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t. The 
on
ept of regular di�erentiable fun
tion are de�ned. Anypie
ewise smooth fun
tion are regular di�erentiable fun
tion. At the timea modulus of any 
ontinuously di�erentiable fun
tion are regular di�er-entiable fun
tion. Any regular di�erentiable fun
tion are Lips
hitzian.The spa
e of regular di�erentiable fun
tions are the 
losure of the spa
eof pie
ewise linear fun
tions with respe
t to Lips
hitz norm (or H�oldernorm). Any regular di�erentiable fun
tion have one-sided derivatives: theleft-side derivative are 
ontinuous from the left and the right-side deriva-tive are 
ontinuous from the right. The 
on
ept of regular derivative aregenerated by one-sided derivatives. Statements about regular derivativesof arithmeti
 operations, superposition and total variation of regular dif-ferentiable fun
tions are proved.1. �¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨, § ¤ ­-­ë¥ ­  ®âà¥§ª¥�  ¯à®âï�¥­¨¨ ¢á¥© à ¡®âë ¡ã¤¥¬ ¯à¨¬¥­ïâì á«¥¤ãîé¨¥ ®¡®-§­ ç¥­¨ï. �á«¨ I { íâ® ®âà¥§®ª, ¨­â¥à¢ « ¨«¨ ¯®«ã¨­â¥à¢ «,â® ç¥à¥§ I2∗ ¡ã¤¥¬ ®¡®§­ ç âì ¬­®�¥áâ¢® {(τ, s) ∈ I2 : τ 6= s} ,¯à¥¤áâ ¢«ïîé¥¥ á®¡®© ª¢ ¤à â ¡¥§ ó£« ¢­®©� ¤¨ £®­ «¨. �áï-ª ï äã­ªæ¨ï x : [a, b℄ → R ¯®à®�¤ ¥â äã­ªæ¨î ¤¢ãå ¯¥à¥-¬¥­­ëå X(τ, s) _= x(s)−x(τ)
s−τ

, ®¯à¥¤¥«¥­­ãî ­  ¬­®�¥áâ¢¥ [a, b℄2∗ .� ª ª ª X(τ, s) = X(s, τ) , â® ¨­®£¤  ¬ë ¡ã¤¥¬ à ¡®â âì á3



äã­ªæ¨¥© X(τ, s) , ®¯à¥¤¥«¥­­®© «¨èì ­  á¢ï§­®¬ ¬­®�¥áâ¢¥� _= {(τ, s) : a 6 τ < s 6 b} .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1. �ã­ªæ¨î x : [a, b℄ → R ¡ã¤¥¬­ §ë¢ âì à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬®© (¨«¨ à¥£ã«ïà­® £« ¤ª®©),¥á«¨ ¤«ï «î¡®£® t ∈ (a, b℄ áãé¥áâ¢ã¥â ª®­¥ç­ë© ¤¢®©­®© ¯à¥¤¥«lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) X(τ, s) (1.1)¨ ¤«ï «î¡®£® t ∈ [a, b) áãé¥áâ¢ã¥â ª®­¥ç­ë© ¤¢®©­®© ¯à¥¤¥«lim(τ,s)∈[t,b)2∗(τ,s)→(t,t) X(τ, s). (1.2)� ¬¥â¨¬, çâ® ¯à¥¤¥«ë (1.1) ¨ (1.2) { íâ® ¯à¥¤¥«ë ¯® ¬­®�¥-áâ¢ ¬ (a, t℄2∗ ¨ [t, b)2∗ á®®â¢¥âáâ¢¥­­®,   â®çª  (t, t) { â®çª  ¯à¨-ª®á­®¢¥­¨ï íâ¨å ¬­®�¥áâ¢.�¨­¥©­®¥ ¯à®áâà ­áâ¢® à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ª-æ¨©, § ¤ ­­ëå ­  [a, b℄ , ®¡®§­ ç¨¬ ç¥à¥§ RD[a, b℄ . �«¥¤ãîé¨¥¨¬¯«¨ª æ¨¨ ®ç¥¢¨¤­ë:
x ∈ RD[a, b℄ =⇒ x

∣

∣[α,β℄∈ RD[α, β℄ ∀[α, β℄ ⊆ [a, b℄,
x
∣

∣[a,c℄∈ RD[a, c℄, x
∣

∣[c,b℄∈ RD[c, b℄ =⇒ x
∣

∣[a,b℄∈ RD[a, b℄.Ǒ à ¨ ¬ ¥ à 1.1. �áïª ï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ïäã­ªæ¨ï x : [a, b℄ → R ï¢«ï¥âáï à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬®©,â.¥. C(1)[a, b℄ ⊂ RD[a, b℄ . �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ¤¨ää¥à¥­æ¨àã¥-¬®áâ¨ x ¤«ï ¢á¥å t ∈ (a, b℄ ¨ (τ, s) ∈ (a, t℄2∗, (τ, s) → (t, t) áãé¥-áâ¢ã¥â â®çª  ξ , «¥� é ï ¬¥�¤ã τ ¨ s (¯®íâ®¬ã ξ → t ), çâ®lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) X(τ, s) = lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) x(s)−x(τ)
s−τ

= lim
ξ∈(a,t℄

ξ→t

x′(ξ) = x′(t).Ǒ®á«¥¤­¥¥ à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ x′ . �ã-é¥áâ¢®¢ ­¨¥ ¯à¥¤¥«  (1.2) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.4



Ǒ à ¨ ¬ ¥ à 1.2. � ¯®¬­¨¬, çâ® äã­ªæ¨ï x : [a, b℄ → R­ §ë¢ ¥âáï ªãá®ç­® £« ¤ª®©, ¥á«¨ áãé¥áâ¢ã¥â ª®­¥ç­®¥ à §¡¨¥-­¨¥ a = τ0 < τ1 < . . . < τn = b â ª®¥, çâ® ¤«ï ¢á¥å k = 1, . . . , náã�¥­¨¥ äã­ªæ¨¨ x ­  ®âà¥§®ª [τk−1, τk℄ ¥áâì ­¥¯à¥àë¢­® ¤¨ä-ä¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï. Ǒ®áª®«ìªã C(1)[τk−1, τk℄ ⊂ RD[τk−1, τk℄¤«ï ¢á¥å k , â® ¢áïª ï ªãá®ç­® £« ¤ª ï äã­ªæ¨ï ï¢«ï¥âáï à¥£ã-«ïà­® ¤¨ää¥à¥­æ¨àã¥¬®©, â.¥. KC(1)[a, b℄ ⊂ RD[a, b℄ . � ª, ªãá®ç-­® £« ¤ª ï ­¥¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï x = |t|, t ∈ [−1, 1℄ ,¯à¨­ ¤«¥�¨â RD[−1, 1℄ , çâ® á«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ­¨ï ¯à¥¤¥«®¢lim(τ,s)∈(−1,t℄2∗(τ,s)→(t,t) X(τ, s) = lim(τ,s)∈(−1,t℄2∗(τ,s)→(t,t) |s|−|τ |
s−τ

= {

−1 ¯à¨ t ∈ (−1, 0℄1 ¯à¨ t ∈ (0, 1℄ ,lim(τ,s)∈[t,1)2∗(τ,s)→(t,t) X(τ, s) = lim(τ,s)∈[t,1)2∗(τ,s)→(t,t) |s|−|τ |
s−τ

= {

−1 ¯à¨ t ∈ [−1, 0)1 ¯à¨ t ∈ [0, 1) .� ª ¯®ª § ­® ­¨�¥ ¢ ¯à¨¬¥à¥ 4.1, äã­ªæ¨ï x : [0, 1℄ → Râ ª ï, çâ® x(0) = 0 ¨ x(t) = |t3 sin π
t
| ¯à¨ t 6= 0 , ¥áâì à¥£ã«ïà­®¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï. �ç¥¢¨¤­®, ®­  ­¥ ï¢«ï¥âáï ªãá®ç­®£« ¤ª®©.Ǒ à ¨ ¬ ¥ à 1.3. �¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï á à §àë¢-­®© ¯à®¨§¢®¤­®© x : [−1, 1℄ → R , çâ® x(0) = 0 ¨ x(t) = t2 
os 1

t¯à¨ t 6= 0 , ­¥ ï¢«ï¥âáï à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬®©. �¥©áâ¢¨-â¥«ì­®, ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨(τn, sn) = ( 1(2n+1)π , 12nπ
) →

n
(0, 0), (τ ′

n, s′n) = (0, 12nπ
) →

n
(0, 0)¯à¨­ ¤«¥� â ¬­®�¥áâ¢ã [0, 1)2∗ ¨ ¯®à®�¤ îâ à §­ë¥ ¯à¥¤¥«ëlim(τn,sn)→(0,0)X(τn, sn) = 2

π
, lim(τ ′

n,s′n)→(0,0) X(τ ′
n, s′n) = 0,¯®íâ®¬ã ¯à¥¤¥« (1.2) ¢ â®çª¥ t = 0 ­¥ áãé¥áâ¢ã¥â.5



Ǒà¨¬¥àë 1.2 ¨ 1.3 ¯®ª §ë¢ îâ, çâ® ¯®­ïâ¨ï ¤¨ää¥à¥­æ¨àã-¥¬®áâ¨ ¨ à¥£ã«ïà­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ áãé¥áâ¢¥­­® à §­ïâ-áï (­¨�¥ ¡ã¤¥â ãáâ ­®¢«¥­® à ¢¥­áâ¢® (2.1)). �§¢¥áâ­®, çâ® ¢áï-ª ï ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï x : [a, b℄ → R ¨¬¥¥â ¢ ª �¤®©â®çª¥ t ∈ [a, b℄ ª®­¥ç­ãî ¯à®¨§¢®¤­ãî x′(t) , ¯à¨ç¥¬ äã­ªæ¨ï
x′ : [a, b℄ → R «¨¡® ­¥¯à¥àë¢­  ¢ t , «¨¡® ¨¬¥¥â â ¬ à §àë¢2-£® à®¤ . �¨�¥ ¬ë ¢¢®¤¨¬ ¯®­ïâ¨¥ à¥£ã«ïà­®© ¯à®¨§¢®¤­®© ¤«ïäã­ªæ¨© x ¨§ RD[a, b℄ ¨ ¯®ª §ë¢ ¥¬ (á¬. â¥®à¥¬ã 2.1), çâ® ¢ ª -�¤®© â®çª¥ t ∈ [a, b℄ à¥£ã«ïà­ ï ¯à®¨§¢®¤­ ï äã­ªæ¨¨ x «¨¡®­¥¯à¥àë¢­ , «¨¡® ¨¬¥¥â à §àë¢ 1-£® à®¤ , ¯à¨ç¥¬ ¬­®�¥áâ¢® â®-ç¥ª à §àë¢  à¥£ã«ïà­®© ¯à®¨§¢®¤­®© ­¥ ¡®«¥¥ ç¥¬ áç¥â­®.�§ ®¯à¥¤¥«¥­¨ï 1.1 á«¥¤ã¥â, çâ® ¢áïª ï äã­ªæ¨ï x ∈ RD[a, b℄¯®à®�¤ ¥â äã­ªæ¨¨ Ax : (a, b℄ → R ¨ Bx : [a, b) → R â ª¨¥, çâ®

Ax(t) = lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) X(τ, s) ¨ Bx(t) = lim(τ,s)∈[t,b)2∗(τ,s)→(t,t) X(τ, s). (1.3)�®çª  (τ, s) ¢ ¯à¥¤¥« å (1.3) ¬®�¥â ¯à¨¡«¨� âìáï ª â®çª¥(t, t) ¯® à §«¨ç­ë¬ ¯®¤¬­®�¥áâ¢ ¬ ¬­®�¥áâ¢ (a, t℄2∗ ¨ [t, b)2∗ . �ç áâ­®áâ¨, ¯®« £ ï τ = t ¢ (a, t℄2∗ ¨ [t, b)2∗ , ¯®«ãç ¥¬ ä®à¬ã«ë
Ax(t) = lim

{s<t}
s→t

X(t, s) ¨ Bx(t) = lim
{s>t}
s→t

X(t, s)¨«¨ ¢ íª¢¨¢ «¥­â­®© § ¯¨á¨
Ax(t) = lim

s→t−0 x(s)−x(t)
s−t

¨ Bx(t) = lim
s→t+0 x(s)−x(t)

s−t
. (1.4)�à®¬¥ â®£®, áãé¥áâ¢ãîâ ¯à¥¤¥«ë (1.5){(1.8) ¨ á¯à ¢¥¤«¨¢ë à -¢¥­áâ¢ 

Ax(t) = lim
{τ<0, s<0}(τ,s)→(0,0) x(t+τ+s)−x(t+τ)

s
, (1.5)

Ax(t) = lim
{τ+s<0, s>0}(τ,s)→(0,0) x(t+τ+s)−x(t+τ)

s
, (1.6)6



Bx(t) = lim
{τ>0, s>0}(τ,s)→(0,0) x(t+τ+s)−x(t+τ)

s
, (1.7)

Bx(t) = lim
{τ+s>0, s<0}(τ,s)→(0,0) x(t+τ+s)−x(t+τ)

s
. (1.8)�¥©áâ¢¨â¥«ì­®, § ¬¥­¨¢ ¢ ¯¥à¢®© ä®à¬ã«¥ (1.3) τ ­  t + τ ¨ s­  t+ s , ¯®«ãç¨¬, çâ®

Ax(t) = lim
{τ60, s60, τ 6=s}(τ,s)→(0,0) x(t+s)−x(t+τ)

s−τ
= lim

{τ60, τ+s60, s6=0}(τ,s)→(0,0) x(t+τ+s)−x(t+τ)
s

.(1.9)� ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¬ë § ¬¥­¨«¨ s ­  τ + s . �­®�¥áâ¢ ,¯® ª®â®àë¬ ¢ëç¨á«ïîâáï ¯à¥¤¥«ë (1.5) ¨ (1.6), ¯à¨­ ¤«¥� â¬­®�¥áâ¢ã, ¯® ª®â®à®¬ã ¢ëç¨á«ï¥âáï ¯à¥¤¥« (1.9), á«¥¤®¢ â¥«ì-­®, ¯à¥¤¥«ë (1.5) ¨ (1.6) áãé¥áâ¢ãîâ ¨, ¡®«¥¥ â®£®, ®­¨ à ¢­ë
Ax(t) . �­ «®£¨ç­® § ¬¥­¨¢ ¢® ¢â®à®© ä®à¬ã«¥ (1.3) τ ­  t + τ¨ s ­  t+ s , ¯®«ãç¨¬
Bx(t) = lim

{τ>0, s>0, τ 6=s}(τ,s)→(0,0) x(t+s)−x(t+τ)
s−τ

= lim
{τ>0, τ+s>0, s6=0}(τ,s)→(0,0) x(t+τ+s)−x(t+τ)

s
,®âªã¤  ¨ á«¥¤ãîâ ä®à¬ã«ë (1.7) ¨ (1.8).� ¥ ¬ ¬   1.1. �á«¨ x ∈ RD[a, b℄ , â® á¯à ¢¥¤«¨¢ë à ¢¥­-áâ¢  lim

τ→t−0Ax(τ) = lim
τ→t−0Bx(τ) = Ax(t) ∀t ∈ (a, b℄, (1.10)lim

τ→t+0Ax(τ) = lim
τ→t+0Bx(τ) = Bx(t) ∀t ∈ [a, b). (1.11)� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã áãé¥áâ¢¥­­®© §­ ç¨¬®-áâ¨ ä®à¬ã« (1.10) ¨ (1.11) ¢ ¤ «ì­¥©è¨å ¯®áâà®¥­¨ïå, ¯à¨¢¥¤¥¬¤®ª § â¥«ìáâ¢® ä®à¬ã« (1.10) ¢ ¯®«­®¬ ®¡ê¥¬¥,   ¤®ª § â¥«ìáâ¢®7



ä®à¬ã« (1.11) «¥£ª® ®áãé¥áâ¢«ï¥âáï á¨¬¬¥âà¨ç­ë¬ ®¡à §®¬. �®-£« á­® (1.5)
∀ε > 0 ∃δ > 0 : ∀(τ, s) ∈ Uδ =⇒ ∣

∣

x(t+τ+s)−x(t+τ)
s

− Ax(t)∣∣ < ε,£¤¥ Uδ = {(τ, s) ∈ R
2 : −δ < τ < 0, −δ < s < 0} { íâ® ª¢ ¤à â­ ï®¡« áâì. � ä¨ªá¨àã¥¬ τ ∈ (−δ, 0) . � á®®â¢¥âáâ¢¨¨ á (1.4)

Ax(t+ τ) = lim
{s<t+τ}
s→t+τ

x(s)−x(t+τ)
s−t−τ

= lim
{s<0}
s→0 x(t+τ+s)−x(t+τ)

s(§ ¬¥­¨«¨ s ­  t+ τ + s ). �¥¬ á ¬ë¬ ­ ©¤¥âáï s (§ ¢¨áïé¥¥ ®â
τ ) â ª®¥, çâ® (τ, s) ∈ Uδ ¨

∣

∣Ax(t+ τ)− x(t+τ+s)−x(t+τ)
s

∣

∣ < ε.�«¥¤®¢ â¥«ì­®, |Ax(t+ τ)−Ax(t)| < 2ε ¤«ï ¢á¥å τ ∈ (−δ, 0) , â.¥.lim
{τ<0}
τ→0 Ax(t+ τ) = Ax(t) ¨«¨ lim

τ→t−0Ax(τ) = Ax(t).�«ï ¯à®¨§¢®«ì­®£® δ > 0 ç¥à¥§ Vδ ®¡®§­ ç¨¬ âà¥ã£®«ì­¨ª
Vδ = {(τ, s) ∈ R

2 : −δ < τ < 0, 0 < s < −τ} . �®£« á­® (1.6)
∀ε > 0 ∃δ > 0 : ∀(τ, s) ∈ Vδ =⇒ ∣

∣

x(t+τ+s)−x(t+τ)
s

− Ax(t)∣∣ < ε.� ä¨ªá¨àã¥¬ τ ∈ (−δ, 0) . � á®®â¢¥âáâ¢¨¨ á (1.4)
Bx(t+ τ) = lim

{s>t+τ}
s→t+τ

x(s)−x(t+τ)
s−t−τ

= lim
{t>s>t+τ}

s→t+τ

x(s)−x(t+τ)
s−t−τ

.Ǒ¥à¥è«¨ ®â {s > t+ τ} ª ¯®¤¬­®�¥áâ¢ã {t > s > t + τ} . � ª¨¬®¡à §®¬, § ¬¥­¨¢ s ­  t+ τ + s , ¯®«ãç ¥¬, çâ®
Bx(t+ τ) = lim

{τ+s<0, s>0}
s→0 x(t+τ+s)−x(t+τ)

s
,¨ ¯®íâ®¬ã ­ ©¤¥âáï â ª®¥ s (§ ¢¨áïé¥¥ ®â τ ), çâ® (τ, s) ∈ Vδ ¨

∣

∣Bx(t + τ)− x(t+τ+s)−x(t+τ)
s

∣

∣ < ε.8



�«¥¤®¢ â¥«ì­®, |Bx(t+ τ)−Ax(t)| < 2ε ¤«ï ¢á¥å τ ∈ (−δ, 0) , â.¥.lim
{τ<0}
τ→0 Bx(t+ τ) = Ax(t) ¨«¨ lim

τ→t−0Bx(τ) = Ax(t).�®ª § â¥«ìáâ¢® ä®à¬ã« (1.11) ®¯¨à ¥âáï ­  (1.7) ¨ (1.8).� « ¥ ¤ á â ¢ ¨ ¥ 1.1. �á«¨ x ∈ RD[a, b℄ , â® äã­ªæ¨ï
Ax : (a, b ℄ → R ­¥¯à¥àë¢­  á«¥¢ ,   äã­ªæ¨ï Bx : [a, b) → R­¥¯à¥àë¢­  á¯à ¢ .� « ¥ ¤ á â ¢ ¨ ¥ 1.2. Ǒãáâì x ∈ RD[a, b℄ . �ã­ªæ¨ï Ax­¥¯à¥àë¢­  ¢ â®çª¥ t ∈ (a, b) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢íâ®© â®çª¥ ­¥¯à¥àë¢­  äã­ªæ¨ï Bx . Ǒà¨ íâ®¬ Ax(t) = Bx(t) .�¥©áâ¢¨â¥«ì­®, ¥á«¨, ­ ¯à¨¬¥à, äã­ªæ¨ï Ax ­¥¯à¥àë¢­  ¢â®çª¥ t ∈ (a, b) , â® lim

τ→t−0Ax(τ) = Ax(t) = lim
τ→t+0Ax(τ) ¨ ®áâ ¥âáï«¨èì á®á« âìáï ­  ä®à¬ã«ë (1.10), (1.11).� àï¤ã á Ax ¨ Bx äã­ªæ¨ï x ∈ RD[a, b℄ ¯®à®�¤ ¥â äã­ªæ¨¨

Âx(t) = {

Bx(a), t = a

Ax(t), t ∈ (a, b ℄ , B̂x(t) = {

Bx(t), t ∈ [a, b)
Ax(b), t = b

,(1.12)®¯à¥¤¥«¥­­ë¥ ­  ¢á¥¬ ®âà¥§ª¥ [a, b℄ , ¯à¨ç¥¬ á®£« á­® «¥¬¬¥ 1.1
Âx(t − 0) = Ax(t − 0) = Ax(t) = Bx(t − 0) = B̂x(t − 0) ∀t ∈ (a, b ℄,(1.13)
Âx(t + 0) = Ax(t+ 0) = Bx(t) = Bx(t + 0) = B̂x(t+ 0) ∀t ∈ [a, b).(1.14)� ª¨¬ ®¡à §®¬, äã­ªæ¨¨ Âx ¨ B̂x ¨¬¥îâ ®¤­®áâ®à®­­¨¥ ¯à¥-¤¥«ë, ¯®íâ®¬ã Âx, B̂x ∈ G[a, b℄ , â.¥. Âx ¨ B̂x { ¯à¥àë¢¨áâë¥äã­ªæ¨¨ (® ¯à®áâà ­áâ¢ å G[a, b℄, GL

[a, b℄, GR
[a, b℄ ¨ G0 [a, b℄9



á¬. [1-4℄). � §­®áâì Âx − B̂x â ª�¥ ï¢«ï¥âáï ¯à¥àë¢¨áâ®© äã­ª-æ¨¥©, á«¥¤®¢ â¥«ì­®, ®­  ¨¬¥¥â ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ¬­®�¥áâ¢®â®ç¥ª à §àë¢ . �à®¬¥ â®£®, á®£« á­® (1.13) á¯à ¢¥¤«¨¢®lim
τ→t−0(Âx(τ)− B̂x(τ)) = Âx(t − 0)− B̂x(t − 0) = 0 ∀t ∈ (a, b℄,¯®íâ®¬ã Âx − B̂x ∈ G0 [a, b℄ . � ª¨¬ ®¡à §®¬, à §­®áâì Âx − B̂x¯®çâ¨ ¢áî¤ã ­  [a, b℄ à ¢­  ­ã«î,   ¬­®�¥áâ¢® ¥¥ â®ç¥ª à §àë¢ ­¥ ¡®«¥¥ ç¥¬ áç¥â­®. �¥¬ á ¬ë¬ Ax(·) = Bx(·) ¢áî¤ã ­  (a, b) , § ¨áª«îç¥­¨¥¬ à §¢¥ çâ® ª®­¥ç­®£® ¨«¨ áç¥â­®£® ¬­®�¥áâ¢  â®ç¥ª.2. �¥£ã«ïà­ë¥ ¯à®¨§¢®¤­ë¥�­ «¨§¨àãï ¯à¥¤¥«ë (1.4), «¥£ª® § ¬¥â¨âì, çâ® äã­ªæ¨ï Ax á®-¢¯ ¤ ¥â á «¥¢®© ¯à®¨§¢®¤­®© x′

−
äã­ªæ¨¨ x ∈ RD[a, b℄ ,   äã­ª-æ¨ï Bx { á ¯à ¢®© ¯à®¨§¢®¤­®© x′+ íâ®© äã­ªæ¨¨. �àã£¨¬¨ á«®-¢ ¬¨, ¢áïª ï äã­ªæ¨ï x ∈ RD[a, b℄ ®¡« ¤ ¥â ®¤­®áâ®à®­­¨¬¨¯à®¨§¢®¤­ë¬¨ x′

−
: (a, b℄ → R ¨ x′+ : [a, b) → R ¨ ¢ë¯®«­¥-­ë à ¢¥­áâ¢  x′

−
(·) = Ax(·) ¨ x′+(·) = Bx(·) . �«¥¤®¢ â¥«ì­®,

x′
−
(·) = x′+(·) ¢áî¤ã ­  (a, b) , §  ¨áª«îç¥­¨¥¬ à §¢¥ çâ® ª®­¥ç-­®£® ¨«¨ áç¥â­®£® ¬­®�¥áâ¢  â®ç¥ª, ¨ â¥¬ á ¬ë¬ ¢áïª ï à¥£ã-«ïà­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï x : [a, b℄ → R ¯®çâ¨ ¢áî¤ã­  [a, b℄ ¨¬¥¥â ª®­¥ç­ãî ¤¢ãáâ®à®­­îî ¯à®¨§¢®¤­ãî x′ , ¯à¨ç¥¬¬­®�¥áâ¢® â®ç¥ª, £¤¥ ¯à®¨§¢®¤­ ï x′ ­¥ ®¯à¥¤¥«¥­ , ­¥ ¡®«¥¥ç¥¬ áç¥â­®. � ª¨¬ ®¡à §®¬, ¢áïª ï äã­ªæ¨ï x ∈ RD[a, b℄ ¨¬¥¥â®¤­®áâ®à®­­¨¥ ¯à®¨§¢®¤­ë¥ x′

−
¨ x′+ , ®¡« ¤ îé¨¥ á«¥¤ãîé¨-¬¨ á¢®©áâ¢ ¬¨: x′

−
­¥¯à¥àë¢­  á«¥¢ , x′+ ­¥¯à¥àë¢­  á¯à ¢ ,®¡¥ ¨¬¥îâ ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ¬­®�¥áâ¢® â®ç¥ª à §àë¢ ,   ¢â®çª å ­¥¯à¥àë¢­®áâ¨ ®­¨ á®¢¯ ¤ îâ.� ¥ ¬ ¬   2.1. �á«¨ x ∈ RD[a, b℄ ¨¬¥¥â ®£à ­¨ç¥­­ãî¯à®¨§¢®¤­ãî, â® x ∈ C(1)[a, b℄ ¨, á«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢® à -¢¥­áâ¢® RD[a, b℄ ∩ BD[a, b℄ = C(1)[a, b℄, (2.1)10



£¤¥ ç¥à¥§ BD[a, b℄ ®¡®§­ ç¥­® ¯à®áâà ­áâ¢® äã­ªæ¨© á ®£à ­¨-ç¥­­®© ­  [a, b℄ ¯à®¨§¢®¤­®©.Ǒãáâì x ∈ RD[a, b℄∩BD[a, b℄ . � ª ª ª x ∈ RD[a, b℄ , â® x ¨¬¥-¥â ®¤­®áâ®à®­­¨¥ ¯à®¨§¢®¤­ë¥ x′
−
¨ x′+ , ¯à¨ç¥¬ x′

−
­¥¯à¥àë¢­ á«¥¢ ,   x′+ ­¥¯à¥àë¢­  á¯à ¢ ,   â ª ª ª x ¤¨ää¥à¥­æ¨àã¥¬ ,â® áãé¥áâ¢ã¥â ¤¢ãáâ®à®­­ïï ¯à®¨§¢®¤­ ï x′ ¨ íâ  äã­ªæ¨ï ­¥-¯à¥àë¢­  ¢áî¤ã ­  [a, b℄ (íâ® á«¥¤ã¥â ¨§ à ¢¥­áâ¢ x′(t) = x′

−
(t)¤«ï ¢á¥å t ∈ (a, b℄ ¨ x′(t) = x′+(t) ¤«ï ¢á¥å t ∈ [a, b) ). � ª¨¬®¡à §®¬, x ∈ C(1)[a, b℄ . �¡à â­®¥ ¢ª«îç¥­¨¥ á¯à ¢¥¤«¨¢® ¢ á¨«ã¯à¨¬¥à  1.1 ¨ ®ç¥¢¨¤­®£® ¢ª«îç¥­¨ï C(1)[a, b℄ ⊂ BD[a, b℄ .�«ï «î¡®© x ∈ RD[a, b℄ ®¯à¥¤¥«¥­  äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­-­ëå_x(t, λ) = 









x′+(a), t = a(1− λ)x′
−
(t) + λx′+(t), t ∈ (a, b)

x′
−
(b), t = b

, (t, λ) ∈ [a, b℄ × [0, 1℄,(2.2)¯à¨ç¥¬ ¥á«¨ x ∈ C(1)[a, b℄ , â® _x(·, λ) = x′(·) ¤«ï «î¡®£® λ ∈ [0, 1℄(­  á ¬®¬ ¤¥«¥ íâ® ãâ¢¥à�¤¥­¨¥ á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å λ ∈ R ).�àã£¨¬¨ á«®¢ ¬¨, ¥á«¨ x ∈ C(1)[a, b℄ , â® _x(·, λ) ¯à¨ «î¡®¬ λá®¢¯ ¤ ¥â á ª« áá¨ç¥áª®© ¯à®¨§¢®¤­®© x′(·) ¨ íâ® ­ ¡«î¤¥­¨¥¯à¨¢®¤¨â ­ á ª á«¥¤ãîé¥¬ã ®¯à¥¤¥«¥­¨î.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1. Ǒà®¨§¢®«ì­®¥ á¥ç¥­¨¥ _x(·, λ)äã­ªæ¨¨ (2.2) á ä¨ªá¨à®¢ ­­ë¬ ¯ à ¬¥âà®¬ λ ∈ [0, 1℄ ­ §ë¢ -¥âáï à¥£ã«ïà­®© ¯à®¨§¢®¤­®© äã­ªæ¨¨ x ∈ RD[a, b℄ .�   ¬ ¥ ç   ­ ¨ ¥ 2.1. �¥£ã«ïà­®© ¯à®¨§¢®¤­®© äã­ªæ¨¨
x ∈ RD[a, b℄ ¬®�­® ¡ë«® ¡ë ­ §ë¢ âì ¯à®¨§¢®«ì­®¥ á¥ç¥­¨¥ ¢ë-¯ãª«®© ®¡®«®çª¨ äã­ªæ¨© x′

−
(t) ¨ x′+(t) (¯à¨ t ∈ (a, b) ), ®¤­ ª®¬ë áç¨â ¥¬ â ª®© ¯®¤å®¤ ¨§¡ëâ®ç­ë¬ ¤«ï â¥å æ¥«¥© ¨ § ¤ ç, ª®-â®àë¥ à¥è îâáï ¢ ­ áâ®ïé¥© à ¡®â¥. �«¥¤ã¥â â ª�¥ ®â¬¥â¨âì,çâ® ª á¥¬¥©áâ¢ã à¥£ã«ïà­ëå ¯à®¨§¢®¤­ëå ¬®�­® ¡ë«® ¡ë ®â-­®á¨âìáï ª ª ª ¬­®£®§­ ç­®© äã­ªæ¨¨, ®¤­ ª® ¨ â ª®© ¯®¤å®¤¨§¡ëâ®ç¥­ ¢ ¤ «ì­¥©è¨å ¯®áâà®¥­¨ïå.11



� ¥ ¬ ¬   2.2. �á«¨ x ∈ RD[a, b℄ , (t, λ) ∈ [a, b℄× [0, 1℄ , â®_x(t, λ) = (1− λ)Âx(t) + λB̂x(t), (2.3)â.¥. _x(·, λ) ¥áâì ¢ë¯ãª« ï ª®¬¡¨­ æ¨ï äã­ªæ¨© Âx(·) ¨ B̂x(·) .�á«¨ µ = 1− λ ¨ t = a , â® ¢ á®®â¢¥âáâ¢¨¨ á (1.12)
µÂx(a) + λB̂x(a) = µBx(a) + λBx(a) = Bx(a) = x′+(a) = _x(a, λ)¨  ­ «®£¨ç­® ¤«ï t = b . �á«¨ �¥ t ∈ (a, b) , â®
µÂx(t) + λB̂x(t) = µAx(t) + λBx(t) = µx′

−
(t) + λx′+(t) = _x(t, λ).� ¥ ® à ¥ ¬   2.1. �«ï «î¡®© x ∈ RD[a, b℄ ¨ ¤«ï «î¡®£®

λ ∈ [0, 1℄ äã­ªæ¨ï _x(·, λ) ­¥¯à¥àë¢­  á¯à ¢  ¢ â®çª¥ a ; ­¥¯à¥-àë¢­  á«¥¢  ¢ â®çª¥ b ; ­¥¯à¥àë¢­  ¢ «î¡®© â®çª¥ t ∈ (a, b) ,£¤¥ ­¥¯à¥àë¢­  å®âï ¡ë ®¤­  ®¤­®áâ®à®­­ïï ¯à®¨§¢®¤­ ï x′
−
(·)¨«¨ x′+(·) , ¨ ¯à¨ íâ®¬ ¢ë¯®«­¥­ë à ¢¥­áâ¢  _x(t, λ) = x′

−
(t) == x′+(t) = x′(t) ; ­ ª®­¥æ, ¢ ª �¤®© â®çª¥ à §àë¢  tk ∈ (a, b) (¨åª®«¨ç¥áâ¢® ­¥ ¡®«¥¥ ç¥¬ áç¥â­®) ¢¥«¨ç¨­  _x(tk, λ) ¥áâì ¢ë¯ã-ª« ï ª®¬¡¨­ æ¨ï ç¨á¥« x′

−
(tk) ¨ x′+(tk) .� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ µ = 1 − λ ¨ t = b , â®á®£« á­® (2.3) ¨ (1.13)_x(b − 0, λ) = µÂx(b − 0) + λB̂x(b − 0)) = Ax(b) = x′

−
(b) = _x(b, λ)¨  ­ «®£¨ç­® ¤«ï t = a (¨á¯®«ì§ãï (1.14)). Ǒãáâì t ∈ (a, b) ,¨ ¤®¯ãáâ¨¬, çâ® äã­ªæ¨ï x′

−
­¥¯à¥àë¢­  ¢ â®çª¥ t . � ª ª ª

x′
−
(·) = Ax(·) , â® ¢ á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 1.2 äã­ªæ¨¨ Ax ¨

Bx â ª�¥ ­¥¯à¥àë¢­ë ¢ â®çª¥ t ¨ Ax(t) = Bx(t) . �«¥¤®¢ â¥«ì­®,¢á¥ ¢ëà �¥­¨ï, ¢å®¤ïé¨¥ ¢ (1.13) ¨ (1.14), à ¢­ë ¬¥�¤ã á®¡®© ¨¯®íâ®¬ã_x(t − 0, λ) = µÂx(t − 0) + λB̂x(t − 0)) = µÂx(t) + λB̂x(t)) = _x(t, λ).�­ «®£¨ç­® _x(t+0, λ) = _x(t, λ) . �à®¬¥ â®£®, á¯à ¢¥¤«¨¢ë à ¢¥­-áâ¢  _x(t, λ) = Ax(t) = Bx(t) , ¯®íâ®¬ã _x(t, λ) = x′
−
(t) = x′+(t) =12



= x′(t) . � ª®­¥æ, ¯®áª®«ìªã Âx, B̂x ∈ G[a, b℄ , â® ¬­®�¥áâ¢® â®-ç¥ª à §àë¢  íâ¨å äã­ªæ¨© (  ¢¬¥áâ¥ á ­¨¬¨ ¨ äã­ªæ¨© _x(·, λ) ,
x′

−
(·) , x′+(·) ) ­¥ ¡®«¥¥ ç¥¬ áç¥â­®, ¨ ­ ¬ ®áâ ¥âáï «¨èì á®á« âìáï­  «¥¬¬ã 2.2, á®£« á­® ª®â®à®© ¢¥«¨ç¨­  _x(tk, λ) ¥áâì ¢ë¯ãª« ïª®¬¡¨­ æ¨ï ç¨á¥« x′

−
(tk) ¨ x′+(tk) .Ǒ à ¨ ¬ ¥ à 2.1. �¥¬¥©áâ¢® à¥£ã«ïà­ëå ¯à®¨§¢®¤­ëå ¤«ï­¥¤¨ää¥à¥­æ¨àã¥¬®© äã­ªæ¨¨ ¨§ ¯à¨¬¥à  1.2 ¨¬¥¥â ¢¨¤_x(t, λ) = 









−1 ¯à¨ t ∈ [−1, 0)2λ − 1 ¯à¨ t = 01 ¯à¨ t ∈ (0, 1℄ , λ ∈ [0, 1℄,  á®¢®ªã¯­®áâì £à ä¨ª®¢ ¢á¥å íâ¨å äã­ªæ¨© ®¡à §ã¥â ­  ¯«®á-ª®áâ¨ ¯¥à¥¬¥­­ëå (t, x) á¢ï§­®¥ ¬­®�¥áâ¢® {(t, x) : −1 6 t < 0,
x = −1} ∪ {(t, x) : t = 0,−1 6 x 6 1} ∪ {(t, x) : 0 < t 6 1, x = 1} .3. Ǒ®«­®â  ¯à®áâà ­áâ¢  à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã-¥¬ëå äã­ªæ¨©� ¯®¬­¨¬ ­¥ª®â®àë¥ á¢®©áâ¢ , á¢ï§ ­­ë¥ á  «£¥¡à®© G[a, b℄(= G) ¯à¥àë¢¨áâëå ­  [a, b℄ äã­ªæ¨©. �§¢¥áâ­®, çâ®  «£¥¡à ¨-ç¥áª¨¥ í­¤®¬®àä¨§¬ë P : G → G ¨ Q : G → G â ª¨¥, çâ®P : x(t) → x

L
(t) = {

x(a + 0), t = a

x(t − 0), t ∈ (a, b℄ ,Q : x(t) → x
R
(t) = {

x(t+ 0), t ∈ [a, b)
x(b − 0), t = b®¡« ¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:ImP = GL

, KerP = G0 , ImQ = GR
, KerQ = G0 , (3.1)P2 = P, PQ = P, QP = Q, Q2 = Q, (3.2)13



£¤¥ GL
= GL

[a, b℄ { íâ® ¯®¤ «£¥¡à  ¢ G , á®áâ®ïé ï ¨§ â¥å äã­ª-æ¨© x , çâ® x(a + 0) = x(a) ¨ x(t − 0) = x(t) ¤«ï ¢á¥å t ∈ (a, b℄ ,  GR
= GR

[a, b℄ { íâ® ¯®¤ «£¥¡à  ¢ G , á®áâ®ïé ï ¨§ â¥å äã­ª-æ¨© x , çâ® x(t + 0) = x(t) ¤«ï ¢á¥å t ∈ [a, b) ¨ x(b − 0) = x(b) .�ã­ªæ¨¨ ¨§ GL
­ §ë¢ îâáï ­¥¯à¥àë¢­ë¬¨ á«¥¢ ,   äã­ªæ¨¨¨§ GR

{ ­¥¯à¥àë¢­ë¬¨ á¯à ¢  ¯à¥àë¢¨áâë¬¨ äã­ªæ¨ï¬¨. � -¯®¬­¨¬ ¥é¥, çâ® ç¥à¥§ G0 = G0 [a, b℄ ®¡®§­ ç¥­   «£¥¡à  â -ª¨å äã­ªæ¨© x : [a, b℄ → R , çâ® ¯à¨ «î¡®¬ ε > 0 ¬­®�¥áâ¢®
{t ∈ [a, b℄ : |x(t)| > ε} ª®­¥ç­®. �§¢¥áâ­® â ª�¥, çâ®  «£¥¡àë GL¨ GR

¨§®¬®àä­ë ¬¥�¤ã á®¡®© ¨ ®¡¥ ¨§®¬®àä­ë ä ªâ®à- «£¥¡à¥G /G0 (áç¨â ¥¬ äã­ªæ¨¨ x, y ∈ G íª¢¨¢ «¥­â­ë¬¨ ¨ ¯¨è¥¬
x ∼ y , ¥á«¨ x − y ∈ G0 ; ®â¬¥â¨¬ â ª�¥, çâ® Px ∼ Qx ¤«ï ¢á¥å
x ∈ G ).�à®¬¥ â®£®,  «£¥¡àë GL

¨ GR
§ ¬ª­ãâë ¢ G ¯® ­®à¬¥

‖x‖ = sup
t∈[a,b℄ |x(t)| ∀x ∈ G, (3.3)  ¯®áª®«ìªã G { ¡ ­ å®¢   «£¥¡à  ®â­®á¨â¥«ì­® íâ®© ­®à¬ë,â® ¨  «£¥¡àë GL

¨ GR
¡ ­ å®¢ë. �«£¥¡à  G0 â ª�¥ § ¬ª­ã-â  ¢ G ¯® ­®à¬¥ (3.3), ¯à¨ç¥¬ G = GL

⊕G0 ¨ G = GR
⊕G0 ,â.¥. ¢áïª ï ¯à¥àë¢¨áâ ï äã­ªæ¨ï x ∈ G ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ x = x

L
+ x0 ¨«¨ x = x

R
+ x0 , £¤¥ x

L
∈ GL

,
x

R
∈ GR

,   x0 ∈ G0 . �«¥¤ã¥â â ª�¥ ®â¬¥â¨âì, çâ® ¯à®¥ªâ®àë P¨ Q ­¥¯à¥àë¢­ë ¯® ­®à¬¥ (3.3), çâ® á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢
‖P x‖ 6 ‖x‖ ¨ ‖Q x‖ 6 ‖x‖ ∀x ∈ G . (3.4)� ç áâ­®áâ¨, ¤«ï ¢á¥å x ∈ G á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

‖Px‖ = ‖Qx‖. (3.5)�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã (3.2) ¨ (3.3) ‖P x‖ = ‖PQx‖ 6 ‖Qx‖ ¨ ­ «®£¨ç­® ‖Qx‖ 6 ‖Px‖ .�«ï «î¡®£® λ ∈ [0, 1℄ ç¥à¥§ Gλ = Gλ [a, b℄ ®¡®§­ ç¨¬ ¯®¤¯à®-áâà ­áâ¢® ¢ ¯à®áâà ­áâ¢¥ G , á®áâ®ïé¥¥ ¨§ â¥å x , çâ®
x = (1− λ) P x+ λQx. (3.6)14



�ç¥¢¨¤­®, G0 = GL
¨ G1 = GR

. �¥£ª® ¯à®¢¥à¨âì, çâ® Gλ ï¢«ï-¥âáï  «£¥¡à®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  λ = 0 ¨«¨ λ = 1 .�î¡®¯ëâ­® ¢ë£«ï¤¨â ¯à®áâà ­áâ¢® G 12 , ¢ ª®â®à®¬ ¢áïª ï äã­ª-æ¨ï ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® ¥¥ §­ ç¥­¨¥ ¢ «î¡®© ¢­ãâà¥­­¥©â®çª¥ t ∈ (a, b) ¥áâì ¯®«ãáã¬¬  «¥¢®£® ¨ ¯à ¢®£® ¯à¥¤¥«®¢.� ¥ ¬ ¬   3.1. �î¡ë¥ ¤¢  ¯à®áâà ­áâ¢  ¨§ á¥¬¥©áâ¢ 
{Gλ}λ∈[0,1℄ ¨§®¬®àä­ë ¬¥�¤ã á®¡®©. Ǒà®áâà ­áâ¢® Gλ ¡ ­ å®-¢® ¯® ­®à¬¥ (3.3). �á«¨ x ∈ Gλ , â® ‖x‖ = ‖P x‖ = ‖Q x‖ .�®ª § â¥«ìáâ¢®. �ª«îç¥­¨¥ P(Gλ) ⊆ G0 (= GL

) á¯à ¢¥¤«¨¢®¢ á¨«ã (3.1). Ǒ®ª �¥¬, çâ® P(Gλ) = G0 . �¥©áâ¢¨â¥«ì­®, ¯ãáâì
y ∈ G0 , z = Qy ¨ x = µy + λz , £¤¥ λ ∈ [0, 1℄ ¨ µ = 1 − λ .�®£« á­® (3.2)Qx = µQ y + λQ z = µQ y + λQ2y = µQ y + λQ y = Q y = z,Px = µP y + λP z = µP y + λPQ y = µP y + λP y = P y = y.� ¢¥­áâ¢® P y = y á¯à ¢¥¤«¨¢® ¢ á¨«ã ¢ª«îç¥­¨ï y ∈ G0 (á¬.(3.6) ¯à¨ λ = 0 ). � ª¨¬ ®¡à §®¬, x = µy + λz = µPx + λQx ,â.¥. x ∈ Gλ , ¯à¨ç¥¬ Px = y ,   íâ® ¨ ®§­ ç ¥â, çâ® P(Gλ) = G0 .Ǒãáâì x ∈ Gλ , ¨ ¯à¥¤¯®«®�¨¬, çâ® Px = 0 , â.¥. x ∈ KerP .�®£« á­® (3.1) x ∈ G0 ¨ x ∈ KerQ , ¯®íâ®¬ã Qx = 0 ,   ¯®áª®«ì-ªã x ∈ Gλ , â® x = µPx+λQx = 0 . � ª¨¬ ®¡à §®¬, ¯à®áâà ­áâ¢ Gλ ¨ G0 ¨§®¬®àä­ë, ª ª®¢® ¡ë ­¨ ¡ë«® λ ∈ [0, 1℄ .Ǒãáâì ¯®á«¥¤®¢ â¥«ì­®áâì {xn} , xn ∈ Gλ , äã­¤ ¬¥­â «ì­ ,â.¥.

∀ε > 0 ∃N : ∀n,m > N =⇒ ‖xn − xm‖ < ε.�«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¨ {P xn} ¯à¨­ ¤«¥� â ¡ ­ å®¢ã¯à®áâà ­áâ¢ã G0 ,   í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¨ {Q xn} ¯à¨-­ ¤«¥� â ¡ ­ å®¢ã ¯à®áâà ­áâ¢ã G1 , ¯à¨ç¥¬ ¢ á¨«ã (3.4)
‖P xn−Pxm‖ 6 ‖xn−xm‖ < ε ¨ ‖Qxn−Qxm‖ 6 ‖xn−xm‖ < ε.�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ ¯à¥¤¥«ë y = lim

n
Pxn ¨ z = lim

n
Qxn ,¯à¨ç¥¬ y ∈ G0 ¨ z ∈ G1 ,   §­ ç¨â, P y = y ¨ Q z = z . Ǒ®áª®«ìªã15



¯à®¥ªâ®àë P ¨ Q ­¥¯à¥àë¢­ë, â® ¢ á®®â¢¥âáâ¢¨¨ á (3.2)Qxn = QPxn = Q(Pxn) → Q y ¨ Pxn = PQxn = P(Qxn) → P z.�¥¬ á ¬ë¬ Q y = z ¨ P z = y . Ǒãáâì x = µy+λz . � á¨«ã ¢ª«î-ç¥­¨ï xn ∈ Gλ á¯à ¢¥¤«¨¢® xn = µPxn + λQxn → µy + λz = x ,¯à¨ç¥¬ Px = µP y + λP z = µy + λy = y ¨ Qx = µQ y + λQ z == µz + λz = z , á«¥¤®¢ â¥«ì­®, x = µy + λz = µPx + λQx ,â.¥. x ∈ Gλ . � ª¨¬ ®¡à §®¬, ¢áïª ï äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®-¢ â¥«ì­®áâì ¢ Gλ áå®¤¨âáï ª í«¥¬¥­âã íâ®£® ¯à®áâà ­áâ¢ , â.¥.Gλ { ¡ ­ å®¢®.Ǒ®áª®«ìªã λ, µ > 0 , â® ¢ á®®â¢¥âáâ¢¨¨ á (3.5) ¤«ï «î¡®£®
x ∈ Gλ

‖x‖ 6 µ‖Px‖+ λ‖Qx‖ = ‖P x‖ = ‖Q x‖ 6 ‖x‖.�®á¯®«ì§®¢ «¨áì ®æ¥­ª ¬¨ (3.4), á¯à ¢¥¤«¨¢ë¬¨ ¤«ï ¢á¥å x ∈ G .�   ¬ ¥ ç   ­ ¨ ¥ 3.1. Ǒà¨ ¤®ª § â¥«ìáâ¢¥ âà¥âì¥£® ãâ-¢¥à�¤¥­¨ï «¥¬¬ë 3.1 ¬ë ¢¯¥à¢ë¥ à¥ «ì­® ¨á¯®«ì§®¢ «¨ ãá«®-¢¨¥ λ ∈ [0, 1℄ (¢®á¯®«ì§®¢ «¨áì ­¥à ¢¥­áâ¢®¬ µ > 0 ). �àã£¨¬¨á«®¢ ¬¨, ­¥á¬®âàï ­  â® çâ® ¢á¥ ¯à¥¤ë¤ãé¨¥ ¢ëª« ¤ª¨ á¯à ¢¥¤-«¨¢ë ¯à¨ ¢á¥å λ ∈ R , ¬ë ¯à¨¤ ¥¬ à ¢¥­áâ¢ã ‖x‖ = ‖Px‖ (¤«ï¢á¥å λ ∈ [0, 1℄ ¨ x ∈ Gλ ) ¯à¨­æ¨¯¨ «ì­®¥ §­ ç¥­¨¥ ¨ ¯®íâ®¬ã¢¢®¤¨¬ ®£à ­¨ç¥­¨¥ λ ∈ [0, 1℄ .�   ¬ ¥ ç   ­ ¨ ¥ 3.2. �á«¨ x ∈ RD[a, b℄ , â® ¢ á®®â¢¥â-áâ¢¨¨ á (1.12){(1.14)P(Âx) = {

Âx(a+ 0), t = a

Âx(t − 0), t ∈ (a, b℄ = {

Bx(a), t = a

Ax(t), t ∈ (a, b℄ = Âx,Q(B̂x) = {

B̂x(t + 0), t ∈ [a, b)
B̂x(b − 0), t = b

= {

Bx(t), t ∈ [a, b)
Ax(b), t = b

= B̂x,á«¥¤®¢ â¥«ì­®, Âx ∈ G0 ,   B̂x ∈ G1 . �­ «®£¨ç­®Q(Âx) = {

Âx(t + 0), t ∈ [a, b)
Âx(b − 0), t = b

= {

Bx(t), t ∈ [a, b)
Ax(b), t = b

= B̂x,16



P(B̂x) = {

B̂x(a + 0), t = a

B̂x(t − 0), t ∈ (a, b℄ = {

Bx(a), t = a

Ax(t), t ∈ (a, b℄ = Âx.�á«¨ λ ∈ [0, 1℄ , µ = 1− λ ¨ y = _x(·, λ) , â® y = µÂx + λB̂x ¨P y = µP(Âx) + λP(B̂x) = µÂx + λÂx = Âx,Q y = µQ(Âx) + λQ(B̂x) = µB̂x + λB̂x = B̂x,á«¥¤®¢ â¥«ì­®, y = _x(·, λ) = µÂx + λB̂x = µP y + λQ y , ¯®-íâ®¬ã y ∈ Gλ . � ª¨¬ ®¡à §®¬, _x(·, λ) ∈ Gλ [a, b℄ ¯à¨ «î¡®¬
λ ∈ [0, 1℄ . �àã£¨¬¨ á«®¢ ¬¨, ¢áïª ï à¥£ã«ïà­ ï ¯à®¨§¢®¤­ ï_x(·, λ) ¯à¨­ ¤«¥�¨â á®®â¢¥âáâ¢ãîé¥¬ã ¡ ­ å®¢ã ¯à®áâà ­-áâ¢ã Gλ , ¯à¨ç¥¬ ¤«ï «î¡ëå λ1, λ2 ∈ [0, 1℄ ¨¬¥¥â ¬¥áâ® à -¢¥­áâ¢® ‖ _x(·, λ1)‖ = ‖ _x(·, λ2)‖ .Ǒà¨ «î¡®¬ λ ∈ [0, 1℄ £®¬®¬®àä¨§¬ «¨­¥©­ëå ¯à®áâà ­áâ¢�

λ
: RD[a, b℄ → R ×Gλ [a, b℄,�

λ
: x → (x(a), _x(·, λ))¨­ê¥ªâ¨¢¥­. �¥©áâ¢¨â¥«ì­®, à ¢¥­áâ¢® �

λ
(x) = 0 ®§­ ç ¥â, çâ®

x(a) = 0 ¨ _x(t, λ) = 0 ¤«ï ¢á¥å t ∈ [a, b℄ , ¯®íâ®¬ã _x(·, λ) ¢áî¤ã­¥¯à¥àë¢­  ¨ á®¢¯ ¤ ¥â á ª« áá¨ç¥áª®© ¯à®¨§¢®¤­®© x′(·) . �¥¬á ¬ë¬ x(t) ≡ 0 ¨, á«¥¤®¢ â¥«ì­®, Ker�
λ
= {0} . �®ª § â¥«ìáâ¢ãáîàê¥ªâ¨¢­®áâ¨ �

λ
¯à¥¤è¥áâ¢ã¥â á«¥¤ãîé ï� ¥ ® à ¥ ¬   3.1. Ǒãáâì y ∈ G[a, b℄ , c ∈ R . �á«¨ x(t) == c+ t

∫

a

y(ξ)dξ , â® x ∈ RD[a, b℄ .� ® ª   §   â ¥ « ì á â ¢ ®. �ã­ªæ¨ï y
L
= P y ­¥¯à¥àë¢-­  á«¥¢  ¢® ¢á¥å â®çª å t ∈ (a, b℄ ¨ y − y

L
∈ G0 [a, b℄ . � á¨«ã¯®á«¥¤­¥£® ¢ª«îç¥­¨ï ¤«ï «î¡ëå τ, s ∈ [a, b℄ á¯à ¢¥¤«¨¢® à -¢¥­áâ¢® s

∫

τ

[y(ξ) − y
L
(ξ)℄dξ = 0 , ¯®íâ®¬ã ¤«ï «î¡ëå t ∈ (a, b℄ ¨17



τ, s ∈ (a, t℄ ¨¬¥¥â ¬¥áâ® æ¥¯®çª 
s

∫

τ

y(ξ)dξ − y
L
(t)(s − τ) = s

∫

τ

[y(ξ)− y
L
(t)℄dξ = s

∫

τ

[y
L
(ξ)− y

L
(t)℄dξ.� ª ª ª y

L
­¥¯à¥àë¢­  á«¥¢ , â® ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â

δ > 0 , çâ® ¯à¨ ¢á¥å ξ ∈ (t − δ, t℄ ¢ë¯®«­¥­® |y
L
(ξ) − y

L
(t)| < ε ,¯®íâ®¬ã ¤«ï ¢á¥å τ, s ∈ (t − δ, t℄ á¯à ¢¥¤«¨¢  ®æ¥­ª 

∣

∣x(s)− x(τ)− y
L
(t)(s − τ)∣∣ = ∣

∣

∣

∣

s
∫

τ

y(ξ)dξ − y
L
(t)(s − τ)∣∣∣

∣

< ε|s − τ |¨, á«¥¤®¢ â¥«ì­®,lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) x(s)−x(τ)
s−τ

= y
L
(t) = y(t − 0) ∀t ∈ (a, b℄. (3.7)�­ «®£¨ç­® lim(τ,s)∈[t,b)2∗(τ,s)→(t,t) x(s)−x(τ)

s−τ
= y(t+ 0) ∀t ∈ [a, b), (3.8)çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�®£« á­® â¥®à¥¬¥ 3.1 ¯ à  (c, y) ∈ R × Gλ [a, b℄ ¯®à®�¤ ¥âà¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬ãî äã­ªæ¨î x(t) = c+ t

∫

a

y(ξ)dξ , £¤¥
t ∈ [a, b℄ . � ¢¥­áâ¢® x(a) = c ®ç¥¢¨¤­®. Ǒ®áª®«ìªã x ∈ RD[a, b℄ ,â® ®¯à¥¤¥«¥­® á¥ç¥­¨¥ _x(·, λ) . �á«¨ µ = 1− λ ¨ t ∈ (a, b) , â®_x(t, λ) = µÂx(t) + λB̂x(t) = µAx(t) + λBx(t) == µy(t − 0) + λy(t+ 0) = y(t).Ǒà¥¤¯®á«¥¤­¥¥ à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã (3.7) ¨ (3.8),   ¯®-á«¥¤­¥¥ { ¢ á¨«ã ¢ª«îç¥­¨ï y ∈ Gλ [a, b℄ . � á¨«ã íâ¨å �¥ ®¡áâ®-ïâ¥«ìáâ¢ ¨¬¥¥â ¬¥áâ® æ¥¯®çª  à ¢¥­áâ¢_x(a, λ) = µÂx(a) + λB̂x(a) = Bx(a) = y(a + 0) = y(a)18



¨  ­ «®£¨ç­® _x(b, λ) = y(b) . � ª¨¬ ®¡à §®¬, _x(t, λ) = y(t) ¤«ï¢á¥å t ∈ [a, b℄ , ¯®íâ®¬ã Im�
λ
= R ×Gλ [a, b℄ ¨, á«¥¤®¢ â¥«ì­®,RD[a, b℄ ≈ R ×Gλ [a, b℄ ∀λ ∈ [0, 1℄. (3.9)� ¥ ® à ¥ ¬   3.2. Ǒà®áâà ­áâ¢® RD[a, b℄ ¡ ­ å®¢® ®â-­®á¨â¥«ì­® ­®à¬ë

‖x‖ = |x(a)| + sup
t∈[a,b℄ | _x(t, λ)| ∀x ∈ RD[a, b℄, (3.10)ª®â®à ï ­¥ § ¢¨á¨â ®â λ ∈ [0, 1℄ .�®ª § â¥«ìáâ¢® ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨§ ¨§®¬®àä¨§¬  (3.9) ¨¯®«­®âë ¯à®áâà ­áâ¢ R ¨ Gλ [a, b℄ ¯® á®®â¢¥âáâ¢ãîé¨¬ ­®à¬ ¬.�¥§ ¢¨á¨¬®áâì ®â λ á«¥¤ã¥â ¨§ § ¬¥ç ­¨ï 3.2.� « ¥ ¤ á â ¢ ¨ ¥ 3.1. �á«¨ x ∈ RD[a, b℄ , â® á¯à ¢¥¤«¨¢®â®�¤¥áâ¢®

x(t) = x(a) + t
∫

a

_x(s, λ)ds ∀(t, λ) ∈ [a, b℄× [0, 1℄. (3.11)� « ¥ ¤ á â ¢ ¨ ¥ 3.2. �á«¨ x ∈ RD[a, b℄ , â® x { «¨¯è¨-æ¥¢  äã­ªæ¨ï, â.¥. x ∈ Lip[a, b℄ ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ®¤¨ £à ¬¬  BD C
ր ց ր ցC(1) Lip → AC → CBV G
ց ր ց րRD BV ,£¤¥ áâà¥«ª¨ ®¡®§­ ç îâ ®â­®è¥­¨¥ ¢ª«îç¥­¨ï ¯à®áâà ­áâ¢.�¥©áâ¢¨â¥«ì­®, á®£« á­® (3.11) ¤«ï «î¡ëå τ, s ∈ [a, b℄
|x(s)− x(τ)| 6

∣

∣

∣

∣

s
∫

τ

_x(t, λ)dt

∣

∣

∣

∣

6 sup
t∈[a,b℄ | _x(t, λ)| · |s − τ |,19



®âªã¤  ¨ á«¥¤ã¥â ¢ª«îç¥­¨¥ RD ⊂ Lip . �â® ¢ª«îç¥­¨¥ áâà®£®¥,â ª ª ª, ­ ¯à¨¬¥à, äã­ªæ¨ï ¨§ ¯à¨¬¥à  1.3 «¨¯è¨æ¥¢ , ­® ­¥ï¢«ï¥âáï à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬®©.4. �¥£ã«ïà­ ï ¯à®¨§¢®¤­ ï á«®�­®© äã­ªæ¨¨� ¥ ¬ ¬   4.1. Ǒãáâì x, y ∈ RD[a, b℄ , u = x + y , v = xy¨ w = x/y (¤«ï â ª®© y , çâ® y(t) 6= 0 ¯à¨ ¢á¥å t ∈ [a, b℄ ). �®£¤ 
u, v,w ∈ RD[a, b℄ ¨ á¯à ¢¥¤«¨¢ë ä®à¬ã«ë_u(t, λ) = _x(t, λ) + _y(t, λ), _v(t, λ) = x(t) _y(t, λ) + y(t) _x(t, λ),_w(t, λ) = _x(t,λ)y(t)− _y(t,λ)x(t)

y2(t) .� ® ª   §   â ¥ « ì á â ¢ ®. �ª«îç¥­¨¥ u ∈ RD[a, b℄ ®ç¥-¢¨¤­®. � á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© x ¨ y ¯à¨ ¢á¥å t ∈ (a, b℄á¯à ¢¥¤«¨¢ë æ¥¯®çª¨ à ¢¥­áâ¢
Av(t) = lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) x(s)(y(s)−y(τ))

s−τ
+ lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) y(τ)(x(s)−x(τ))

s−τ
== x(t)Ay(t) + y(t)Ax(t).

Aw(t) = lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) x(s)−x(τ)(s−τ)y(s) − lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) x(τ)(y(s)−y(τ))
y(s)y(τ)(s−τ) == Ax(t)y(t)−Ay (t)x(t)

y2(t) .�á¯®«ì§®¢ «¨ ®ç¥¢¨¤­ë¥ â®�¤¥áâ¢ 
v(s)− v(τ) = x(s)(y(s)− y(τ)) + y(τ)(x(s)− x(τ)),

w(s)− w(τ) = x(s)−x(τ)
y(s) − x(τ)(y(s)−y(τ))

y(s)y(τ) .�­ «®£¨ç­ë¥ ä®à¬ã«ë ¨¬¥îâ ¬¥áâ® ¨ ¤«ï ¢¥«¨ç¨­ Bv(t) ¨
Bw(t) (¯à¨ t ∈ [a, b) ),   ä®à¬ã«ë ¤«ï à¥£ã«ïà­ëå ¯à®¨§¢®¤­ëå¢ë¢®¤ïâáï ¯ãâ¥¬ ­¥á«®�­ëå ¥áâ¥áâ¢¥­­ëå ¯à¥®¡à §®¢ ­¨©.20



� ¥ ® à ¥ ¬   4.1. Ǒãáâì x ∈ RD[a, b℄ . �á«¨ α = min[a,b℄ x(·) ,
β = max[a,b℄ x(·) , f ∈ RD[α, β℄ , y = f(x(·)) , â® y ∈ RD[a, b℄ ¨ á¯à -¢¥¤«¨¢ë ä®à¬ã«ë

Ay(t) = 









Bf (x(t))Ax(t) ¯à¨ Ax(t) < 00 ¯à¨ Ax(t) = 0
Af (x(t))Ax(t) ¯à¨ Ax(t) > 0 , t ∈ (a, b℄,

By(t) = 









Af (x(t))Bx(t) ¯à¨ Bx(t) < 00 ¯à¨ Bx(t) = 0
Bf (x(t))Bx(t) ¯à¨ Bx(t) > 0 , t ∈ [a, b).� ® ª   §   â ¥ « ì á â ¢ ®. � ä¨ªá¨àã¥¬ t ∈ (a, b℄ ¨ ¯à®-¨§¢®«ì­®¥ ε > 0 . Ǒ®áª®«ìªã x ∈ RD[a, b℄ , â® ®¯à¥¤¥«¥­  äã­ª-æ¨ï Ax : (a, b℄ → R , áãé¥áâ¢ã¥â δ1 > 0 â ª®¥, çâ® ¤«ï ¢á¥å

τ, s ∈ (t − δ1, t℄
|x(s)− x(τ)− Ax(t)(s − τ)| 6 ε|s − τ | (4.1)¨ ¢ á®®â¢¥âáâ¢¨¨ á (3.11) ¤«ï ¢á¥å τ, s ∈ (a, b℄ á¯à ¢¥¤«¨¢®

x(s)− x(τ) = s
∫

τ

Ax(ξ)dξ. (4.2)1. Ǒà¥¤¯®«®�¨¬, çâ® Ax(t) > 0 . Ǒ®áª®«ìªã äã­ªæ¨ï Ax(·)­¥¯à¥àë¢­  á«¥¢ , â® áãé¥áâ¢ã¥â δ2 > 0 â ª®¥, çâ® Ax(ξ) > 0¤«ï ¢á¥å ξ ∈ (t − δ2, t℄ . � ç áâ­®áâ¨, ¢ á¨«ã (4.2) ¤«ï «î¡ëå
τ, s ∈ (t − δ2, t℄ , â ª¨å, çâ® τ < s , á¯à ¢¥¤«¨¢® x(τ) < x(s) , â.¥.
x áâà®£® ¬®­®â®­­® ¢®§à áâ ¥â ­  ¯®«ã¨­â¥à¢ «¥ (t − δ2, t℄ .Ǒãáâì δ3 = min{δ1, δ2} . �ã­ªæ¨ï x áâà®£® ¬®­®â®­­® ¢®§à -áâ ¥â ­  (t − δ3, t℄ , ¯à¨ç¥¬ ¤«ï ¢á¥å τ, s ∈ (t − δ3, t℄ á¯à ¢¥¤«¨¢ ®æ¥­ª  (4.1). Ǒãáâì z = x(t) . Ǒ®ª �¥¬, çâ® z 6= α . �¥©áâ¢¨-â¥«ì­®, ¥á«¨ ¡ë íâ® ¡ë«® ­¥ â ª, â® ¢ë¯®«­ï«®áì ¡ë à ¢¥­áâ¢®21



x(t) = min
ξ∈[a,b℄x(ξ) , â.¥. x(t) 6 x(ξ) ¤«ï ¢á¥å ξ ∈ [a, b℄ . � ç áâ­®-áâ¨, íâ® ¡ë«® ¡ë ¢¥à­® ¤«ï ¢á¥å ξ ∈ (t− δ3, t℄ , çâ® ¯à®â¨¢®à¥ç¨âáâà®£® ¬®­®â®­­®¬ã ¢®§à áâ ­¨î äã­ªæ¨¨ x ­  íâ®¬ ¬­®�¥áâ¢¥.� ª¨¬ ®¡à §®¬, z = x(t) ∈ (α, β℄ .� ª ª ª f ∈ RD[α, β℄ , â® ®¯à¥¤¥«¥­  äã­ªæ¨ï Af : (α, β℄ → R¨ áãé¥áâ¢ã¥â ρ > 0 â ª®¥, çâ® ¤«ï ¢á¥å u, v ∈ (z − ρ, z℄

|f(v)− f(u)− Af (z)(v − u)| 6 ε|v − u|.�àã£¨¬¨ á«®¢ ¬¨, ¢ª«îç¥­¨¥ u, v ∈ (x(t)−ρ, x(t)℄ ¢«¥ç¥â ®æ¥­ªã
|f(v)− f(u)− Af (x(t))(v − u)| 6 ε|v − u|. (4.3)� ©¤¥âáï δ ∈ (0, δ3℄ â ª®¥, çâ® x(τ) ∈ (x(t) − ρ, x(t)℄ , ª ªâ®«ìª® τ ∈ (t − δ, t℄ . �¥©áâ¢¨â¥«ì­®, ¥á«¨ x(t − δ3) > x(t) − ρ ,â® δ = δ3 . �á«¨ �¥ x(t − δ3) < x(t) − ρ , â® ¢ á¨«ã ­¥¯à¥àë¢-­®áâ¨ x áãé¥áâ¢ã¥â δ ∈ (0, δ3) â ª®¥, çâ® x(t − δ) = x(t) − ρ .� ®¡®¨å á«ãç ïå ááë« ¥¬áï ­  ¬®­®â®­­ë© à®áâ äã­ªæ¨¨ x ­ ¯®«ã¨­â¥à¢ «¥ (t − δ, t℄ .�â ª, ¥á«¨ τ, s ∈ (t − δ, t℄ , â® x(τ), x(s) ∈ (x(t) − ρ, x(t)℄ ,¯à¨ç¥¬ ¥á«¨ τ < s , â® x(τ) < x(s) . � á¨«ã (4.3) ¨ (4.1) ¨¬¥¥¬®æ¥­ª¨ |M−pN | 6 εN ¨ |N−qK| 6 εK , ¢ ª®â®àëå ¨á¯®«ì§ãîâáïá«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: M = y(s) − y(τ) = f(x(s)) − f(x(τ)) ,

N = x(s) − x(τ) , K = s − τ , p = Af (x(t)) , q = Ax(t) . � ¬¥â¨¬,çâ® N > 0,K > 0, q > 0 . Ǒà®¤¥« ¢ ­¥á«®�­ë¥ ¯à¥®¡à §®¢ ­¨ï,¯®«ãç¨¬ ¤¢ãáâ®à®­­îî ®æ¥­ªã
pqK − ε(|p − ε|+ q)K 6 M 6 pqK + ε(|p + ε|+ q)K,

−ε(|p − ε|+ q) 6
y(s)−y(τ)

s−τ
− Af (x(t))Ax(t) 6 ε(|p + ε|+ q).�¥¬ á ¬ë¬ ¯à¥¤¥«

Ay(t) = lim(τ,s)∈(a,t℄2∗(τ,s)→(t,t) y(s)−y(τ)
s−τ

(4.4)áãé¥áâ¢ã¥â ¨ Ay(t) = Af (x(t))Ax(t) .22



2. �á«¨ Ax(t) < 0 , â®, ¯®¢â®à¨¢ ¢® ¬­®£®¬ ¢ëª« ¤ª¨ ¯à¥¤ë-¤ãé¥£® ¯ã­ªâ , ¯®«ãç¨¬ ¤¢ãáâ®à®­­îî ®æ¥­ªã
−ε(|p + ε| − q) 6

y(s)−y(τ)
s−τ

− Bf (x(t))Ax(t) 6 ε(|p − ε| − q),¢ ª®â®à®© p = Bf (x(t)) ¨ q = Ax(t) < 0 . � ¬¥â¨¬ ¥é¥, çâ®§¤¥áì á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® x(t) 6= β ,   ¢  ­ «®£¥ ä®à¬ã«ë(4.3) ¢¬¥áâ® ¢¥«¨ç¨­ë Af (x(t)) áâ®¨â ¢¥«¨ç¨­  Bf (x(t)) . � -ª¨¬ ®¡à §®¬, ¯à¥¤¥« (4.4) áãé¥áâ¢ã¥â ¨ ¢ ¤ ­­®¬ á«ãç ¥, ¯à¨ç¥¬
Ay(t) = Bf (x(t))Ax(t) .3. Ǒãáâì, ­ ª®­¥æ, Ax(t) = 0 . �æ¥­ª  (4.1) ¯à¨­¨¬ ¥â §¤¥áì¢¨¤ |x(s)−x(τ)| 6 ε|s−τ | . Ǒ®áª®«ìªã f «¨¯è¨æ¥¢  (ª ª í«¥¬¥­â¯à®áâà ­áâ¢  RD[α, β℄ ), â® áãé¥áâ¢ã¥â ª®­áâ ­â  � > 0 , çâ®
|f(v)− f(u)| 6 �|v − u| ¤«ï ¢á¥å u, v ∈ [α, β℄ . � ª¨¬ ®¡à §®¬,
|y(s)− y(τ)| = |f(x(s))− f(x(τ))| 6 �|x(s)− x(τ)| 6 ε�|s − τ |,¯®íâ®¬ã ¯à¥¤¥« (4.4) áãé¥áâ¢ã¥â ¨ Ay(t) = 0 .�®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï ¯à¥¤¥« 

By(t) = lim(τ,s)∈[t,b)2∗(τ,s)→(t,t) y(s)−y(τ)
s−τ¯à¨ t ∈ [a, b) ®áãé¥áâ¢«ï¥âáï á¨¬¬¥âà¨ç­ë¬ ®¡à §®¬.�   ¬ ¥ ç   ­ ¨ ¥ 4.1. �­ «®£ â¥®à¥¬ë 4.1 å®à®è® ¨§¢¥-áâ¥­ ¢ á«¥¤ãîé¨å ¤¢ãå á«ãç ïå: 1) ¥á«¨ x ∈ D[a, b℄ , f ∈ D[α, β℄ ,â® y ∈ D[a, b℄ ; 2) ¥á«¨ x ∈ Lip[a, b℄ , f ∈ Lip[α, β℄ , â® y ∈ Lip[a, b℄ .�â® ª á ¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨©, â® ¤«ï ­¨å  ­ -«®£¨ç­®¥ ãâ¢¥à�¤¥­¨¥, ¢®®¡é¥ £®¢®àï, ­¥ ¢¥à­®. �®ç­¥¥, á¯à -¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à�¤¥­¨ï: 1) ¥á«¨ x ¬®­®â®­­  ­ [a, b℄ ,   f ∈ AC[α, β℄ , â® y ∈ AC[a, b℄ ; 2) ¥á«¨ x ∈ AC[a, b℄ ,

f ∈ Lip[α, β℄ , â® y ∈ AC[a, b℄ .Ǒ à ¨ ¬ ¥ à 4.1. �á«¨ f(x) = |x| , â® f à¥£ã«ïà­® ¤¨ä-ä¥à¥­æ¨àã¥¬ , ¯®íâ®¬ã ¤«ï «î¡®© äã­ªæ¨¨ x ∈ RD[a, b℄ á¯à -¢¥¤«¨¢® ¢ª«îç¥­¨¥ |x| ∈ RD[a, b℄ . �â® ­ ¡«î¤¥­¨¥ ¯®§¢®«ï¥â23



ãâ¢¥à�¤ âì, çâ® ¬®¤ã«ì ¢áïª®© ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®©äã­ªæ¨¨ ¥áâì äã­ªæ¨ï à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬ ï. � ¯à¨-¬¥à, äã­ªæ¨ï y(t) = | sin t| , t ∈ [a, b℄ , à¥£ã«ïà­® ¤¨ää¥à¥­æ¨-àã¥¬  (®­  ï¢«ï¥âáï ªãá®ç­® £« ¤ª®©). �®«¥¥ á®¤¥à� â¥«ì­ë¬ï¢«ï¥âáï á«¥¤ãîé¨© ¯à¨¬¥à. �á«¨ y : [0, 1℄ → R â ª®¢ , çâ®
y(0) = 0 ¨ y(t) = |t3 sin π

t
| ¯à¨ t 6= 0 , â® ¬­®�¥áâ¢® â®ç¥ª, £¤¥à¥£ã«ïà­ ï ¯à®¨§¢®¤­ ï â¥à¯¨â à §àë¢, ¥áâì áç¥â­®¥ ¬­®�¥áâ¢®.�¥£ª® ¯à®¢¥à¨âì, çâ®_y(t, λ) = 





















0 , t = 0(−1)n(t3 sin π
t
)′, t ∈ ( 1

n+1 , 1
n
), n = 1, 2, . . .

π
n
(2λ − 1) , t = 1

n
, n = 2, 3, . . .

−π , t = 1 .�á«¨ x ∈ RD[a, b℄ , â® x ∈ CBV[a, b℄ ¨ â¥¬ á ¬ë¬ ®¯à¥¤¥«¥­ äã­ªæ¨ï ¯®«­®© ¢ à¨ æ¨¨ y : [a, b℄ → R â ª ï, çâ® y(a) = 0 ¨
y(t) = Var

ξ∈[a,t℄x(ξ) ¯à¨ ¢á¥å t ∈ (a, b℄ . �§¢¥áâ­®, çâ® y { ­¥¯à¥àë¢-­ ï äã­ªæ¨ï. Ǒ®ª �¥¬, çâ® y ∈ RD[a, b℄ . �¥©áâ¢¨â¥«ì­®, ¥á«¨
t ∈ (a, b℄ , â® áãé¥áâ¢ã¥â Ax(t) , çâ®

∀ε > 0 ∃δ > 0 : ∀τ, s ∈ (t − δ, t℄2∗ =⇒ ∣

∣

x(s)−x(τ)
s−τ

− Ax(t)∣∣ < ε.�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®�­® áç¨â âì, çâ® τ < s . � ä¨ªá¨-àã¥¬ ¯à®¨§¢®«ì­®¥ à §¡¨¥­¨¥ τ = ξ0 < ξ1 < . . . < ξn = s ®âà¥§ª [τ, s℄ . Ǒà¨ ¢á¥å k = 1, . . . , n á¯à ¢¥¤«¨¢ë ®æ¥­ª¨
∣

∣

x(ξk)−x(ξk−1)
ξk−ξk−1 − Ax(t)∣∣ < ε ¨ ∣

∣

|x(ξk)−x(ξk−1)|
ξk−ξk−1 − |Ax(t)|∣∣ < ε,¯®íâ®¬ã

−ε(ξk − ξk−1) < |x(ξk)−x(ξk−1)| − |Ax(t)|(ξk − ξk−1) < ε(ξk − ξk−1),
−ε(s − τ) <

n
∑

k=1 |x(ξk)− x(ξk−1)| − |Ax(t)|(s − τ) < ε(s − τ).24



� á¨«ã ¯à®¨§¢®«ì­®áâ¨ à §¡¨¥­¨ï τ = ξ0 < ξ1 < . . . < ξn = s¨¬¥¥¬
−ε(s − τ) < Var

ξ∈[τ,s℄x(ξ)− |Ax(t)|(s − τ) 6 ε(s − τ),
−ε(s − τ) < y(s)− y(τ)− |Ax(t)|(s − τ) 6 ε(s − τ),

∣

∣

y(s)−y(τ)
s−τ

− |Ax(t)|∣∣ 6 ε,â.¥. Ay(t) = |Ax(t)| . �­ «®£¨ç­® By(t) = |Bx(t)| ¯à¨ t ∈ [a, b) .� ª¨¬ ®¡à §®¬, y ∈ RD[a, b℄ .Ǒ à ¨ ¬ ¥ à 4.2. �á«¨ x(t) = |t| , t ∈ [−1, 1℄ , â® «¥£ª® ¯à®-¢¥à¨âì, çâ® y(t) = 1 + t . Ǒà¨ íâ®¬ Ax(t) = −1 ¯à¨ t 6 0 ¨
Ax(t) = 1 ¯à¨ t > 0 ,   Ay(t) ≡ 1 .5. �ª¢¨¢ «¥­â­ë¥ ­®à¬ë ¢ ¯à®áâà ­áâ¢¥ RD[a, b℄�ç¥¢¨¤­®, çâ® ¯à®áâà ­áâ¢®

{

x : [a, b℄ → R
∣

∣ sup(τ,s)∈�∣

∣X(τ, s)∣∣ < ∞
}á®¢¯ ¤ ¥â á ¯à®áâà ­áâ¢®¬ äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ­  [a, b℄ãá«®¢¨î �¨¯è¨æ . �¡®§­ ç¨¬ ¥£® ç¥à¥§ Lip[a, b℄ . � ¯®¬­¨¬, çâ®ç¥à¥§ � ®¡®§­ ç¥­® ¬­®�¥áâ¢® {(τ, s) ∈ R

2 : a 6 τ < s 6 b} ,  
X(τ, s) = x(s)−x(τ)

s−τ
{ íâ® äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå (τ, s) ∈ [a, b℄2∗(¢ ¤ ­­®¬ á«ãç ¥ (τ, s) ∈ �). �¥£ª® ¯à®¢¥à¨âì, çâ® äã­ªæ¨®­ «

‖x‖Lip = |x(a)|+ sup(τ,s)∈�∣

∣X(τ, s)∣∣ ∀x ∈ Lip[a, b℄ï¢«ï¥âáï ­®à¬®© ¢ Lip[a, b℄ . Ǒà¨¢®¤¨¬®¥ ­¨�¥ ãâ¢¥à�¤¥­¨¥ ¨§-¢¥áâ­® á¯¥æ¨ «¨áâ ¬, ¨§ãç îé¨¬ £¥«ì¤¥à®¢ë ¯à®áâà ­áâ¢ , â¥¬­¥ ¬¥­¥¥ ¬ë ¯à¨¢®¤¨¬ ¥£® ¤®ª § â¥«ìáâ¢® ¢ ¯®«­®¬ ®¡ê¥¬¥ ¨ ¢â¥à¬¨­ å, ¯à¨­ïâëå ¢ ­ áâ®ïé¥© à ¡®â¥.� ¥ ® à ¥ ¬   5.1. Ǒà®áâà ­áâ¢® Lip[a, b℄ ¡ ­ å®¢® ®â-­®á¨â¥«ì­® ­®à¬ë ‖ · ‖Lip . 25



� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¥¤¯®«®�¨¬, çâ® ¯®á«¥¤®¢ -â¥«ì­®áâì {xn}
∞
n=1 , xn ∈ Lip[a, b℄ , äã­¤ ¬¥­â «ì­ , â.¥. ¤«ï «î-¡®£® ε > 0 áãé¥áâ¢ã¥â N â ª®¥, çâ® ¤«ï ¢á¥å n,m > N ¢ë¯®«-­¥­ë ­¥à ¢¥­áâ¢  |xn(a)− xm(a)| < ε ¨sup(τ,s)∈�∣

∣

xn(s)−xm(s)−xn(τ)+xm(τ)
s−τ

∣

∣ < ε.� ç áâ­®áâ¨, ¤«ï äã­ªæ¨© Xn(τ, s) = xn(s)−xn(τ)
s−τ

, § ¤ ­­ëå ­ � , á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® sup(τ,s)∈�∣

∣Xn(τ, s)− Xm(τ, s)| < ε . �â®®§­ ç ¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {Xn(τ, s)}∞n=1 à ¢­®¬¥à­® (­ ¬­®�¥áâ¢¥ � ) áå®¤¨âáï ¢ á¥¡¥ ¨, á«¥¤®¢ â¥«ì­®, à ¢­®¬¥à­® áå®-¤¨âáï ª ­¥ª®â®à®© äã­ªæ¨¨ X̂(τ, s) , § ¤ ­­®© ­  � . �àã£¨¬¨á«®¢ ¬¨, áãé¥áâ¢ã¥â X̂(τ, s) â ª ï, çâ®lim
n

sup(τ,s)∈�∣

∣Xn(τ, s)− X̂(τ, s)∣∣ = 0.� á¨«ã ¯®á«¥¤­¥£® à ¢¥­áâ¢  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à-�¤¥­¨ï: ¢®-¯¥à¢ëå, sup(τ,s)∈�∣

∣X̂(τ, s)∣∣ < ∞ ¨, ¢®-¢â®àëå, ¨¬¥¥â ¬¥-áâ® ¯®â®ç¥ç­ ï áå®¤¨¬®áâì lim
n

Xn(τ, s) = X̂(τ, s) .�¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {xn(a)}∞n=1 äã­¤ ¬¥­â «ì­ ,¯®íâ®¬ã ¨¬¥¥â ¯à¥¤¥«. �¡®§­ ç¨¬ ¥£® ç¥à¥§ x̂ ¨ á®áâ ¢¨¬ äã­ª-æ¨¨ x(t) = x̂ + X̂(t, a)(t − a) ¤«ï t ∈ [a, b℄ ¨ X(τ, s) = x(s)−x(τ)
s−τ¤«ï (τ, s) ∈ � . � ª ª ª ¤«ï ¢á¥å t ∈ [a, b℄

xn(t) = xn(a) +Xn(t, a)(t − a) →
n

x̂+ X̂(t, a)(t − a) = x(t),â® lim
n

xn(t) = x(t) . � ª¨¬ ®¡à §®¬, ¤«ï ¢á¥å (τ, s) ∈ �
X(τ, s) = x(s)−x(τ)

s−τ
= lim

n

xn(s)−xn(τ)
s−τ

= lim
n

Xn(τ, s) = X̂(τ, s),¯®íâ®¬ã
‖xn − x‖Lip = |xn(a)− x(a)| + sup(τ,s)∈�∣

∣

xn(s)−x(s)−xn(τ)+x(τ)
s−τ

∣

∣ =26



= |xn(a)− x(a)| + sup(τ,s)∈�∣

∣Xn(τ, s)− X̂(τ, s)∣∣ →
n

0¨ sup(τ,s)∈�∣

∣X(τ, s)∣∣ = sup(τ,s)∈�∣

∣X̂(τ, s)∣∣ < ∞ , â.¥. ¯®áâà®¥­­ ï ¯à¥¤¥«ì-­ ï äã­ªæ¨ï x ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï «¨¯è¨æ¥¢®©.�à®¬¥ ­®à¬ë (3.10), ª®â®àãî ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
‖x‖RD = |x(a)| + ‖ _x(·, λ)‖G ∀x ∈ RD[a, b℄,¢ RD[a, b℄ ®¯à¥¤¥«¥­ë ­®à¬ë

‖x‖1 = max{|x(a)|, ‖ _x(·, λ)‖G}, ‖x‖2 = max{‖x‖C , ‖ _x(·, λ)‖G},
‖x‖3 = max{‖x‖BV , ‖ _x(·, λ)‖G}, ‖x‖Lip = |x(a)|+ sup(τ,s)∈�∣

∣

∣

x(s)−x(τ)
s−τ

∣

∣

∣
,¨ ¢á¥ ®­¨ íª¢¨¢ «¥­â­ë. �®«¥¥ â®£®, ª ª ¬ë ¢ëïá­¨¬ ­¨�¥,¤«ï ¢á¥å x ∈ RD[a, b℄ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® ‖x‖RD = ‖x‖Lip .�ª¢¨¢ «¥­â­®áâì ­®à¬ ‖ · ‖RD ¨ ‖ · ‖1 á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢

‖x‖1 6 ‖x‖RD 6 2‖x‖1 . � ª ª ª |x(a)| 6 ‖x‖C , â® ‖x‖1 6 ‖x‖2 . �á«ãç ¥, ¥á«¨ ‖x‖C 6 ‖ _x(·, λ)‖G , ¨¬¥¥¬ ‖x‖2 = ‖ _x(·, λ)‖G 6 ‖x‖1 .�á«¨ �¥ ‖x‖C > ‖ _x(·, λ)‖G , â® ‖x‖2 = ‖x‖C . � íâ®¬ á«ãç ¥ ¤«ï¢á¥å t ∈ [a, b℄ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (3.11), ¯®íâ®¬ã
|x(t)| 6 |x(a)| + (b − a)‖ _x(·, λ)‖G 6 (1 + b − a)‖x‖1 ∀t ∈ [a, b℄,á«¥¤®¢ â¥«ì­®, ‖x‖2 = ‖x‖C 6 (1 + b − a)‖x‖1 ¨ ®ª®­ç â¥«ì­®

‖x‖1 6 ‖x‖2 6 (1 + b − a)‖x‖1 ∀x ∈ RD[a, b℄.�¥à ¢¥­áâ¢® ‖x‖1 6 ‖x‖3 ®ç¥¢¨¤­®. �á«¨ ‖x‖BV 6 ‖ _x(·, λ)‖G ,â® ‖x‖3 = ‖ _x(·, λ)‖G 6 ‖x‖1 . Ǒãáâì ‖x‖BV > ‖ _x(·, λ)‖G , â®£¤ 
‖x‖3 = ‖x‖BV ¨ ¢ á®®â¢¥âáâ¢¨¨ á (3.11) ¤«ï «î¡®£® ε > 0 áãé¥-áâ¢ã¥â à §¡¨¥­¨¥ a = τ0 < τ1 < . . . < τn = b â ª®¥, çâ®Var[a,b℄ x < ε+ n

∑

k=1 |x(τk)− x(τk−1)| = ε+ n
∑

k=1∣∣∣∣ τk
∫

τk−1 _x(s, λ)ds

∣

∣

∣

∣

627



6 ε+ n
∑

k=1(τk − τk−1) sup
t∈[τk−1,τk℄ | _x(t, λ)| 6 ε+ (b − a) sup

t∈[a,b℄ | _x(t, λ)|.� ª ª ª ε > 0 ¯à®¨§¢®«ì­®, â® Var[a,b℄ x 6 (b − a)‖ _x(·, λ)‖G ¨
‖x‖BV = |x(a)|+Var[a,b℄ x 6 |x(a)|+ (b− a)‖ _x(·, λ)‖G 6 (1+ b− a)‖x‖1 ,¯®íâ®¬ã ‖x‖1 6 ‖x‖3 6 (1 + b − a)‖x‖1 ¤«ï ¢á¥å x ∈ RD[a, b℄ .� ¥ ¬ ¬   5.1. �á«¨ x ∈ RD[a, b℄ , â® ‖x‖RD = ‖x‖Lip .�àã£¨¬¨ á«®¢ ¬¨,sup
t∈[a,b℄ | _x(t, λ)| = sup(τ,s)∈�∣

∣

x(s)−x(τ)
s−τ

∣

∣ ¨ ‖x‖RD = |x(a)|+ sup(τ,s)∈�∣

∣

x(s)−x(τ)
s−τ

∣

∣.� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ a 6 τ < s 6 b , â® ¢ á®®â-¢¥âáâ¢¨¨ á (3.11)
|x(s)− x(τ)| = ∣

∣

∣

∣

s
∫

τ

_x(t, λ)dt

∣

∣

∣

∣

6 sup
t∈[a,b℄ | _x(t, λ)| · (s − τ),¯®íâ®¬ã

l(x) _= sup(τ,s)∈�∣

∣

x(s)−x(τ)
s−τ

∣

∣ 6 sup
t∈[a,b℄ | _x(t, λ)|.�®ª �¥¬ ¯à®â¨¢®¯®«®�­®¥ ­¥à ¢¥­áâ¢®. � ä¨ªá¨àã¥¬ ε > 0 .�«ï «î¡®£® t ∈ (a, b℄ ­ ©¤ãâáï τ, s ∈ (a, t℄ â ª¨¥, çâ® τ 6= s ¨

∣

∣

x(s)−x(τ)
s−τ

− Ax(t)∣∣ < ε , ¯®íâ®¬ã |Ax(t)| < ε + l(x) . �­ «®£¨ç­®
|Bx(t)| < ε+ l(x) ¤«ï «î¡®£® t ∈ [a, b) . � ª¨¬ ®¡à §®¬, ¤«ï ¢á¥å(t, λ) ∈ [a, b℄× [0, 1℄ á¯à ¢¥¤«¨¢®

| _x(t, λ)| = |(1 − λ)Âx(t) + λB̂x(t)| < ε+ l(x),  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ε > 0 ¤«ï ¢á¥å t ∈ [a, b℄ ¨¬¥¥â ¬¥áâ®®æ¥­ª  | _x(t, λ)| 6 l(x) , çâ® ¨ âà¥¡®¢ «®áì.�   ¬ ¥ ç   ­ ¨ ¥ 5.1. �­ «®£¨ç­ë¬ ®¡à §®¬ ¬®�­® ¯®-ª § âì, çâ® ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ x ∈ BD[a, b℄ á¯à ¢¥¤«¨¢®
‖x‖BD _= |x(a)| + sup

t∈[a,b℄ |x′(t)| = |x(a)| + sup(τ,s)∈�∣

∣

x(s)−x(τ)
s−τ

∣

∣ = ‖x‖Lip .28



� ç áâ­®áâ¨, ¤«ï ¯à®¨§¢®«ì­®© x ∈ C(1)[a, b℄ á¯à ¢¥¤«¨¢®
‖x‖C(1) _= |x(a)|+ max

t∈[a,b℄ |x′(t)| = |x(a)|+ sup(τ,s)∈�∣

∣

x(s)−x(τ)
s−τ

∣

∣ = ‖x‖Lip .�â  ­®à¬  íª¢¨¢ «¥­â­  ®¡é¥ã¯®âà¥¡¨â¥«ì­®© ­®à¬¥
‖x‖ = max( max

t∈[a,b℄ |x(t)|, max
t∈[a,b℄ |x′(t)| )

.� ª¨¬ ®¡à §®¬, ¯®«­ë¥ ¯à®áâà ­áâ¢  (ª �¤®¥ ¯® á¢®¥© ­®à¬¥)C(1)[a, b℄ , BD[a, b℄ , RD[a, b℄ § ¬ª­ãâë ¢ ¯à®áâà ­áâ¢¥ Lip[a, b℄ ¯®­®à¬¥ ‖ · ‖Lip , ª®â®à ï ­  á ¬®¬ ¤¥«¥ ï¢«ï¥âáï ¤«ï ­¨å ®¡é¥©.6. �¯¯à®ªá¨¬ æ¨ï à¥£ã«ïà­® ¤¨ää¥à¥­æ¨àã¥¬ëåäã­ªæ¨© «®¬ ­ë¬¨�ã­ªæ¨ï x : [a, b℄ → R ­ §ë¢ ¥âáï «®¬ ­®© äã­ªæ¨¥© (¨«¨ ªã-á®ç­® «¨­¥©­®© äã­ªæ¨¥©), ¥á«¨ áãé¥áâ¢ã¥â ª®­¥ç­®¥ à §¡¨¥­¨¥
a = τ0 < τ1 < . . . < τn = b ¨ ç¨á«  c1, c2, . . . , cn â ª¨¥, çâ® ¤«ï¢á¥å k = 1, . . . , n ¨ ¤«ï ¢á¥å τ, s ∈ [τk−1, τk℄ á¯à ¢¥¤«¨¢® à -¢¥­áâ¢® x(s)− x(τ) = ck(s − τ) . �­®�¥áâ¢® ¢á¥å «®¬ ­ëå, ®¯à¥-¤¥«¥­­ëå ­  ®âà¥§ª¥ [a, b℄ , ï¢«ï¥âáï «¨­¥©­ë¬ ¯à®áâà ­áâ¢®¬.�ç¥¢¨¤­® â ª�¥, çâ® ¢áïª ï «®¬ ­ ï ï¢«ï¥âáï à¥£ã«ïà­® ¤¨ä-ä¥à¥­æ¨àã¥¬®© äã­ªæ¨¥© (¯®íâ®¬ã ®­  «¨¯è¨æ¥¢ , ­¥¯à¥àë¢­ ¨ ¨¬¥¥â ®£à ­¨ç¥­­®¥ ¨§¬¥­¥­¨¥). � ç áâ­®áâ¨, ¤«ï ¢áïª®© «®-¬ ­®© äã­ªæ¨¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

‖x‖RD = |x(a)|+max{|c1|, |c2|, . . . , |cn|}.� ¥ ® à ¥ ¬   6.1. �ã­ªæ¨ï x ∈ RD[a, b℄ â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì «®¬ ­ëå äã­ªæ¨©
{xn : [a, b℄ → R}∞n=1 â ª ï, çâ® ‖xn − x‖Lip →

n
0 .�®ª § â¥«ìáâ¢®. Ǒãáâì x ∈ RD[a, b℄ , ¨ § ä¨ªá¨àã¥¬ ε > 0 .Ǒ®áª®«ìªã x ∈ RD[a, b℄ , â® ¤«ï ¯à®¨§¢®«ì­®© â®çª¨ t ∈ (a, b)áãé¥áâ¢ã¥â δt > 0 â ª®¥, çâ® t − δt > a , t+ δt 6 b ,sup |X(τ, s) − X(τ ′, s′)| 6 ε ¯® ¢á¥¬ (τ, s), (τ ′, s′) ∈ (t − δt, t ℄2∗,29



sup |X(τ, s) − X(τ ′, s′)| 6 ε ¯® ¢á¥¬ (τ, s), (τ ′, s′) ∈ [t, t + δt)2∗.�àã£¨¬¨ á«®¢ ¬¨, ª®«¥¡ ­¨¥ äã­ªæ¨¨ X(τ, s) ­  ª �¤®¬ ¨§ ¬­®-�¥áâ¢ (t − δt, t ℄2∗ ¨ [t, t+ δt)2∗ ­¥ ¯à¥¢®áå®¤¨â ε . �­ «®£¨ç­® áã-é¥áâ¢ãîâ δa > 0 ¨ δb > 0 â ª¨¥, çâ® ª®«¥¡ ­¨¥ äã­ªæ¨¨ X(τ, s)­  ¬­®�¥áâ¢ å [a, a+ δa)2∗ ¨ (b− δb, b ℄2∗ â ª�¥ ­¥ ¯à¥¢®áå®¤¨â ε .�¥¬¥©áâ¢® ª¢ ¤à â®¢[a, a + δa)2, {(t − δt, t ℄2, [t, t + δt)2}
t∈(a,b), (b − δb, b ℄2®¡à §ã¥â ¡¥áª®­¥ç­ãî á¨áâ¥¬ã ¬­®�¥áâ¢, ¯®ªàë¢ îéãî £« ¢-­ãî ¤¨ £®­ «ì ª¢ ¤à â  [a, b℄2 , ï¢«ïîéãîáï ª®¬¯ ªâ­ë¬ ¬­®-�¥áâ¢®¬ ¢ R

2 . �«¥¤®¢ â¥«ì­®, ¨§ íâ®£® á¥¬¥©áâ¢  ¬®�­® ¢ë¤¥-«¨âì ª®­¥ç­®¥ ¯®¤¯®ªàëâ¨¥[a, a+δa)2, (s1−δs1 , s1 ℄2, [s1, s1+δs1)2, (s2−δs2 , s2 ℄2, [s2, s2+δs2)2,
. . . , (sm − δsm , sm ℄2, [sm, sm + δsm)2, (b − δb, b ℄2,¯®à®�¤ îé¥¥ ª®­¥ç­®¥ à §¡¨¥­¨¥ a = τ0 < τ1 < . . . < τn = bâ ª®¥, çâ®

τ0 = a, τ1 ∈ (s1 − δs1 , a+ δa), τ2 = s1, τ3 ∈ (s2 − δs2 , s1 + δs1), . . .

. . . , τ2k−1 ∈ (sk − δsk
, sk−1 + δsk−1), τ2k = sk, . . .

. . . , τ2m = sm, τ2m+1 ∈ (b − δb, sm + δsm), τ2m+2 = b.(�¤¥áì n = 2m + 2 ,   â®çª¨ ¢¨¤  τ2k−1 ¯à®¨§¢®«ì­ë.) �¥¬¥©-áâ¢® ª¢ ¤à â®¢ {[τk−1, τk℄2} n
k=1 ¯®ªàë¢ ¥â £« ¢­ãî ¤¨ £®­ «ìª¢ ¤à â  [a, b℄2 , ¨ ­  ª �¤®¬ ¬­®�¥áâ¢¥ [τk−1, τk℄2∗ ª®«¥¡ ­¨¥äã­ªæ¨¨ X(τ, s) ­¥ ¯à¥¢®áå®¤¨â ε , ¯®íâ®¬ã á¯à ¢¥¤«¨¢  ®æ¥­ª 

|X(τ, s) − X(τ ′, s′)| 6 ε , ª ª â®«ìª® (τ, s), (τ ′, s′) ∈ [τk−1, τk℄2∗ .Ǒà®¨§¢®«ì­ë¥ â®çª¨ (ξk, ηk) ∈ [τk−1, τk℄2∗ (¯® ®¤­®© â®çª¥ ¨§ª �¤®£® ¬­®�¥áâ¢  [τk−1, τk℄2∗ ) ¯®à®�¤ îâ «®¬ ­ãî äã­ªæ¨î
y : [a, b℄ → R , çâ® y(a) = x(a) ¨ y(s) − y(τ) = X(ξk, ηk)(s − τ)¤«ï ¢á¥å k = 1, . . . , n ¨ ¤«ï ¢á¥å τ, s ∈ [τk−1, τk℄ . Ǒ®áª®«ìªã30



x(s)−x(τ) = X(τ, s)(s− τ) ¤«ï ¢á¥å (τ, s) ∈ [a, b℄2∗ , â® ¤«ï à §­®-áâ¨ z = y − x ¯à¨ ¢á¥å (τ, s) ∈ [τk−1, τk℄2∗ á¯à ¢¥¤«¨¢® z(a) = 0 ,
z(s)− z(τ) = (X(ξk, ηk)− X(τ, s))(s − τ) ¨ |z(s)− z(τ)| 6 ε|s − τ |.(6.1)Ǒ®áª®«ìªã x, y ∈ RD[a, b℄ , â® z ∈ RD[a, b℄ ¨ ®¯à¥¤¥«¥­ëäã­ªæ¨¨ Az : (a, b℄ → R ¨ Bz : [a, b) → R . �«ï «î¡®£® t ∈ (a, b℄áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ®

∣

∣

z(s)−z(τ)
s−τ

− Az(t)∣∣ < ε ∀(τ, s) ∈ (t − δ, t ℄2∗. (6.2)�«ï «î¡®£® t ∈ (a, b℄ áãé¥áâ¢ã¥â k â ª®¥, çâ® t ∈ (τk−1, τk℄ , á«¥-¤®¢ â¥«ì­®, ¤«ï «î¡ëå (τ, s) ∈ (t−δ, t ℄2∗∩(τk−1, τk℄2∗ á¯à ¢¥¤«¨¢ë®æ¥­ª¨ (6.1) ¨ (6.2). � ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® t ∈ (a, b℄
|Az(t)| < ε+ ∣

∣

z(s)−z(τ)
s−τ

∣

∣ 6 2ε.�­ «®£¨ç­® ¬®�­® ¯®ª § âì, çâ® |Bz(t)| < 2ε ¤«ï ¢á¥å t ∈ [a, b) ,¯®íâ®¬ã | _z(t, λ)| < 2ε ¤«ï ¢á¥å (t, λ) ∈ [a, b℄× [0, 1℄ ¨ ‖z‖RD < 2ε .�¡à â­®¥ ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ ¯®«­®âë ¯à®áâà -­áâ¢  RD[a, b℄ ¯® ­®à¬¥ ‖ · ‖RD .� « ¥ ¤ á â ¢ ¨ ¥ 6.1. Ǒà®áâà ­áâ¢® RD[a, b℄ ï¢«ï¥âáï§ ¬ëª ­¨¥¬ ¯® ­®à¬¥ ‖ · ‖Lip ¯à®áâà ­áâ¢  «®¬ ­ëå, ®¯à¥¤¥-«¥­­ëå ­  ®âà¥§ª¥ [a, b℄ .� « ¥ ¤ á â ¢ ¨ ¥ 6.2. Ǒà®áâà ­áâ¢® RD[a, b℄ ï¢«ï¥âáï§ ¬ëª ­¨¥¬ ¯à®áâà ­áâ¢  KC(1)[a, b℄ ¯® ­®à¬¥ ‖ · ‖Lip .� « ¥ ¤ á â ¢ ¨ ¥ 6.3. �á«¨ x ∈ RD[a, b℄ , â® áãé¥áâ¢ã-¥â ¯®á«¥¤®¢ â¥«ì­®áâì «®¬ ­ëå {xn : [a, b℄ → R}∞n=1 â ª ï,çâ® ‖xn −x‖BV →
n
0 ¨ ‖xn −x‖C →

n
0 (â.¥. ¯®á«¥¤®¢ â¥«ì­®áâì

{xn(t)}∞n=1 áå®¤¨âáï ª äã­ªæ¨¨ x(t) à ¢­®¬¥à­® ­  [a, b℄ ).�â¢¥à�¤¥­¨¥ á«¥¤ã¥â ¨§ ®ç¥¢¨¤­ëå ­¥à ¢¥­áâ¢ ‖x‖BV 6 ‖x‖3¨ ‖x‖C 6 ‖x‖2 . �«¥¤ã¥â â ª�¥ ®â¬¥â¨âì, çâ® ¢â®à ï ç áâì á«¥¤-áâ¢¨ï á®£« áã¥âáï á ¨§¢¥áâ­ë¬ ãâ¢¥à�¤¥­¨¥¬ ®¡  ¯¯à®ªá¨¬ æ¨¨«î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ «®¬ ­ë¬¨ äã­ªæ¨ï¬¨ ¢ â®¯®«®£¨¨à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. 31



7. Ǒà®áâà ­áâ¢® á¯« ©­®¢�ã­ªæ¨ï x ∈ C(m)[a, b℄ ­ §ë¢ ¥âáï á¯« ©­®¬ ¯®àï¤ª  m , ¥á«¨áãé¥áâ¢ã¥â ª®­¥ç­®¥ à §¡¨¥­¨¥ a = τ0 < τ1 < . . . < τn = b ¨ç¨á«  c1, c2, . . . , cn â ª¨¥, çâ® ¤«ï ¢á¥å k = 1, . . . , n ¨ ¤«ï ¢á¥å
τ, s ∈ [τk−1, τk℄ á¯à ¢¥¤«¨¢® x(m)(s)−x(m)(τ) = ck(s− τ) . �­®�¥-áâ¢® ¢á¥å á¯« ©­®¢ ¯®àï¤ª  m , ®¯à¥¤¥«¥­­ëå ­  [a, b℄ , ï¢«ï¥âáï«¨­¥©­ë¬ ¯à®áâà ­áâ¢®¬. �¥£ª® ¯®ª § âì, çâ® ¯à®¨§¢®¤­ ï ®âá¯« ©­  ¯®àï¤ª  m (¯à¨ m > 0 ) ¥áâì á¯« ©­ ¯®àï¤ª  m − 1 ,  á¯« ©­ ¬¨ ­ã«¥¢®£® ¯®àï¤ª  ï¢«ïîâáï «®¬ ­ë¥ äã­ªæ¨¨.�¥à¥§ RD(m)[a, b℄ ®¡®§­ ç¨¬ ¯®¤¯à®áâà ­áâ¢® ¢ C(m)[a, b℄ , á®-áâ®ïé¥¥ ¨§ â¥å äã­ªæ¨© x , çâ® x(m) ∈ RD[a, b℄ . � íâ®¬ ¯à®áâà ­-áâ¢¥ ®¯à¥¤¥«¥­  ­®à¬  ‖x‖(m) = max{‖x‖C(m) , ‖x(m)‖Lip} , ®â­®á¨-â¥«ì­® ª®â®à®© ¯à®áâà ­áâ¢® RD(m)[a, b℄ ï¢«ï¥âáï ¯®«­ë¬. Ǒà®-áâà ­áâ¢® RD(m)[a, b℄ ï¢«ï¥âáï § ¬ëª ­¨¥¬ ¯® ­®à¬¥ ‖·‖(m) ¯à®-áâà ­áâ¢  á¯« ©­®¢ ¯®àï¤ª  m , ®¯à¥¤¥«¥­­ëå ­  [a, b℄ . �®ª § -â¥«ìáâ¢® íâ¨å ãâ¢¥à�¤¥­¨© ®áâ ¢«ï¥¬ ç¨â â¥«î.�¯¨á®ª «¨â¥à âãàë1. �®¤¨®­®¢ �.�. �¢ §¨¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¢ ¯à®áâà ­áâ¢¥ ¯à¥àë-¢¨áâëå äã­ªæ¨© // �§¢¥áâ¨ï �­-â  ¬ â¥¬. ¨ ¨­ä®à¬. �¤��. ��¥¢áª,1997. �ë¯. 2(10). �. 3-51.2. �®¤¨®­®¢ �.�. �¡áâà ªâ­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ ¯à®-áâà ­áâ¢¥ ¯à¥àë¢¨áâëå äã­ªæ¨© // �§¢¥áâ¨ï �­-â  ¬ â¥¬. ¨ ¨­-ä®à¬. �¤��. ��¥¢áª, 2002. �ë¯. 2(25). �. 87-90.3. H�onig Ch.S. Volterra-Stieltjes integral equations. Mathemati
s Studies16. Amsterdam: North-Holland, 1975. 152 p.4. Tvrd�y M. Regulated fun
tions and the Perron-Stieltjes integral //�Casopis pe�st. mat. 1989. Vol. 114. P. 187-209.
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