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t. We 
onsider a one-dimensional dis
rete S
hr�odinger opera-tor with a de
reasing small potential. The existen
e of the unique level(eigenvalue or resonanse) near the boundary points ±2 of the essentialspe
trum is proved. We investigate the asymptoti
 behaviour of theselevels.�¢¥¤¥­¨¥� áá¬®âà¨¬ ¤¨áªà¥â­ë© (à §­®áâ­ë©) ®¯¥à â®à �à¥¤¨­£¥à  H0(á¬. [1℄), ¤¥©áâ¢ãîé¨© ¢ l2(Z) ¯® ä®à¬ã«¥
H0{x(n)}n∈Z = {x(n + 1) + x(n − 1)}n∈Z.�¯¥à â®à H0 ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬ ¨ á ¬®á®¯àï�¥­­ë¬,   ¥£®á¯¥ªâà à ¢¥­ (á¬. [2℄,   â ª�¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1 ­¨�¥)

σ(H0) = [−2, 2℄.Ǒ®«®�¨¬ H = H0+V, £¤¥ V = {V (n)}n∈Z ∈ l∞(Z) ¤¥©áâ¢ã¥â¢ l2(Z) ¯® ä®à¬ã«¥ V {x(n)}n∈Z = {V (n)x(n)}n∈Z. Ǒà¥¤¯®« £ -¥¬, çâ® V 6= 0 ¨ V (n) ¯à¨­¨¬ ¥â â®«ìª® ¢¥é¥áâ¢¥­­ë¥ §­ ç¥­¨ï,â®£¤  ®¯¥à â®à V â ª�¥ ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬ á ¬®á®¯àï�¥­-­ë¬ ®¯¥à â®à®¬ (¯®â¥­æ¨ «®¬).�¯¥à â®àë H ãª § ­­®£® ¢¨¤   ªâ¨¢­® ¨§ãç îâáï ¬ â¥¬ â¨-ª ¬¨ (á¬., ­ ¯à¨¬¥à, [1;3℄ ¨ ¨¬¥îé¨¥áï â ¬ ááë«ª¨). �­¨ ¡¥àãâ85



á¢®¥ ¯à®¨áå®�¤¥­¨¥ ¨§ ä¨§¨ª¨ (¯® íâ®¬ã ¯®¢®¤ã á¬. [4℄,   â ª�¥[5℄ ®¡ ®¯¥à â®à¥ � à¯¥à ).� ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥¬, çâ® äã­ªæ¨ï V (n) ã¤®¢«¥â¢®-àï¥â ®æ¥­ª¥ |V (n)| 6 Ce−a|n|, £¤¥ a > 0, n ∈ Z. �ã¤¥¬ ¤ «¥¥¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨¥¬ Hε = H0+ εV, £¤¥ ε > 0 | (¬ «ë©)¯ à ¬¥âà.� ¤ ­­®© à ¡®â¥ ¤®ª § ­®, çâ® ¯à¨ ¬ «ëå ε ¢¡«¨§¨ â®ç¥ª
±2 | £à ­¨æë áãé¥áâ¢¥­­®£® á¯¥ªâà  | áãé¥áâ¢ã¥â à®¢­® ®¤¨­ãà®¢¥­ì (á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¨«¨ à¥§®­ ­á); â ª�¥ ¨áá«¥¤®¢ ­  á¨¬¯â®â¨ª  íâ¨å ãà®¢­¥© ¯à¨ ε → 0. �­ «®£¨ç­ ï § ¤ ç  ¤«ïá®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨ ó­¥¯à¥àë¢­®£®� ®¯¥à â®à  �à¥¤¨­£¥à 
− d2

dx2 + εV (x) á V (x) ∈ C∞ à ­¥¥ ¨áá«¥¤®¢ « áì � ©¬®­®¬ [6℄.1. �ã­ªæ¨ï �à¨­ �¤à® (ï¢«ïîé¥¥áï ¬ âà¨æ¥©) {G(n,m,E)}n,m∈Z à¥§®«ì¢¥­âë
R0(E) = (H0 − E)−1 ®¯¥à â®à  H0, ¢®§¬®�­®, ¯à®¤®«�¥­­®¥ ¯®¯ à ¬¥âàã E ­  ¢â®à®© «¨áâ (á¬. ­¨�¥), ¡ã¤¥¬ ¤«ï ªà âª®áâ¨­ §ë¢ âì äã­ªæ¨¥© �à¨­ .� ¥ ® à ¥ ¬   1.1. �¬¥¥â ¬¥áâ® ä®à¬ã« 

G(n,m,E) = G(n − m,E) = − 1√
E2−4 (

E−
√

E2−42 )|n−m|
, (1.1)£¤¥ E ∈ C \ [−2, 2℄,   à §à¥§ ¤«ï ª®à­ï ¢ë¡¨à ¥âáï ¢¤®«ì ®âà¨-æ â¥«ì­®© ¯®«ã®á¨.� ® ª   §   â ¥ « ì á â ¢ ®. �®ª �¥¬ ¢­ ç «¥ à ¢¥­áâ¢®(H0 − E)G(n,E) = δn,0, (1.2)£¤¥ δn,m { á¨¬¢®« �à®­¥ª¥à . �ç¥¢¨¤­®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨¢¨¤  x(n) = Cq±n á

q = E±
√

E2−42 (1.3)ã¤®¢«¥â¢®àïîâ ®¤­®à®¤­®¬ã ãà ¢­¥­¨î (H0−E)x(n) = 0. � ª¨¬®¡à §®¬, (1.2) ¢ë¯®«­¥­® ¤«ï n 6= 0. Ǒ®áª®«ìªã ï¤à® à¥§®«ì¢¥­-âë ¤®«�­® ã¡ë¢ âì ¯à¨ |n − m| → ∞, âà¥¡ã¥âáï ¢ë¯®«­¥­¨¥86



ãá«®¢¨ï |q| < 1. �¥«¨ç¨­  E2 = 12 (
q + 1

q

)
, ¡ã¤ãç¨ äã­ªæ¨¥©�ãª®¢áª®£®, ®â®¡à � ¥â ª ª ¢­¥è­®áâì, â ª ¨ ¢­ãâà¥­­®áâì ¥¤¨-­¨ç­®£® ªàã£  ­  ®¡« áâì C\[−1, 1℄ . �¡à â­ ï ¤¢ã§­ ç­ ï äã­ª-æ¨ï (1.3) ¯à¨ ¢ë¡®à¥ §­ ª  ó−� , ª ª «¥£ª® ¢¨¤¥âì, ¯¥à¥¢®¤¨âC\ [−2, 2℄ ­  ªàã£ {|q| < 1}. � ª®­¥æ, ¬­®�¨â¥«ì ¢ ¯à ¢®© ç áâ¨(1.1) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ (1.2) ¯à¨ n = 0.Ǒ®áª®«ìªã G(n,E) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â ¯à¨ |n| → ∞,â® ®¯à¥¤¥«¥­ ®¯¥à â®à ¢ l2(Z) á«¥¤ãîé¥£® ¢¨¤ :

R0(E)x(n) = ∑

m∈ZG(n − m,E)x(m).Ǒà¨ íâ®¬(H0 − E)R0(E)x(n) = ∑

m∈Z(H0 − E)G(n − m,E)x(m) == ∑

m∈Z δn−m,0x(m) = x(n). (1.4)C ¤àã£®© áâ®à®­ë, ¯®«®�¨¬
R0(E)(H0 − E)x(n) = y(n), (1.5)â®£¤  ¢ á¨«ã (1.4) (H0 − E)x(n) = (H0 − E)y(n). �¡®§­ ç¨¬ z == x−y ¨ ¤®ª �¥¬, çâ® z = 0. �«ï íâ®£® à áá¬®âà¨¬, á«¥¤ãï [2℄,ã­¨â à­ë© ®¯¥à â®à U : l2(Z) → L2(−π, π),

Ux(n) = ∑

n∈Z 1√2πeintx(n) = x̂(t).�¬¥¥¬
UH0x(n) = 2 
os t x̂(t) = Ĥ0Ux(n),£¤¥ Ĥ0 | ®¯¥à â®à ã¬­®�¥­¨ï ­  2 
os t ¢ L2(−π, π). � ª¨¬®¡à §®¬, ®¯¥à â®àë H0 ¨ Ĥ0 ã­¨â à­® íª¢¨¢ «¥­â­ë. �à ¢­¥-­¨¥ (Ĥ0 − E)z(t) = 0 ¨¬¥¥â, ®ç¥¢¨¤­®, â®«ìª® ­ã«¥¢ë¥ à¥è¥­¨ï¢ L2(−π, π) . �«¥¤®¢ â¥«ì­®, z = 0, ®âªã¤  x − y = z = 0. � á®-ç¥â ­¨¨ á (1.4), (1.5) íâ® ¤®ª §ë¢ ¥â à ¢¥­áâ¢® R0(E) = R0(E).87



� ¥ ® à ¥ ¬   1.2. �ãé¥áâ¢¥­­ë© á¯¥ªâà ®¯¥à â®à  Há®¢¯ ¤ ¥â á [−2, 2℄.� ® ª   §   â ¥ « ì á â ¢ ®. �®£« á­® ãâ¢¥à�¤¥­¨î ®¡®â­®á¨â¥«ì­® ª®¬¯ ªâ­ëå ¢®§¬ãé¥­¨ïå [6℄ ¤®áâ â®ç­® ¤®ª § âì,çâ® {V (n)G(n − m, i)}n,m∈Z ∈ l2(Z2). �¬¥¥¬
∑

n∈Z ∑

m∈Z |V (n)G(n − m, i)|2 = ∑

n∈Z |V (n)|2 ∑

m∈Z |G(m, i)|2 < ∞,¢ á¨«ã ®æ¥­ª¨ ­  V (n) (
¬. �¢¥¤¥­¨¥), (1.1) ¨ ­¥à ¢¥­áâ¢ 
∣∣∣E−

√
E2−42 ∣∣∣ < 1¤«ï E /∈ [−2, 2℄ (á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1).2. �à®¢­¨ ¨ ¨å  á¨¬¯â®â¨ª �à ¢­¥­¨¥ �à¥¤¨­£¥à  (H0 + V )x = Ex, (2.1)à áá¬ âà¨¢ ¥¬®¥ ¢ ª« áá¥ l2(Z), ¯¥à¥¯¨è¥¬ ¤«ï E /∈ σ(H0) ¢¢¨¤¥

x = −R0(E)V x. (2.2)� á«ãç ¥, ª®£¤  E ¯à¨­ ¤«¥�¨â ¢â®à®¬ã (ó­¥ä¨§¨ç¥áª®¬ã�)«¨áâã, ­¥­ã«¥¢ë¥ à¥è¥­¨ï x ãà ¢­¥­¨ï (2.2), ¢®®¡é¥ £®¢®àï, íªá-¯®­¥­æ¨ «ì­® ¢®§à áâ îâ ¢¬¥áâ¥ á äã­ªæ¨¥© �à¨­  (1.1) (¢ íâ®¬á«ãç ¥ ¤«ï E 6= [−2, 2℄ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® ∣∣∣E−
√

E2−42 ∣∣∣ > 1{ á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1). � ª¨¥ E ¬®�­® ®â­¥áâ¨ ªà¥§®­ ­á ¬ (á¬. ¬®â¨¢¨à®¢ªã ¢ [7℄).Ǒ® ä¨§¨ç¥áª¨¬ á®®¡à �¥­¨ï¬ ¢¥«¨ç¨­ã |ImE| ¬®�­® áç¨-â âì ¤®áâ â®ç­® ¬ «®© (¢à¥¬ï �¨§­¨ óª¢ §¨áâ æ¨®­ à­®£® á®áâ®-ï­¨ï�, ®â¢¥ç îé¥£® à¥§®­ ­áã, ®¡à â­® ¯à®¯®àæ¨®­ «ì­® ¤ ­-­®© ¢¥«¨ç¨­¥ { á¬. [8℄,   á«¨èª®¬ ª®à®âª®�¨¢ãé¨¥ á®áâ®ï­¨ï88



­¥ ¨£à îâ à®«¨ ¢ ä¨§¨ç¥áª¨å ¯à®æ¥áá å). �® ç¨á«  E, ¡«¨§ª¨¥ª ®âà¥§ªã [−2, 2℄, ¯¥à¥¢®¤ïâáï äã­ªæ¨¥© (1.3), ®¡à â­®© ª äã­ª-æ¨¨ �ãª®¢áª®£®, ¢ â®çª¨, ¡«¨§ª¨¥ ª ®ªàã�­®áâ¨ |q| = 1. Ǒ®-íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 1.1 ¤«ï ¤ ­­ëå E äã­ªæ¨ï Gn(E) ¯à¥¤-áâ ¢«ï¥â á®¡®© 
onst eα|n| á α ¯® ¬®¤ã«î ¡«¨§ª¨¬ ª ¥¤¨­¨æ¥.Ǒ®áª®«ìªã ¢á«¥¤áâ¢¨¥ (2.2) x(n) ¯à¨ |n| → ∞ ¢¥¤¥â á¥¡ï ª ª ¨
Gn(E) , â® ¤«ï ¨áá«¥¤®¢ ­¨ï à¥§®­ ­á®¢ ¤®¯ãáâ¨¬® ¯à¥¤¯®«®�¥-­¨¥ √

V x ∈ l2(Z) .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1. �¨á«® E , ¯à¨­ ¤«¥� é¥¥¢â®à®¬ã «¨áâã à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ äã­ªæ¨¨ �à¨­  G(E), ¡ã-¤¥¬ ­ §ë¢ âì à¥§®­ ­á®¬ ®¯¥à â®à  H, ¥á«¨ áãé¥áâ¢ã¥â ­¥­ã«¥-¢®¥ à¥è¥­¨¥ x ãà ¢­¥­¨ï (2.2) â ª®¥, çâ® √
V x ∈ l2(Z) .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2. �à®¢­¥¬ ®¯¥à â®à  H ¡ã¤¥¬­ §ë¢ âì ¥£® á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¨«¨ à¥§®­ ­á.�¤¥« ¥¬ ¢ ãà ¢­¥­¨¨ (2.2) § ¬¥­ã, ¯®« £ ï y = √

V x, â®£¤ 
y = −

√
V R0(k)√V y. (2.3)�«ï ¨áá«¥¤®¢ ­¨ï ãà®¢­¥© ¡ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢­¥­¨¥ (2.3)¢ ª« áá¥ l2(Z).Ǒ¥à¥©¤¥¬ ª ­®¢®© ¯¥à¥¬¥­­®© k = √

E2−42 ¢¬¥áâ® E. �ã¤¥¬¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨ï¬¨ ¢¨¤  R0(k) ¢¬¥áâ® R0(E) .Ǒ®«®�¨¬
G1(n, k) = G(n, k) + 12k = − 12k((√1 + k2 − k)|n| − 1). (2.4)� ¥ ¬ ¬   2.1. �ã­ªæ¨ï

{√
V (n)G1(n − m,k)√V (m)}(n,m)∈Z2 (2.5)ï¢«ï¥âáï ¤¢ã«¨áâ­®©  ­ «¨â¨ç¥áª®© L2(Z2) -§­ ç­®© äã­ªæ¨¥©¢ ®ªà¥áâ­®áâ¨ â®çª¨ k = 0. 89



� ® ª   §   â ¥ « ì á â ¢ ®. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥ fn(k) == (√1 + k2 − k
)|n|

. �®£¤ 
G1(n, k) = − 12k (fn(k)− f(0)) = − 12k ∫[0,k℄ f ′

n(κ)dκ == |n|2k ∫[0,k℄ (√1+κ
2−κ)|n|

√1+κ
2 dκ. (2.6)Ǒ¥à¢ ï ¨§ ¢¥â¢¥© äã­ªæ¨¨

√1 + κ
2 − κ = −i

((−iκ)− √(−iκ)2 − 1),¡ã¤ãç¨ á â®ç­®áâìî ¤® ¬­®�¨â¥«ï −i ®¡à â­®© ª äã­ªæ¨¨ �ã-ª®¢áª®£® ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­®© −iκ, ¯¥à¥¢®¤¨â ®ªà¥áâ­®áâì®âà¥§ª  [−1, 1℄ ¨, á«¥¤®¢ â¥«ì­®, ®ªà¥áâ­®áâì ­ã«ï (¯®á«¥¤­îîª ª ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­®© −iκ, â ª ¨ ®â­®á¨â¥«ì­® ¯¥à¥¬¥­-­®© κ ) ¢­ãâàì ª®«ìæ  {1 − σ < |κ| 6 1}, £¤¥ σ > 0 ¯à®¨§¢®«ì-­® ¬ «®. �­ «®£¨ç­® ¢â®à ï ¢¥â¢ì ¤ ­­®© äã­ªæ¨¨ ¯¥à¥¢®¤¨â®ªà¥áâ­®áâì ­ã«ï ¢­ãâàì ª®«ìæ  {1 6 |κ| < 1 + σ} . �âáî¤  ¨ ¨§(2.6) ¢ëâ¥ª ¥â ¤«ï ª �¤®© ¨§ ¢¥â¢¥© ¨ k ¨§ ®ªà¥áâ­®áâ¨ ­ã«ï®æ¥­ª 
|G1(n, k)| 6 C |n|2 (1 + σ)|n| 6 C1eσ1|n|, (2.7)£¤¥ C,C1 = 
onst ,   σ1 > 0 ¯à®¨§¢®«ì­®¥ ­ ¯¥à¥¤ § ¤ ­­®¥ ç¨-á«®.Ǒ®«ì§ãïáì (2.7), ®æ¥­¨¬, áç¨â ï, çâ® σ1 < a,

∣∣∣
√

V (n)G1(n − m,k)√V (m)∣∣∣2
L2(Z2) == ∑

n,m∈Z2 |V (n)||G1(n − m,k)|2|V (m)| 6

6 C
∑

n,m∈Z2 e−a|n|eσ1(|n|+|m|)e−a|n| = C
(∑

n∈Z e−(a−σ1 |n|))2
< ∞.(2.8)90



Ǒ®á«¥¤®¢ â¥«ì­®áâ¨
g(N)
nm (k) = θ(N − |n|)θ(N − |m|)√V (n)G1(n − m,k)√V (m),N=1,2,... , £¤¥ θ(t) { äã­ªæ¨ï �¥¢¨á ©¤ , ¢ á¨«ã  ­ «¨â¨ç­®áâ¨äã­ªæ¨¨ fn(k) ®¯à¥¤¥«ïîâ L2(Z2) -§­ ç­ë¥ ¤¢ã«¨áâ­ë¥  ­ «¨-â¨ç¥áª¨¥ äã­ªæ¨¨, ª®â®àë¥ ¢á«¥¤áâ¢¨¥ ®æ¥­ª¨ (2.8) à ¢­®¬¥à-­® ­  ª®¬¯ ªâ å ¨§ ®ªà¥áâ­®áâ¨ ­ã«ï áå®¤ïâáï ¯à¨ N → ∞ª L2(Z2) -§­ ç­®© äã­ªæ¨¨ (2.5). � á¨«ã â¥®à¥¬ë �¥©¥àèâà á-á  (®ç¥¢¨¤­®, ¯à¨¬¥­¨¬®© ª ¢¥ªâ®à­®§­ ç­ë¬ äã­ªæ¨ï¬) «¥¬¬ ¤®ª § ­ .� « ¥ ¤ á â ¢ ¨ ¥ 2.1. �¡®§­ ç¨¬ ç¥à¥§ A(k) ®¯¥à â®à-­®§­ ç­ãî äã­ªæ¨î á ï¤à®¬ (2.5). �®£¤  A(k) ¢ ®ªà¥áâ­®áâ¨

k = 0  ­ «¨â¨ç¥áª¨ § ¢¨á¨â ®â k ¨ ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¢¬­®�¥áâ¢¥ ª®¬¯ ªâ­ëå ®¯¥à â®à®¢.� ¥ ® à ¥ ¬   2.1. Ǒãáâì
v = ∑

n∈ZV (n) 6= 0.�®£¤  ¢ ­¥ª®â®àëå ®ªà¥áâ­®áâïå â®ç¥ª E = ±2 ¤«ï ¢á¥å ¤®áâ -â®ç­® ¬ «ëå ε ®¯¥à â®à Hε ¨¬¥¥â à®¢­® ¯® ®¤­®¬ã ãà®¢­î,¤«ï ª®â®àëå á¯à ¢¥¤«¨¢  ä®à¬ã«  á®®â¢¥âáâ¢¥­­®
E = ±(2 + ε4v2) + o(ε2). (2.9)Ǒà¨ íâ®¬ ¥á«¨ v > 0 , â® ãà®¢¥­ì ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ §­ -ç¥­¨¥¬,   ¥á«¨ v < 0 , â® à¥§®­ ­á®¬.� ® ª   §   â ¥ « ì á â ¢ ®. �®£« á­® (2.4) § ¯¨è¥¬ (2.3)¢ ¢¨¤¥

y = ε
√

V2k (
y,
√

V
)
− εA(k)y. (2.10)�¢¥¤¥¬ ¤«ï ¤®áâ â®ç­® ¬ «ëå ε ¯¥à¥¬¥­­ãî z = (1+ εA(k))y ¨¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (2.10) ¢ ¢¨¤¥

z = ε
√

V2k ((1 + εA(k))−1z,
√

V
)
. (2.11)91



�§ (2.11) ¨¬¥¥¬ z = C
√

V , £¤¥ C = 
onst , ¯à¨ç¥¬ ¢ á«ãç ¥áãé¥áâ¢®¢ ­¨ï ãà®¢­ï C 6= 0 . Ǒ®¤áâ ¢«ïï ¤ ­­®¥ ¢ëà �¥­¨¥ ¢(2.11), ¯à¨å®¤¨¬ ª  «£¥¡à ¨ç¥áª®¬ã ãà ¢­¥­¨î
k = εf(k), (2.12)£¤¥

f(k) = 12((1 + εA(k))−1(√V ),√V
)
. (2.13)�ç¥¢¨¤­®, çâ® áãé¥áâ¢®¢ ­¨¥ ãà®¢­ï íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ -­¨î à¥è¥­¨ï ãà ¢­¥­¨ï (2.12).�à ¢­¥­¨¥ (2.12) ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ­  ­¥¯®¤¢¨�­ãî â®ç-ªã ¤«ï ª �¤®© ¨§ ¢¥â¢¥© äã­ªæ¨¨ f(k) . � á¨«ã ¯à¨­æ¨¯  á�¨-¬ îé¨å ®â®¡à �¥­¨© ¤«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­-áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï (2.12) (¤«ï ª �¤®© ¢¥â¢¨) ¢ ªàã£¥

S = {|k| 6 ρ} , £¤¥ ρ ¤®áâ â®ç­® ¬ «®, ¤®áâ â®ç­® ¤®ª § âì, çâ®
εf(k) ¯¥à¥¢®¤¨â ªàã£ ¢ á¥¡ï ¨ ï¢«ï¥âáï á�¨¬ îé¨¬ ®â®¡à �¥-­¨¥¬.�«ï ¢á¥å ¤®áâ â®ç­® ¬ «ëå ε ¨¬¥¥¬ á®£« á­® (2.13)

f(k) = 12 ∞∑

n=0 εn
(
Ak(k)(√V ),√V

)
,¯à¨ç¥¬ àï¤ ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  áå®¤¨âáï à ¢­®¬¥à­® ¯®

k ∈ S . � á¨«ã (¢¥ªâ®à­®§­ ç­®£® ¢ à¨ ­â ) â¥®à¥¬ë �¥©¥àèâà á-á  äã­ªæ¨ï f(k)  ­ «¨â¨ç­  ¨, á«¥¤®¢ â¥«ì­®, ®£à ­¨ç¥­  ­ ¬­®�¥áâ¢¥ S, ¨ ¤«ï ¤®áâ â®ç­® ¬ «ëå ε ®â®¡à �¥­¨¥ εf(k) ¯¥-à¥¢®¤¨â S ¢ á¥¡ï. ��¨¬ ¥¬®áâì ®â®¡à �¥­¨ï εf(k) ¢ëâ¥ª ¥â ¨§®æ¥­ª¨
ε|f(k1)− f(k2)| = ε

∣∣∣
∫[k1,k2℄ f ′(κ)dκ

∣∣∣ 6 εM |k1 − k2|,£¤¥ k1, k2 ∈ S , M = sup
κ∈S

|f ′(κ)|, ¯®áª®«ìªã ¤«ï ε < M−1 ¨¬¥¥¬
q = Mε < 1. 92



�®ª �¥¬ ä®à¬ã«ã (2.9). Ǒ®«®�¨¬ k0 = 0, â®£¤  ¯¥à¢®¥ ¯à¨-¡«¨�¥­¨¥ ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï k = f(k) ¨¬¥¥â ¢¨¤
k1 = εf(0) = ε2((1 + εA(0))−1(√V ),√V

) == ε2(√V ,
√

V ) + o(ε) = εv2 + o(ε).Ǒãáâì k { à¥è¥­¨¥ ãà ¢­¥­¨ï (2.12). � á¨«ã ¨§¢¥áâ­®© ä®à¬ã«ë¤«ï ¯®£à¥è­®áâ¨
|k − k1| 6

q1−q
|k1 − k0| = o(ε).�«¥¤®¢ â¥«ì­®,

k = k1 + o(ε) = εv2 + o(ε). (2.14)�âáî¤ 
E = 2√1 + k2 = ±2(1 + ε2v28 + o(ε2)) = ±

(2 + ε2v24 + o(ε2)),¯à¨ç¥¬ ¢ á¨«ã à ¢¥­áâ¢  √
E2 − 4 = 2k ¨ (2.14) v > 0 ®â¢¥ç -¥â ¯¥à¢®¬ã «¨áâã äã­ªæ¨¨ �à¨­  G (á®¡áâ¢¥­­®¬ã §­ ç¥­¨î),  
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