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t. The 
onditions that guarantee the existen
e of threat and
ounter threat equilibrium in non 
ooperative game of three persons arederived. The main feature of the game is absen
e of 
onstraints on strate-gies sets of players.1. Ǒ®áâ ­®¢ª  § ¤ ç¨� áá¬®âà¨¬ ¡¥áª® «¨æ¨®­­ãî ¨£àã âà¥å «¨æ
〈

{1, 2, 3}, {Rni}i=1,2,3, {fi(x)}i=1,2,3〉. (1.1)�¤¥áì 1, 2, 3 | ¯®àï¤ª®¢ë¥ ­®¬¥à  ¨£à®ª®¢, i-© (i = 1, 2, 3)¨£à®ª ä®à¬¨àã¥â á¢®î áâà â¥£¨î xi ∈ R
ni (R

ni | ni-¬¥à­®¥¯à®áâà ­áâ¢® á ¥¢ª«¨¤®¢®© ­®à¬®© ‖xi‖ = [�ni

l=1(x(l)i )2℄1/2 ), ¢à¥§ã«ìâ â¥ ®¡à §ã¥âáï á¨âã æ¨ï x = (x1, x2, x3) ∈ R
n; (n =

n1+n2+n3) ; ­  R
n ®¯à¥¤¥«¥­ äã­ªæ¨ï ¢ë¨£àëè  i-£® ¨£à®-ª  fi(x) (i = 1, 2, 3), §­ ç¥­¨¥ ª®â®à®© ¢ ª®­ªà¥â­®© á¨âã æ¨¨

x ∈ R
n ­ §ë¢ ¥âáï ¢ë¨£àëè¥¬ i-£® ¨£à®ª . �  óá®¤¥à� â¥«ì-­®¬ ãà®¢­¥� æ¥«ì ª �¤®£® ¨£à®ª  á®áâ®¨â ¢ á ¬®áâ®ïâ¥«ì­®¬1� ¡®â  ¯®¤¤¥à� ­  £à ­â®¬ ����.65



¢ë¡®à¥ â ª®© á¢®¥© áâà â¥£¨¨, ¯à¨ ª®â®à®© ¥£® ¢ë¨£àëè ¯à¨­¨-¬ ¥â ¢®§¬®�­® ¡®«ìè¥¥ §­ ç¥­¨¥. �¡é¥¯à¨­ïâ®¥ à¥è¥­¨¥ ¡¥á-ª® «¨æ¨®­­®© ¨£àë | á¨âã æ¨ï à ¢­®¢¥á¨ï ¯® �íèã [1℄. �¤­ ª®â ª®¬ã ¯®­ïâ¨î ¯à¨áãé àï¤ ­¥£ â¨¢­ëå á¢®©áâ¢. �à¥¤¨ ­¨å |óã«ãçè ¥¬®áâì� á¨âã æ¨¨ à ¢­®¢¥á¨ï ¯® �íèã: ¨¬¥­­®, ¬®�¥âáãé¥áâ¢®¢ âì ¤àã£ ï á¨âã æ¨ï, ¢ë¨£àëè¨ ¢á¥å ¨£à®ª®¢ ¢ ª®â®à®©¡®«ìè¥ á®®â¢¥âáâ¢ãîé¨å ¢ë¨£àëè¥© ¢ à ¢­®¢¥á­®© ¯® �íèã á¨-âã æ¨¨ (ª« áá¨ç¥áª¨¬ ¯à¨¬¥à®¬ §¤¥áì ï¢«ï¥âáï ¨£à  ó¤¨«¥¬¬ § ª«îç¥­­ëå�). � á¢ï§¨ á íâ¨¬ ¢ [2℄ ¡ë«® ¢¢¥¤¥­® ¤àã£®¥ ¯®­ïâ¨¥à¥è¥­¨ï ¡¥áª® «¨æ¨®­­®© ¨£àë (à ¢­®¢¥á¨¥ ã£à®§ ¨ ª®­âàã£à®§);íâ® à ¢­®¢¥á¨¥ ó­¥ã«ãçè ¥¬®�. � ­­ ï à ¡®â  ¯®á¢ïé¥­  ¢ë-ï¢«¥­¨î ®£à ­¨ç¥­¨© ­  í«¥¬¥­âë ã¯®àï¤®ç¥­­®© âà®©ª¨ (1.1),¯à¨ ª®â®àëå áãé¥áâ¢ã¥â à ¢­®¢¥á¨¥ ã£à®§ ¨ ª®­âàã£à®§.2. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à�¤¥­¨ï�ª «ïà­ ï äã­ªæ¨ï F (x), ®¯à¥¤¥«¥­­ ï ­  R
n, ­ §ë¢ ¥âáï[3, 
. 176℄ á¨«ì­® ¢ë¯ãª«®© (á¨«ì­® ¢®£­ãâ®©) ­  R

n, ¥á«¨
∃� = 
onst > > 0, ¤«ï ª®â®à®©

F
(

αx + (1− α)y)

6 αF (x) + (1− α)F (y) − �α(1− α)‖x − y‖2(á®®â¢¥âáâ¢¥­­®
F

(

αx + (1− α)y)

> αF (x) + (1− α)F (y) + �α(1− α)‖x − y‖2)¯à¨ «î¡ëå x, y ∈ R ¨ α ∈ [0, 1℄.� â ¢ ¥ à � ¤ ¥ ­ ¨ ¥ 2.1. [3, á. 178℄. �«ï ­¥¯à¥àë¢­®¤¨ää¥à¥­æ¨¨àã¥¬®© ­  R
n äã­ªæ¨¨ F (x) ­¥®¡å®¤¨¬ë¬ ¨ ¤®-áâ â®ç­ë¬ ãá«®¢¨¥¬ á¨«ì­®© ¢ë¯ãª«®áâ¨ (á¨«ì­®© ¢®£­ãâ®-áâ¨) ï¢«ï¥âáï áãé¥áâ¢®¢ ­¨¥ � = 
onst > 0 â ª®©, çâ®

F (x)− F (y) >

[

dF (z)
dz

]T

z=y

(x − y) + �‖x − y‖2 (2.1)66



(á®®â¢¥âáâ¢¥­­®
F (x)− F (y) 6

[

dF (z)
dz

]T

z=y

(x − y)− �‖x − y‖2)¯à¨ ¢á¥å x, y ∈ R
n ; §¤¥áì dF (z)

dz | £à ¤¨¥­â äã­ªæ¨¨ F (z),  ¨­¤¥ªá T á¢¥àåã ®§­ ç ¥â ®¯¥à æ¨î âà ­á¯®­¨à®¢ ­¨ï.� â ¢ ¥ à � ¤ ¥ ­ ¨ ¥ 2.2. [3, c.50℄. Ǒãáâì äã­ªæ¨ï F­¥¯à¥àë¢­  ­  R
n ¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {x(k)}∞1 â -ª®©, çâ® limk→∞ ‖x(k)‖ = +∞, ¨¬¥¥â ¬¥áâ®lim

k→∞

F (x(k)) = −∞.�®£¤  áãé¥áâ¢¥ãâ â®çª  ¬ ªá¨¬ã¬  xp äã­ªæ¨¨ F (x) ­  R
n,â® ¥áâì max

x∈Rn
F (x) = F (xp).� á«¥¤ãîé¨å ãâ¢¥à�¤¥­¨ïå ¨á¯®«ì§®¢ ­  áª «ïà­ ï äã­ª-æ¨ï f(x1, x2, x3), ®¯à¥¤¥«¥­­ ï ­  ¬­®�¥áâ¢¥ á¨âã æ¨©(x1, x2, x3) ∈ R

n (ãª § ­­ëå ¢ § 1), ¨ k-¢¥ªâ®à ek á® ¢á¥¬¨ ª®¬-¯®­¥­â ¬¨ à ¢­ë¬¨ ¥¤¨­¨æ¥.� ¥ ¬ ¬   2.1. �á«¨ áª «ïà­ ï äã­ªæ¨ï f(x1, x2, x3) ­¥-¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  R
n ¨ á¨«ì­® ¢ë¯ãª«  ¯®

x2 ∈ R
n2 ¯à¨ ¢á¥å (x1, x3) ∈ R

n1+n3 , â® ¤«ï ª �¤®© á¨âã æ¨¨
x = (x∗1, x∗2, xp3) ∈ R

n ¨ áâà â¥£¨¨ xl1 ∈ R
n1 áãé¥áâ¢ã¥â óá¢®ï�áâà â¥£¨ï

x2(x, xl1) = xa2 = x∗2 + βen2¨ ç¨á«® β∗ > 0 â ª¨¥, çâ® ¯à¨ «î¡ëå β > β∗

f(xl1, xa2, xp3) > f(x∗1, x∗2, xp3).� ® ª   §   â ¥ « ì á â ¢ ®. �¡®§­ ç¨¬
r = f(xl1, x∗2, xp3)− f(x∗1, x∗2, xp3), c = ∂f(xl1, x2, xp3)

∂x2 |x2=x∗2 . (2.2)67



� ãç¥â®¬ ãâ¢¥à�¤¥­¨ï 2.1 ¨ 2.2
f(xl1, xa2, xp3)− f(x∗1, x∗2, xp3) == f(xl1, xa2, xp3)− f(xl1, x∗2, xp3) + f(xl1, x∗2, xp3)− f(x∗1, x∗2, xp3) >

>

[∂f(xl1, x2, xp3)
∂x2 ]

x2=x∗2(xa2 − x∗2) + �‖xa2 − x∗2‖2 + r. (2.3)�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ xa2 = x∗2 + βen2 , £¤¥ ¯®áâ®ï­­ãî β > 0 ®¯à¥-¤¥«¨¬ ­¨�¥,   en2 | n2-¢¥ªâ®à, ¢á¥ ª®¬¯®­¥­âë ª®â®à®£® à ¢­ë¥¤¨­¨æ¥. �®£¤  ¨§ (2.3)
f(xl1, xa2, xp3)− f(x∗1, x∗2, xp3) > βcT en2 +�β2n2 + r.� ª ª ª �n2 > 0, â® ¯à¨ «î¡ëå

β > β∗ = |cT en2 |2�n2 +√

|r|�n2 + (cT en22�n2 )2¡ã¤¥â �n2β2 + cT en2β + r > 0,¨ ¯®íâ®¬ã
f(xl1, xa2, xp3) > f(x∗1, x∗2, xp3)¯à¨ xa2 = x∗2 + βen2 ¨ «î¡ëå β > β∗.�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï� ¥ ¬ ¬   2.2. �á«¨ áª «ïà­ ï äã­ªæ¨ï f(x1, x2, x3) ­¥-¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  R

n ¨ á¨«ì­® ¢®£­ãâ  ¯®
x2 ∈ R

n2 ¯à¨ ¢á¥å (x1, x3) ∈ R
n1+n3 , â® ¤«ï ª �¤®© á¨âã æ¨¨

x = (x∗1, x∗2, xp3) ∈ R
n ¨ áâà â¥£¨¨ xl1 ∈ R

n1 áãé¥áâ¢ã¥â óá¢®ï�áâà â¥£¨ï x2(x, xl1) = xa2 = x∗2 + βen2 ¨ ç¨á«® β∗ > 0 â ª¨¥,çâ® ¯à¨ «î¡ëå β > β∗

f(xl1, xa2, xp3) < f(x∗1, x∗2, xp3).68



3. �®à¬ «¨§ æ¨ï à ¢­®¢¥á¨ïǑãáâì xp = (xp1, xp2, xp3) ∈ R
n | ­¥ª®â®à ï ä¨ªá¨à®¢ ­­ ï á¨âã -æ¨ï ¢ ¨£à¥ (1.1).�ã¤¥¬ áç¨â âì, çâ® ¯¥à¢ë© ¨£à®ª ®¡« ¤ ¥â ã£à®§®© ­  á¨-âã æ¨î xp , ¥á«¨ ã ­¥£® áãé¥áâ¢ã¥â áâà â¥£¨ï xt1 ∈ R

n1 , ¯à¨ª®â®à®©
f1(xt1, xp2, xp3) > f1(xp).� ®â¢¥â ­  ã£à®§ã ¯¥à¢®£® ¢â®à®© ¨£à®ª ®¡« ¤ ¥â ª®­âàã£à®-§®©, ¥á«¨ áãé¥áâ¢ã¥â áâà â¥£¨ï xc2 ∈ R

n2 , ¯à¨ ª®â®à®©
f2(xt1, xc2, xp3) > f2(xt1, xp2, xp3), (3.1)
f1(xt1, xc2, xp3) < f1(xp1, xp2, xp3). (3.2)�­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ã£à®§  ­  á¨âã æ¨î xp «î¡®£® ¨§¨£à®ª®¢ ¨ ®â¢¥â­ ï ª®­âàã£à®§  ®¤­®£® ¨§ ®áâ ¢è¨åáï. �â ª,ã£à®§  ¨£à®ª  ­  xp á¢®¤¨âáï ª ­ «¨ç¨î ã ­¥£® áâà â¥£¨¨, ¯à¨¯à¨¬¥­¥­¨¨ ª®â®à®© ¥£® ¢ë¨£àëè ã¢¥«¨ç¨¢ ¥âáï ¯® áà ¢­¥­¨îá á¨âã æ¨¥© xp,   ®â¢¥â­ ï ª®­âàã£à®§  ¯à¥á«¥¤ã¥â á«¥¤ãîé¨¥æ¥«¨:¢®-¯¥à¢ëå, ó­ ª § ­¨ï� ¢ ¢¨¤¥ (3.2) ã£à®� ¢è¥£® ¨£à®ª .¢®-¢â®àëå, ®áãé¥áâ¢«¥­¨¥ ª®­âàã£à®§ë ¢ á¨«ã ­¥à ¢¥­áâ¢  (3.1).�ç¥¢¨¤­®, çâ® ¥á«¨ ¢ ®â¢¥â ­  «î¡ãî ã£à®§ã «î¡®£® ¨£à®ª ã ®¤­®£® ¨§ ®áâ ¢è¨åáï ¨¬¥¥âáï ª®­âàã£à®§ , â® ®áãé¥áâ¢«¥­¨¥ã£à®§ë â¥àï¥â ª ª®©-«¨¡® á¬ëá«.� ª®­¥æ, á¨âã æ¨î xp ∈ X ­ §ë¢ îâ ¬ ªá¨¬ «ì­®© ¯®Ǒ à¥â® (íää¥ªâ¨¢­®©) ¢ âà¥åªà¨â¥à¨ «ì­®© § ¤ ç¥

〈Rn, {fi(x)}i=1,2,3〉, (3.3)¥á«¨ ¯à¨ «î¡ëå x ∈ R ­¥á®¢¬¥áâ­  á¨áâ¥¬  ­¥à ¢¥­áâ¢
fi(x) > fi(xp) (i = 1, 2, 3),¯à¨ç¥¬ å®âï ¡ë ®¤­® ¨§ íâ¨å ­¥à ¢¥­áâ¢ áâà®£®¥.69



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1. �¨âã æ¨ï xp ∈ X ­ §ë¢ ¥â-áï à ¢­®¢¥á¨¥¬ ã£à®§ ¨ ª®­âàã£à®§ ¢ ¨£à¥ (1.1), ¥á«¨1) xp ¬ ªá¨¬ «ì­  ¯® Ǒ à¥â® ¢ âà¥åªà¨â¥à¨ «ì­®© § ¤ ç¥
〈Rn, {fi(x)}i=1,2,3〉;2) ¢ ®â¢¥â ­  «î¡ãî ã£à®§ã ­  xp «î¡®£® ¨£à®ª  ã å®âï ¡ë®¤­®£® ¨§ ®áâ ¢è¨åáï ¨¬¥¥âáï ª®­âàã£à®§ .�   ¬ ¥ ç   ­ ¨ ¥ 3.1. �­®�¥áâ¢® á¨âã æ¨© à ¢­®¢¥á¨ïã£à®§ ¨ ª®­âàã£à®§ ¢­ãâà¥­­¥ ãáâ®©ç¨¢®, ¨¡®, á®£« á­® ¬ ª-á¨¬ «ì­®áâ¨ ¯® Ǒ à¥â®, ­¥ áãé¥áâ¢ã¥â â ª®£® x ∈ R

n, çâ®¡ë
fi(x) > fi(xp); (i = 1, 2, 3).�   ¬ ¥ ç   ­ ¨ ¥ 3.2. � ¢­®¢¥á¨¥ ã£à®§ ¨ ª®­âàã£à®§ xpãáâ®©ç¨¢® ª ®âª«®­¥­¨î ®â ­¥£® ®â¤¥«ì­®£® ¨£à®ª , ¨¡®â ª®¥ ®âª«®­¥­¨¥ «¨¡® ­¥ ¯à¨¢¥¤¥â ª óã«ãçè¥­¨î� ¥£® ¢ë¨£àë-è  (¯® áà ¢­¥­¨î á xp ), «¨¡® ¡ã¤¥â ó­ ª § ­®� ª®­âàã£à®§®©®¤­®£® ¨§ ®áâ ¢è¨åáï ¨£à®ª®¢ (¢ à¥§ã«ìâ â¥ ç¥£® ¥£® ¢ë¨£àëèã¬¥­ìè¨âáï).4. �ãé¥áâ¢®¢ ­¨¥� ¥ ® à ¥ ¬   4.1. Ǒãáâì ¢ ¨£à¥ (1.1)1) äã­ªæ¨¨ ¢ë¨£àëè  fi(x) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë­  R

n ;2) áãé¥áâ¢ãîâ ¯®áâ®ï­­ë¥ αi > 0 (i = 1, 2, 3) â ª¨¥, çâ®¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ á¨âã æ¨© {x(k)}∞1 ,lim
k→∞

‖x(k)‖ = +∞,¨¬¥¥â ¬¥áâ® lim
k→∞

3
∑

i=1 αifi(x(k)) = −∞;3) a) äã­ªæ¨ï f1(x1, x2, x3) á¨«ì­® ¢ë¯ãª«  ¯® x1 ¨ á¨«ì­®¢®£­ãâ  ¯® x2, 70



äã­ªæ¨ï f2(x1, x2, x3) á¨«ì­® ¢ë¯ãª«  ¯® x2 ¨ á¨«ì­® ¢®£­ãâ ¯® x3,äã­ªæ¨ï f3(x1, x2, x3) á¨«ì­® ¢ë¯ãª«  ¯® x3 ¨ á¨«ì­® ¢®£­ãâ ¯® x1 ¨«¨
b) äã­ªæ¨ï f1(x1, x2, x3) á¨«ì­® ¢ë¯ãª«  ¯® x1 ¨ á¨«ì­® ¢®-£­ãâ  ¯® x3,äã­ªæ¨ï f2(x1, x2, x3) á¨«ì­® ¢ë¯ãª«  ¯® x2 ¨ á¨«ì­® ¢®£­ãâ ¯® x1,äã­ªæ¨ï f3(x1, x2, x3) á¨«ì­® ¢ë¯ãª«  ¯® x3 ¨ á¨«ì­® ¢®£­ãâ ¯® x2.�®£¤  ¢ ¨£à¥ (1.1) áãé¥áâ¢ã¥â à ¢­®¢¥á¨¥ ã£à®§ ¨ ª®­âà-ã£à®§.� ® ª   §   â ¥ « ì á â ¢ ®. � §®¡ì¥¬ ¥£® ­  ¤¢  íâ ¯ .�  ¯¥à¢®¬ ãáâ ­®¢¨¬ áãé¥áâ¢®¢ ­¨¥ ¬ ªá¨¬ «ì­®© ¯® Ǒ à¥â®á¨âã æ¨¨ xp ∈ R

n ¢ § ¤ ç¥ (3.3), ­  ¢â®à®¬ ¤®ª �¥¬, çâ® ¢ ®â-¢¥â ­  «î¡ãî ã£à®§ã ­  «î¡®£® ¨£à®ª  ã ®¤­®£® ¨§ ®áâ ¢è¨åáï¨¬¥¥âáï ª®­âàã£à®§ .1-© íâ ¯. �®á¯®«ì§ã¥¬áï ãâ¢¥à�¤¥­¨¥¬, ãáâ ­®¢«¥­­ë¬ ¢ à -¡®â¥ [4, á. 73℄.�á«¨ ¤«ï § ¤ ç¨ (3.3) áãé¥áâ¢ãîâ αi > 0; (i = 1, 2, 3) ¨á¨âã æ¨ï xp ∈ R
n â ª¨¥, çâ®max

x∈Rn

3
∑

i=1 αifi(x) = 3
∑

i=1 αifi(xp),â® á¨âã æ¨ï xp ¡ã¤¥â ¬ ªá¨¬ «ì­®© ¯® Ǒ à¥â®. �ãé¥áâ¢®¢ ­¨¥â ª®£® xp ∈ R
n á«¥¤ã¥â â®£¤  ¨§ âà¥¡®¢ ­¨ï 2 â¥®à¥¬ë 4.1 ¨ãâ¢¥à�¤¥­¨ï 2.2.2-© íâ ¯. �¤¥áì ¯®ª �¥¬, çâ® ¨§ á¨«ì­®© ¢®£­ãâ®áâ¨

f1(x1, x2, x3) ¨ á¨«ì­®© ¢ë¯ãª«®áâ¨ f2(x1, x2, x3) ¯® x2 ∈ R
n2¯à¨ ª �¤ëå (x1, x3) ∈ ∈ R

n1+n3 á«¥¤ã¥â: ¢ ®â¢¥â ­  «î¡ãîã£à®§ã xt1 ¯¥à¢®£® ¨£à®ª  ­  á¨âã æ¨î xp (¨§ ¯¥à¢®£® íâ ¯ ) ã¢â®à®£® ¨¬¥¥âáï ª®­âàã£à®§ , â® ¥áâì áãé¥áâ¢ã¥â áâà â¥£¨ï xc2 ∈
R

n2 , ¤«ï ª®â®à®© ¢ë¯®«­ïîâáï áâà®£¨¥ ­¥à ¢¥­áâ¢  (3.1) ¨ (3.2).71



� á ¬®¬ ¤¥«¥, ¨§ á¨«ì­®© ¢®£­ãâ®áâ¨ f1(x1, x2, x3) ¯® x2 ¨«¥¬¬ë 2.2 ¯®«ãç ¥¬: áãé¥áâ¢ãîâ áâà â¥£¨ï x
(1)2 = x

p2 + βen2 ¨ç¨á«® β1 > 0 â ª¨¥, çâ®
f1(xt1, x(1)2 , x

p3) < f1(xp) (4.1)¯à¨ ¢á¥å β > β1.�§ á¨«ì­®© ¢ë¯ãª«®áâ¨ f2(x1, x2, x3) ¯® x2 ¨ «¥¬¬ë 2.1 áã-é¥áâ¢ã¥â áâà â¥£¨ï x
(2)2 = x

p2 + βen2 ¨ ç¨á«® β2 > 0 â ª¨¥, çâ®
f2(xt1, xp2, xp3) < f2(xt1, x(2)2 , x

p3) ∀β > β2. (4.2)�®§ì¬¥¬ ç¨á«® β∗ = maxj=1,2 βj . �®£¤  ¨§ (4.1), (4.2) ¯®«ãç ¥¬,çâ® ¤«ï áâà â¥£¨¨ xc2 = x
p2 + βen2 ¯à¨ ¢á¥å β > β∗ ¨¬¥îâ ¬¥áâ®­¥à ¢¥­áâ¢  (3.1) ¨ (3.2). �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¨§ á¨«ì-­®© ¢®£­ãâ®áâ¨ f2(x1, x2, x3) ¨ á¨«ì­®© ¢ë¯ãª«®áâ¨ f3(x1, x2, x3)¯® x3 ∈ R

n3 ¯à¨ ª �¤ëå (x1, x2) ∈ ∈ R
n1+n2 á«¥¤ã¥â: ­  «î¡ãîã£à®§ã ¢â®à®£® ¨£à®ª  xt2 ­  á¨âã æ¨î xp ã âà¥âì¥£® ¨¬¥¥âáïª®­âàã£à®§  xc3, â® ¥áâì ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

f3(xp1, xt2, xc3) > f3(xp1, xt2, xp3),
f2(xp1, xt2, xc3) < f2(xp1, xp2, xp3).� ª®­¥æ, ¨§ á¨«ì­®© ¢®£­ãâ®áâ¨ f3(x1, x2, x3) ¨ á¨«ì­®© ¢ë¯ã-ª«®áâ¨ f1(x1, x2, x3) ¯® x1 ∈ R

n1 ¯à¨ ª �¤ëå (x2, x3) ∈ R
n2+n3á«¥¤ã¥â: ­  «î¡ãî ã£à®§ã âà¥âì¥£® ¨£à®ª  xt3 ­  á¨âã æ¨î xp ã¯¥à¢®£® ¨¬¥¥âáï ª®­âàã£à®§  xc1.�­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç¥­ë ®£à ­¨ç¥­¨ï b ¢ ä®à¬ã«¨-à®¢ª¥ â¥®à¥¬ë. �¤¥áì «¨èì ¢ ®â¢¥â ­  ã£à®§ã ¯¥à¢®£® ¨£à®ª óª®­âàã£à®� ¥â� âà¥â¨©, ¢ ®â¢¥â ­  ã£à®§ã âà¥âì¥£® óª®­âàã£à®-� ¥â� ¢â®à®© ¨ ¢ ®â¢¥â ­  ã£à®§ã ¢â®à®£® óª®­âàã£à®� ¥â� ¯¥à-¢ë©.�   ¬ ¥ ç   ­ ¨ ¥ 4.1. �¥®à¥¬  ®ç¥¢¨¤­ë¬ ®¡à §®¬ à á-¯à®áâà ­ï¥âáï ­  ¡¥áª® «¨æ¨®­­ë¥ ¨£àë ç¥âëà¥å ¨ ¡®«¥¥ «¨æ.72



�   ¬ ¥ ç   ­ ¨ ¥ 4.2. �à¥¡®¢ ­¨¥ 2 â¥®à¥¬ë ¢ë¯®«­¥­®,¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ αi > 0; (i = 1, 2, 3), çâ® äã­ªæ¨ï3
∑

i=1αifi(x(k)) ¡ã¤¥â á¨«ì­® ¢®£­ãâ .�   ¬ ¥ ç   ­ ¨ ¥ 4.3. �¥®à¥¬  à á¯à®áâà ­ï¥âáï ­  ¡¥á-ª® «¨æ¨®­­ãî ¨£àã âà¥å «¨æ ¯à¨ ­¥®¯à¥¤¥«¥­­®áâ¨
〈

{1, 2, 3}, {Rni}i=1,2,3, Rm, {fi(x, y)}i=1,2,3〉, (4.3)£¤¥, ¢ ®â«¨ç¨¥ ®â (1.1), ãç¨âë¢ ¥âáï ¤¥©áâ¢¨¥ ­¥®¯à¥¤¥«¥­­®áâ¥©
y ∈ R

m. Ǒà¨ ä®à¬ «¨§ æ¨¨ £ à ­â¨à®¢ ­­®£® à ¢­®¢¥á¨ï ã£à®§¨ ª®­âàã£à®§ §¤¥áì ¬®�­® á«¥¤®¢ âì ó ­ «®£ã ¢¥ªâ®à­®© á¥¤«®-¢®© â®çª¨�, ¯à¥¤«®�¥­­®¬ã ¢ à ¡®â¥ [5℄.5. �¨­¥©­®-ª¢ ¤à â¨ç­ë© ¢ à¨ ­â ¨£àë�¤¥áì ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨£àã (1.1), £¤¥ äã­ªæ¨¨ ¢ë¨£àëè  fi(i = 1, 2, 3) «¨­¥©­®-ª¢ ¤à â¨ç­ë ¯® ª®¬¯®­¥­â ¬ ¢¥ªâ®à  x,  ¨¬¥­­® ¨¬¥îâ ¢¨¤
fi(x1, x2, x3) = 3

∑

j,k=1xT
j A

(i)
jk xk + 2 3

∑

j=1[a(i)j ℄T xj + bi, (5.1)(i = 1, 2, 3), £¤¥ xi ∈ R
ni (i = 1, 2, 3),  ¯à¨®à¨ § ¤ ­ë ¯®áâ®ï­­ë¥

nj × nk-¬ âà¨æë A
(i)
jk , ¯®áâ®ï­­ë¥ nj -¢¥ªâ®àë a

(i)
j ¨ ç¨á«  bi ;¡ã¤¥¬ â ª�¥ áç¨â âì, çâ® ¬ âà¨æë A

(i)
kk á¨¬¬¥âà¨ç­ë ¯à¨ ¢á¥å

i, k ∈ {1, 2, 3}.� «¥¥, A > 0 (<) ®§­ ç ¥â, çâ® ª¢ ¤à â¨ç­ ï ä®à¬  zT Az®¯à¥¤¥«¥­­® ¯®«®�¨â¥«ì­  (®âà¨æ â¥«ì­ ); ­ ¯®¬­¨¬, çâ® ¨­-¤¥ªá T á¢¥àåã ®§­ ç ¥â ®¯¥à æ¨î âà ­á¯®­¨à®¢ ­¨ï.
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� ¥ ¬ ¬   5.1. [3, á. 179℄. �«ï â®£® çâ®¡ë ¤¢ �¤ë ­¥¯à¥-àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï f(x1, x2, x3) ¡ë« á¨«ì­® ¢ë¯ãª«®© (á¨«ì­® ¢®£­ãâ®©) ¯® xi ­  R
ni , ­¥®¡å®¤¨¬® ¨¤®áâ â®ç­®, çâ®¡ë £¥áá¨ ­

∂2f(x1, x2, x3)
∂x2i > 0(á®®â¢¥âáâ¢¥­­® < 0 ) ¯à¨ ¢á¥å x ∈ R

n.� ¥ ¬ ¬   5.2. [6, á. 15℄. �«ï äã­ªæ¨¨ fi(x1, x2, x3)¨§ (5.1) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
∂2fi(x1, x2, x3)

∂x2j = 2A(i)
jj (i, j = 1, 2, 3).� ¥ ¬ ¬   5.3. [6, á. 15℄. �á«¨ λ

(i)
jj | ­ ¨¡®«ìè¨© ª®à¥­ìå à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï det[A(i)

jj −λEnj
℄ = 0, â® ¤«ï «î-¡ëå xj ∈ R

nj

xT
j A

(i)
jj xj 6 λ

(i)
jj xT

j xj = λ
(i)
jj ‖xj‖

2 (i, j = 1, 2, 3);§¤¥áì Enj
¥¤¨­¨ç­ ï nj × nj-¬ âà¨æ .�§ â¥®à¥¬ë 4.1 á ãç¥â®¬ «¥¬¬ 5.1{5.3 ¯®«ãç ¥¬ á«¥¤ãî-é¨¥ ª®ííä¨æ¨¥­â­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à ¢­®¢¥á¨ï ã£à®§¨ ª®­âàã£à®§ ¨£àë (1.1), (5.1).� â ¢ ¥ à � ¤ ¥ ­ ¨ ¥ 5.1. Ǒãáâì ¢ ¨£à¥ (1.1), (5.1)1) áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ αi; (i = 1, 2, 3)â ª¨¥, çâ®

α1λ(1)jj + α2λ(2)jj + α3λ(3)jj < 0 (i = 1, 2, 3); (5.2)
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2) a)
A
(1)11 > 0, A

(1)22 < 0,
A
(2)22 > 0, A

(2)33 < 0,
A
(3)11 < 0, A

(3)33 > 0 (5.3)¨«¨
b)

A
(1)11 > 0, A

(1)33 < 0,
A
(2)11 < 0, A

(2)22 > 0,
A
(3)22 < 0, A

(3)33 > 0. (5.4)�®£¤  ¢ ¨£à¥ (1.1), (5.1) áãé¥áâ¢ã¥â à ¢­®¢¥á¨¥ ã£à®§ ¨ ª®­âà-ã£à®§.� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã «¥¬¬ë 5.3 ¨ ®£à ­¨-ç¥­¨ï (5.2), á¯à ¢¥¤«¨¢  æ¥¯®çª  ­¥à ¢¥­áâ¢
xT

j ( 3
∑

i=1 A
(i)
jj )xj 6

3
∑

i=1 αiλ
(i)
jj xT

j xj < 0 (j = 1, 2, 3)¯à¨ «î¡ëå xj 6= 0nj
( 0k | ­ã«¥¢®© k-¢¥ªâ®à). �®£¤  «¨­¥©­ ïá¢¥àâª  äã­ªæ¨© fi(x) ¨§ (5.1) á ¯®«®�¨â¥«ì­ë¬¨ ¢¥á ¬¨ αi(i = 1, 2, 3) 3

∑

i=1 αifi(x1, x2, x3)¡ã¤¥â á¨«ì­® ¢®£­ãâ®© ¯® x («¥¬¬  5.1). �âáî¤  á«¥¤ã¥â ¢ë-¯®«­¥­¨¥ âà¥¡®¢ ­¨ï 2 â¥®à¥¬ë 4.1. � ª®­¥æ, ¨§ «¥¬¬ 5.1 ¨ 5.2¯®«ãç ¥¬, çâ® á®£« á­® (5.3) ¨ (5.4) ¨¬¥îâ ¬¥áâ® á®®â¢¥âáâ¢¥­­®ãá«®¢¨ï a ¨ b ¨§ â¥®à¥¬ë 4.1. 75
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