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1. Ǒ®áâ ­®¢ª  § ¤ ç¨� ¯à®áâà ­áâ¢¥ Rk à áá¬ âà¨¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ ï ¨£à � n + 1 «¨æ: n ¯à¥á«¥¤®¢ â¥«¥© P1, . . . , Pn ¨ ã¡¥£ îé¨© E .�¢¨�¥­¨¥ ª �¤®£® ¨§ ¯à¥á«¥¤®¢ â¥«¥© Pi ®¯¨áë¢ ¥âáï ãà ¢-­¥­¨¥¬
×(l)

i + al−1x(l−1)i + · · ·+ a2�xi + a1 _xi + a0xi = ui, ‖ui‖ 6 1. (1.1)� ª®­ ¤¢¨�¥­¨ï ã¡¥£ îé¥£® E ¨¬¥¥â ¢¨¤
y(l) + al−1y(l−1) + · · · + a2�y + a1 _y + a0y = v, ‖v‖ 6 1. (1.2)�¤¥áì xi, y, ui, v ∈ Rk , a0, . . . , al−1 ∈ R1 . Ǒà¨ t = 0 § ¤ ­ë ­ -ç «ì­ë¥ ¯®§¨æ¨¨ ¯à¥á«¥¤®¢ â¥«¥©

xi(0) = x0i , _xi(0) = x1i , . . . , x(l−1)i (0) = xl−1
i¨ ã¡¥£ îé¥£®

y(0) = y0, _y(0) = y1, . . . , y(l−1)(0) = yl−1,¯à¨çñ¬ x0i 6= y0 ¤«ï ¢á¥å i.Ǒãáâì z0i = x0i − y0, z1i = x1i − y1, . . . , zl−1
i = xl−1

i − yl−1.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1. �ã¤¥¬ £®¢®à¨âì, çâ® ¢ ¨£à¥ �¯à®¨áå®¤¨â ¯®¨¬ª , ¥á«¨ áãé¥áâ¢ãîâ T > 0, äã­ªæ¨¨ ui(t) =
ui(t, z0i , . . . , zl−1

i , vt(·)) â ª¨¥, çâ® ‖ui(t)‖ 6 1, ¨ ¤«ï «î¡®© ¨§-¬¥à¨¬®© äã­ªæ¨¨ v ( ‖v(t)‖ 6 1 ¤«ï ¢á¥å t ) ­ ©¤ãâáï ¬®¬¥­â
τ ∈ [0, T ℄ ¨ ­®¬¥à q â ª¨¥, çâ®

xq(τ) = y(τ).�¤¥áì vt(·) = {v(s), s ∈ [0, t℄} .
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2. �¥è¥­¨¥ § ¤ ç¨� á¨áâ¥¬ å (1.1), (1.2) á¤¥« ¥¬ § ¬¥­ã zi = xi − y.Ǒ®«ãç¨¬ á¨áâ¥¬ã
z
(l)
i + al−1z(l−1)i + · · ·+ a2�zi + a1 _zi + a0zi = ui − v. (2.1)

zi(0) = z0i0, . . . , z(l−1)i (0) = z0il−1.�¡®§­ ç¨¬ ç¥à¥§ ϕq(t), q = 0, 1, . . . , l − 1 à¥è¥­¨ï ãà ¢­¥­¨ï
w(l) + a1w(l−1) + · · ·+ alw = 0á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

w(0) = 0, . . . , w(q−1)(0) = 0, w(q)(0) = 1,
w(q+1)(0) = 0, . . . , w(l−1)(0) = 0.Ǒ à ¥ ¤ ¯ ® « ® � ¥ ­ ¨ ¥ 2.1. �à ¢­¥­¨¥

λl + a1λl−1 + · · · + al = 0¨¬¥¥â ª®à¥­ì á ¯®«®�¨â¥«ì­®© ¢¥é¥áâ¢¥­­®© ç áâìî.Ǒ à ¥ ¤ ¯ ® « ® � ¥ ­ ¨ ¥ 2.2. �«ï ¢á¥å t > 0 á¯à ¢¥¤-«¨¢® ­¥à ¢¥­áâ¢® ϕl−1(t) > 0.�§ ¯à¥¤¯®«®�¥­¨ï 2.2 á«¥¤ã¥â, çâ® áà¥¤¨ ª®à­¥© á ¬ ªá¨¬ «ì-­®© ¢¥é¥áâ¢¥­­®© ç áâìî áãé¥áâ¢ã¥â ¢¥é¥áâ¢¥­­ë© ª®à¥­ì, ª®-â®àë© ¡ã¤¥¬ ®¡®§­ ç âì λs,   ¥£® ªà â­®áâì ks.Ǒãáâì γ = ks − 1, D1(0) = {z|‖z‖ 6 1}. �¯à¥¤¥«¨¬ äã­ªæ¨î
λ : D1(0) → R1 ¢¨¤ 

λ(ξ, v) = sup{λ|λ > 0,−λξ ∈ D1(0)− v},£¤¥ ξ ä¨ªá¨à®¢ ­­ë© ­¥­ã«¥¢®© ¢¥ªâ®à Rk. Ǒãáâì ¤ «¥¥
ẑi(t) = ϕ0(t)z0i0 + ϕ1(t)z0i1 + · · ·+ ϕl−1(t)z0il−1,

ξi(t) = e−λstẑi(t)/(t + 1)γ .5



� ¥ ¬ ¬   2.1. �ãé¥áâ¢ã¥â a > 0 â ª®¥, çâ®
t
∫0 ϕl−1(t − τ)e−λst(t + 1)γ dτ → a > 0¯à¨ t → ∞.�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à®¢®¤¨âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ¨­â¥-£à¨à®¢ ­¨¥¬.� ¥ ¬ ¬   2.2. Ǒãáâì ¢¥ªâ®à-äã­ªæ¨¨ ηi : [0,∞) → Rk,

i = 1, . . . , n â ª®¢ë, çâ® ηi(t) 6= 0 ¤«ï ¢á¥å t > 0, i ¨
δ = inf

t
min
‖v‖61maxi

λ(ηi(t), v) >
n

a
.�®£¤  áãé¥áâ¢ã¥â ¬®¬¥­â T0 â ª®©, çâ® ¤«ï «î¡®© ¨§¬¥à¨¬®©äã­ªæ¨¨ v : [0,∞) → D1(0) ­ ©¤¥âáï ­®¬¥à j, çâ® hj(T0) 6 0.�¤¥áì

hi(t) = 1− e−λst

t
∫0 ϕl−1(t − τ)(t+ 1)γ λ(ηi(t), v(τ))dτ.� ® ª   §   â ¥ « ì á â ¢ ®. �ã­ªæ¨¨ hi ­¥¯à¥àë¢­ë,

hi(0) = 1¨
n
∑

i=1 hi(t) = n −
n
∑

i=1 e−λst

t
∫0 ϕl−1(t − τ)(t + 1)γ λ(ηi(t), v(τ))dτ == n −

t
∫0 e−λst ϕl−1(t − τ)(t+ 1)γ n

∑

i=1 λ(ηi(t), v(τ))dτ 6

6 n − δ

t
∫0 e−λst ϕl−1(t − τ)(t+ 1)γ dτ,6



â ª ª ª n
∑

i=1 λ(ηi(t), v(τ)) > max
i

λ(ηi(t), v(τ)) > δ > 0 ¤«ï ¢á¥å
v, τ.Ǒà¨ t → ∞

t
∫0 e−λst ϕl−1(t − τ)(t+ 1)γ dτ → a.�«¥¤®¢ â¥«ì­®,

n − δ

t
∫0 e−λst ϕl−1(t − τ)(t+ 1)γ dτ → n − δa < 0¢ á¨«ã ãá«®¢¨ï. Ǒ®íâ®¬ã áãé¥áâ¢ã¥â T0 â ª®©, çâ® hj(T0) 6 0¯à¨ ­¥ª®â®à®¬ j. �¥¬¬  ¤®ª § ­ .Ǒãáâì ¤ «¥¥

T0 = min


t > 0 : inf
vt(·)maxi

t
∫0 ϕl−1(t − τ)(t+ 1)γ λi(ξi(t), v(τ))dτ > 1



.� á¨«ã «¥¬¬ë 2 T0 < ∞.� ¥ ® à ¥ ¬   2.1. Ǒãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®�¥­¨ï2.1, 2.2 ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®inf
t

min
‖v‖61maxi

λ(ξi(t), v) >
n

a
.�®£¤  ¢ ¨£à¥ � ¯à®¨áå®¤¨â ¯®¨¬ª .� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì v(t), t ∈ [0, T0℄ { ¯à®¨§-¢®«ì­®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ ã¡¥£ îé¥£® E, t1 { ­ ¨¬¥­ìè¨©¯®«®�¨â¥«ì­ë© ª®à¥­ì äã­ªæ¨¨ h ¢¨¤ 

h(t) = 1−max
i

t
∫0 ϕl−1(T0 − τ)(T0 + 1)γ λi(ξi(T0), v(τ))dτ.7



� ¤ ¤¨¬ ã¯à ¢«¥­¨¥ ¯à¥á«¥¤®¢ â¥«¥© Pi á«¥¤ãîé¨¬ ®¡à -§®¬:
ui(t) = v(t)− λi(ξi(T0), v(t))ξi(T0), t ∈ [0, T0℄.�ç¨â ¥¬, çâ® λi(ξi(T0), v(t)) = 0 ¯à¨ t ∈ [t1, T0℄. Ǒ®¤áâ ¢«ïï

ui ¢ á¨áâ¥¬ã (2.1), ¯®«ãç¨¬
e−λsT0zi(T0)(T0 + 1)γ = ξi(T0)− T0

∫0 ϕl−1(T0 − τ)(T0 + 1)γ λi(ξi(T0), v(τ))ξi(T0)dτ == ξi(T0)1− T0
∫0 ϕl−1(T0 − τ)(T0 + 1)γ λi(ξi(T0), v(τ))dτ



 == ξi(T0)1− t1
∫0 ϕl−1(T0 − τ)(T0 + 1)γ λi(ξi(T0), v(τ))dτ



 .�§ «¥¬¬ë 2 á«¥¤ã¥â, çâ® zi(T0) = 0 ¯à¨ ­¥ª®â®à®¬ i. �¥®à¥¬ ¤®ª § ­ .Ǒ à ¨ ¬ ¥ à 2.1. Ǒãáâì k = 2, n = 3, á¨áâ¥¬  (2.1) ¨¬¥¥â¢¨¤ (b > 0)
z
(3)
i − b�zi = 0.�®£¤  ϕ0(t) = 1, ϕ1(t) = t, ϕ2(t) = ebt−bt−1

b2 , λs = b, ks = 1.
ξi(t) = e−bt

(

ϕ0(t)z0i0 + ϕ1(t)z0i1 + ϕ2(t)z0i2) == z0i2
b2 + te−bt

(

z0i1 − z0i2
b

)

− e−bt

(

z0i0 − z0i2
b2 ) .

a = lim
t→∞

∫ t0 ϕ2(t − τ)e−btdτ = 1
b3.8



� â ¢ ¥ à � ¤ ¥ ­ ¨ ¥ 2.1. Ǒãáâì b = (0, 13) ,

z012 = (0, 1), z022 = (√32 ,−12) , z032 = (−√32 ,−12) ,

z0i1 = z0i2
b

, z0i0 = z0i2
b2 .�®£¤  ¢ ¨£à¥ � ¯à®¨áå®¤¨â ¯®¨¬ª .� ® ª   §   â ¥ « ì á â ¢ ®. � ­ è¥¬ á«ãç ¥ ξi(t) = z02i

b2 ,

δ = inf
i
min

v
max

i
λ(ξi(t), v) = b2,¨ ¯®íâ®¬ã ¢ë¯®«­¥­® ãá«®¢¨¥ â¥®à¥¬ë δ > n

a
.� â ¢ ¥ à � ¤ ¥ ­ ¨ ¥ 2.2. Ǒãáâì b > 1,

z012 = (0, 1), z022 = (√32 ,−12) , z032 = (−√32 ,−12) ,

z0i1 = z0i2
b

, z0i0 = z0i2
b2 .�®£¤  ¢ ¨£à¥ � ¯à®¨áå®¤¨â ãª«®­¥­¨¥ ®â ¢áâà¥ç¨.� ® ª   §   â ¥ « ì á â ¢ ®. � ¤ ¤¨¬ ã¯à ¢«¥­¨¥ ã¡¥£ î-é¥£® á«¥¤ãîé¨¬ ®¡à §®¬: v(t) = 0, t ∈ [0,∞). �®£¤ 

b2e−btz2(t) = z0i2 + e−bt

t
∫0 ϕ2(t − τ)ui(τ)dτ.Ǒ®íâ®¬ã

‖b2e−btzi(t)‖ > ‖z0i2‖ − b2e−bt

t
∫0 ϕ2(t − τ)dτ == 1− b2e−bt

t
∫0 ϕ2(t − τ)dτ. (2.2)9



Ǒãáâì
f(t) = b2e−bt

t
∫0 ϕ2(t − τ)dτ == b2e−bt

t
∫0 (eb(t−τ) − b(t − τ)− 1

b2 )

dτ == 1− e−bt

b
− bt2e−bt2 − te−bt.

f(0) = 0, lim
t→∞

f(t) = 1
b
, f ′(t) = b2t2e−bt2 > 0¤«ï ¢á¥å t > 0. �«¥¤®¢ â¥«ì­® f { ¬®­®â®­­® ¢®§à áâ îé ïäã­ªæ¨ï. �âáî¤  0 6 f(t) < 1

b
< 1 (â.ª. b > 1 ) ¤«ï ¢á¥å t > 0.�§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ (2.2) á«¥¤ã¥â, çâ®

‖b2e−btzi(t)‖ > 0 ¤«ï ¢á¥å t > 0 ¨ ¢á¥å i = 1, 2, 3. �­ ç¨â
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