �ë¡¨à ï

h0
1 = (1, 0, 0), h0

2 =
(
−
√

2
2 ,

√
2

2 , 0
)
, h0

3 =
(
−
√

2
2 ,−

√
2

2 , 0
)
,

h0
4 = (0, 0, 1), h0

5 = (0, 0,−1),
¯®«ãç ¥¬, çâ® ãá«®¢¨¥ 2.1 ¢ë¯®«­¥­®. �§ â¥®à¥¬ë 2.1 á«¥¤ã¥â

� â ¢ ¥ à ¦ ¤ ¥ ­ ¨ ¥ 2.1. � ¨£à¥ �1 ¢®§¬®¦­  ¯®¨¬ª .
� à ¨ ¬ ¥ à 2.2. � ¯à®áâà ­áâ¢¥ Rν à áá¬®âà¨¬ ¤¨ää¥à¥­æ¨-

 «ì­ãî ¨£àã �2 n + 1 «¨æ: n ¯à¥á«¥¤®¢ â¥«¥© P1, P2, . . . , Pn ¨
ã¡¥£ îé¥£® E . �ãáâì ãà ¢­¥­¨¥ (2.3) ¨¬¥¥â ¢¨¤

z
(6)
i + 14z

(4)
i + 49�zi + 36zi = ui − v.

�®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï
λ6 + 14λ4 + 49λ2 + 36 = 0

à ¢­ë ±ι, ±2ι, ±3ι, ¨ ¯à¥¤¯®«®¦¥­¨¥ 2.1 ¢ë¯®«­¥­®.
� â ¢ ¥ à ¦ ¤ ¥ ­ ¨ ¥ 2.2. �ãáâì 0 ∈ Intco{Z0

i }. �®£¤  ¢ ¨£à¥
�2 ¢®§¬®¦­  ¯®¨¬ª .

� â ¢ ¥ à ¦ ¤ ¥ ­ ¨ ¥ 2.3. �ãáâì ν = 2 ¨ n = 2. �®£¤  ¢ ¨£à¥
�2 ¢®§¬®¦­  ¯®¨¬ª  ¨§ «î¡ëå ­ ç «ì­ëå ¯®§¨æ¨©.

16



3. � ¤ ç  ® ª®­ä«¨ªâ­®¬ ¢§ ¨¬®¤¥©áâ¢¨¨ £àã¯¯ë
¯à¥á«¥¤®¢ â¥«¥© á ®¤­¨¬ ã¡¥£ îé¨¬
� ¯à®áâà ­áâ¢¥ Rν(ν > 2) à áá¬ âà¨¢ ¥âáï ¤¨ää¥à¥­æ¨-

 «ì­ ï ¨£à  � n + 1 «¨æ: n ¯à¥á«¥¤®¢ â¥«¥© P1, P2, . . . , Pn ¨
ã¡¥£ îé¥£® E . �¢¨¦¥­¨¥ ª ¦¤®£® ¯à¥á«¥¤®¢ â¥«ï Pi ®¯¨áë¢ -
¥âáï ãà ¢­¥­¨¥¬

_xi = Axi + ui, ‖ui‖ 6 1, (3.1)

§ ª®­ ¤¢¨¦¥­¨ï ã¡¥£ îé¥£® E ¨¬¥¥â ¢¨¤

_y = Ay + v, ‖v‖ 6 1, (3.2)

£¤¥ xi, y, ui, v ∈ Rν , A { ¯®áâ®ï­­ ï ª¢ ¤à â­ ï ¯®àï¤ª  ν ¬ -
âà¨æ . �à¨ t = 0 § ¤ ­ë ­ ç «ì­ë¥ ãá«®¢¨ï

xi(0) = X0
i , y(0) = Y 0, ¯à¨ç¥¬ X0

i 6= Y 0 ¤«ï ¢á¥å i.

�¤¥áì ¨ ¤ «¥¥ i ∈ I = {1, 2, . . . , n}, Z0 = (X0
i , Y 0).

�¬¥áâ® (3.1), (3.2) à áá¬®âà¨¬ ãà ¢­¥­¨¥

_zi = Azi + ui − v (3.3)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

zi(0) = Z0
i = X0

i − Y 0.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1. �¯à ¢«¥­¨ï ui(t), v(t) ¨§ ª« áá 
¨§¬¥à¨¬ëå äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨¥ á®®â¢¥âáâ¢¥­­® ®£à ­¨-
ç¥­¨ï¬ ¨§ (3.1), (3.2), ­ §ë¢ îâáï ¤®¯ãáâ¨¬ë¬¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2. � ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª , ¥á«¨
áãé¥áâ¢ã¥â ¬®¬¥­â T0 = T0(Z0), çâ® ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£®
ã¯à ¢«¥­¨ï v(t) ­ ©¤ãâáï ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥­¨ï

ui(t) = ui(t, Z0, v(t))

â ª¨¥, çâ® ¤«ï ­¥ª®â®àëå τ ∈ [0, T0], α ∈ I ¢ë¯®«­¥­® zα(τ) = 0.
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�ãáâì � { äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨áâ¥¬ë

_ω = Aω

â ª ï, çâ® �(0) = I, £¤¥ I { ¥¤¨­¨ç­ ï ¬ âà¨æ . �ç¨â ¥¬, çâ®
�(t)Z0

i 6= 0 ¤«ï ¢á¥å i, t > 0, ¨¡® ¥á«¨ �(τ)Z0
α = 0 ¯à¨ ­¥ª®â®-

àëå α ∈ I, τ > 0, â® ¯à¥á«¥¤®¢ â¥«ì Pα «®¢¨â ã¡¥£ îé¥£® E ª
¬®¬¥­âã τ, ¯®« £ ï uα(t) = v(t), t ∈ [0, τ ].

� à ¥ ¤ ¯ ® « ® ¦ ¥ ­ ¨ ¥ 3.1. �á¥ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£®
ãà ¢­¥­¨ï

det(A− λI) = 0 (3.4)
ï¢«ïîâáï ¯à®áâë¬¨ ¨ ç¨áâ® ¬­¨¬ë¬¨.

�¡®§­ ç¨¬ ª®à­¨ ãà ¢­¥­¨ï (3.4) ç¥à¥§

±b1ι,±b2ι, . . . ,±bpι (0 < b1 < b2 < · · · < bp, 2p = ν),

£¤¥ ι { ¬­¨¬ ï ¥¤¨­¨æ .
� á « ® ¢ ¨ ¥ 3.1. � ç «ì­ë¥ ¯®§¨æ¨¨ ãç áâ­¨ª®¢ â ª®¢ë, çâ®

0 ∈ Intco{Z0
i }.

�¥à¥§ D(c, ρ) ®¡®§­ ç¨¬ § ¬ª­ãâë© è à á æ¥­âà®¬ ¢ â®çª¥
c, á à ¤¨ãá®¬ ρ.

� á « ® ¢ ¨ ¥ 3.2. �«ï «î¡ëå hi ∈ D(Z0
i , 2ε)

0 ∈ Intco{hi}.
�­ «®£¨ç­® «¥¬¬¥ 2.1 ¤®ª §ë¢ ¥âáï
� ¥ ¬ ¬   3.1. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ 3.1. �®£¤  ¯à¨ ­¥-

ª®â®à®¬ §­ ç¥­¨¨ ε > 0 ¢ë¯®«­¥­® ãá«®¢¨¥ 3.2.
�ç¨â ¥¬, çâ® ε > 0 ¢ë¡à ­® ¨áå®¤ï ¨§ ãá«®¢¨ï 3.2.
�¯à¥¤¥«¨¬ äã­ªæ¨¨ λi, Ji

λi(v, hi) = sup
{
λ : λ > 0,

∥∥v − λhi

∥∥6 1
}

,

Ji(t) =
t∫

0

λi(v(s), �(s)Z0
i )ds.
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� ¥ ¬ ¬   3.2. �ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨¥ 3.1 ¨ ãá«®-
¢¨¥ 3.1. �®£¤  áãé¥áâ¢ã¥â ¬®¬¥­â T̂ â ª®©, çâ® ¤«ï «î¡®-
£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï v(t) ­ ©¤¥âáï ­®¬¥à α ∈ I, çâ®
Jα(T̂ ) > 1.

� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã ¯à¥¤¯®«®¦¥­¨ï 3.1 ª ¦¤ ï
¨§ äã­ªæ¨© �(t)Z0

i ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥
p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, £¤¥ Ck, Sk ∈ Rν . (3.5)

�§ (3.5) á«¥¤ã¥â, çâ® äã­ªæ¨¨ �(t)Z0
i ï¢«ïîâáï ¯®çâ¨ ¯¥à¨-

®¤¨ç¥áª¨¬¨. �§ ¯®á«¥¤­¥£® á ãç¥â®¬ â®£®, çâ®

�(0)Z0
i = Z0

i ∈ IntD(Z0
i , ε),

á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â T > 0 â ª®¥, çâ® ¤«ï ¢á¥å k = 0, 1, 2, . . .
­ ©¤¥âáï ¬®¬¥­â τk ∈ [Tk, T (k + 1)), ®¡« ¤ îé¨© á¢®©áâ¢®¬

�(τk)Z0
i ∈ D(Z0

i , ε) ¤«ï ¢á¥å i ∈ I.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï


k = {t : �(t)Z0
i ∈ D(Z0

i , 2ε), t ∈ [τk, τk+1)}, 
 =
∞⋃

k=1

k,

µ(G){ ¬¥à  �¥¡¥£  G ⊂ R1, d(D1, D2) = inf
d1∈D1, d2∈D2

‖d1 − d2‖.

�§ (3.5) á«¥¤ã¥â, çâ® äã­ªæ¨¨ d(�(t)Z0
i )/dt â ª¦¥ ¯à¥¤áâ ¢¨¬ë ¢

¢¨¤¥ (3.5), ®âªã¤  á«¥¤ã¥â, çâ® ®­¨ ®£à ­¨ç¥­ë, â® ¥áâì ­ ©¤¥âáï
¯®«®¦¨â¥«ì­®¥ ç¨á«® M â ª®¥, çâ®

∥∥∥∥
d

dt
(�(t)Z0

i )
∥∥∥∥ 6 M ¤«ï ¢á¥å i ∈ I, t > 0.

� ª ª ª d(∂D(Z0
i , ε), ∂D(Z0

i , 2ε)) = ε, â® ¤«ï ¢á¥å k = 0, 1, 2, . . .

µ(
k) > µ
({t : �(t)Z0

i ∈ D(Z0
i , 2ε)\D(Z0

i , ε), t ∈ [τk, τk+1)})> ε

2M
,
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á«¥¤®¢ â¥«ì­®, µ(
) = ∞.
�«ï «î¡®£®

h = (h1, h2, . . . , hn) ∈ D = D(Z0
1 , 2ε)×D(Z0

2 , 2ε)× · · · ×D(Z0
n, 2ε),

ãç¨âë¢ ï ãá«®¢¨¥ 3.2, ¯®«ãç ¥¬, çâ®

ρ(h) = min
‖v‖61

max
i∈I

λi(v, hi) > 0.

� ª ª ª äã­ªæ¨¨ λi ­¥¯à¥àë¢­ë, â®

lim
h∗→h

ρ(h∗) = lim
h∗→h

min
‖v‖61

max
i∈I

λi(v, h∗i ) = min
‖v‖61

max
i∈I

λi(v, hi) = ρ(h),

á«¥¤®¢ â¥«ì­®, ¨ äã­ªæ¨ï ρ ï¢«ï¥âáï ­¥¯à¥àë¢­®©, ãç¨âë¢ ï
¥é¥, çâ® ¬­®¦¥áâ¢® D ª®¬¯ ªâ, ¯®«ãç¨¬

r = min
h∈D

min
‖v‖61

max
i∈I

λi(v, hi) = min
h∈D

ρ(h) > 0.

�§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¯®«ãç ¥¬, çâ® ¢¥«¨ç¨­ 

δ = min
t∈


min
‖v‖61

max
i∈I

λi(v, �(t)Z0
i ) > min

h∈D
min
‖v‖61

max
i∈I

λi(v, hi) = r > 0.

�¬¥¥â ¬¥áâ® á«¥¤ãîé ï æ¥¯®çª  à ¢¥­áâ¢{­¥à ¢¥­áâ¢:

max
i∈I

Ji(t) > max
i∈I

∫

[0,t]
⋂




λi(v(s), �(s)Z0
i )ds >

> 1
n

∫

[0,t]
⋂




∑

i∈I

λi(v(s), �(s)Z0
i )ds > 1

n

∫

[0,t]
⋂




δds = δ

n
µ([0, t] ∩ 
).

�â¬¥â¨¬, çâ® lim
t→∞µ([0, t] ∩ 
) = ∞, â ª ª ª µ(
) = ∞. � ª¨¬

®¡à §®¬, ¤«ï ¬®¬¥­â  T̂ , ®¯à¥¤¥«ï¥¬®£® ¨§ ãá«®¢¨ï

δ

n
µ([0, T̂ ] ∩ 
) > 1,
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¨ ­¥ª®â®à®£® α ∈ I ¢ë¯®«­¥­® Jα(T̂ ) > 1. �¥¬¬  ¤®ª § ­ .
�ãáâì

T0 = min{t > 0 : inf
v(·)

max
i∈I

Ji(t) > 1}.

� á¨«ã «¥¬¬ë 3.2 T0 < ∞.
� ¥ ® à ¥ ¬   3.1. �ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨¥ 3.1 ¨

ãá«®¢¨¥ 3.1. �®£¤  ¢ ¨£à¥ � ¢®§¬®¦­  ¯®¨¬ª .
� ® ª   §   â ¥ « ì á â ¢ ®. �® ä®à¬ã«¥ �®è¨ ¤«ï ¢á¥å t > 0

zi(t) = �(t)
(
Z0

i +
t∫

0

�−1(s)(ui(s)− v(s))ds
)
.

�ãáâì v(τ), 0 6 τ 6 T0 { ¯à®¨§¢®«ì­®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥-
­¨¥ ã¡¥£ îé¥£® � ¨ t1 { ­ ¨¬¥­ìè¨© ¯®«®¦¨â¥«ì­ë© ª®à¥­ì
äã­ªæ¨¨ F ¢¨¤ 

F (t) = 1−max
i∈I

t∫

0

λi(v(s), �(s)Z0
i )ds.

�â¬¥â¨¬, çâ® ¢ á¨«ã ®¯à¥¤¥«¥­¨ï T0 ¬®¬¥­â t1 6 T0.
� ¤ ¥¬ ã¯à ¢«¥­¨¥ ¯à¥á«¥¤®¢ â¥«¥© Pi á«¥¤ãîé¨¬ ®¡à §®¬:

ui(t) = v(t)− λi(v(t), �(t)Z0
i )�(t)Z0

i ¤«ï ¢á¥å t ∈ [0, T0].

�®£¤  á ãç¥â®¬ ä®à¬ã«ë �®è¨

zi(t1) = �(t1)Z0
i

(
1−

t1∫

0

λi(v(s), �(s)Z0
i )ds

)
.

� á¨«ã ®¯à¥¤¥«¥­¨ï t1 ¤«ï ­¥ª®â®à®£® α ∈ I ¢ëà ¦¥­¨¥ ¢ áª®¡-
ª å ®¡à é ¥âáï ¢ ­®«ì, ¯®íâ®¬ã zα(t1) = 0. �¥®à¥¬  ¤®ª § ­ .

� à ¨ ¬ ¥ à 3.1. � ¯à®áâà ­áâ¢¥ Rν(ν = 2p, p > 1) à áá¬®-
âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ãî ¨£àã �3 n+1 «¨æ: n ¯à¥á«¥¤®¢ â¥«¥©
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P1, P2, . . . , Pn ¨ ã¡¥£ îé¥£® E . �ãáâì ãà ¢­¥­¨¥ (3.3) ¨¬¥¥â ¢¨¤

_zi = Azi + ui− v, £¤¥ A =




0 −a1 0 0 · · · 0 0
a1 0 0 0 · · · 0 0
0 0 0 −a2 · · · 0 0
0 0 a2 0 · · · 0 0
... ... ... ... . . . ... ...
0 0 0 0 · · · 0 −ap

0 0 0 0 · · · ap 0




,

a1, a2, . . . , ap { ­¥ª®â®àë¥ ®â«¨ç­ë¥ ®â ­ã«ï ¨ ­¥ á®¢¯ ¤ îé¨¥
¤àã£ á ¤àã£®¬ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ç¨á« . �®à­¨ å à ªâ¥à¨-
áâ¨ç¥áª®£® ãà ¢­¥­¨ï

det(A− λI) = (λ2 + a2
1)(λ2 + a2

2) . . . (λ2 + a2
p) = 0

à ¢­ë ±a1ι, ±a2ι, . . . ,±apι, ¨ ¯à¥¤¯®«®¦¥­¨¥ 3.1 ¢ë¯®«­¥­®.
� â ¢ ¥ à ¦ ¤ ¥ ­ ¨ ¥ 3.1. �ãáâì 0 ∈ Intco{Z0

i }. �®£¤  ¢ ¨£à¥
�3 ¢®§¬®¦­  ¯®¨¬ª .

* * *
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