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t. We 
onsider a S
hr�odinger operator of the form H = − d2
dx2 +Va
ting in L2(R) where V = V0θ(x) + ε(·, ϕ0)ϕ0 is non-lo
al potential.We prove that the unique level (i.e. eigenvalue or resonan
e of the operator

H ) exists for all suÆ
iently small ε and V0 = V0(ε) . We investigate theasymptoti
 behaviour of this level. (If V0(ε) is separated from zero thelevels are absent.) We study the asymptoti
 behaviour of eigenfun
tionsfor |x| → ∞ .�¢¥¤¥­¨¥� áâ âì¥ à áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥ �à¥¤¨­£¥à 
Hψ = Eψ, (0.1)£¤¥ H = − d2

dx2 +V | ®¯¥à â®à �à¥¤¨­£¥à  á ¯®â¥­æ¨ «®¬ V ¢¨-¤  V = V0θ(x) + ε(·, ϕ0)ϕ0 , £¤¥ V0 < 0 (¤ ­­®¥ ¯à¥¤¯®«®�¥­¨¥­¥ ã¬¥­ìè ¥â ®¡é­®áâ¨), ε ∈ R | ¯ à ¬¥âà, ϕ0(x) ã¤®¢«¥â¢®-àï¥â ­¥à ¢¥­áâ¢ã ¢¨¤  |ϕ0(x)| 6 Ce−α|x| , ¯à¨ç¥¬ α >
√

|V0| > 0 ,¨ θ(x) - äã­ªæ¨ï �¥¢¨á ©¤ . Ǒ®â¥­æ¨ « â ª®£® ¢¨¤  ï¢«ï¥âáï¯à®áâ®© ¬®¤¥«ìî ªà¨áâ ««¨ç¥áª®© ¯®¢¥àå­®áâ¨; ¢ ¤ ­­®© ¬®¤¥-«¨ ¯¥à¨®¤¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ § àï¤  ¯à¨ x > 0 ãáà¥¤­ï¥âáï(â ª¨¬ ®¡à §®¬, ¯¥à¨®¤¨ç¥áª ï ¯à¨ x > 0 äã­ªæ¨ï § ¬¥­ï¥â-áï ª®­áâ ­â®©),   ¯®¢¥àå­®áâ­ë¥ íää¥ªâë ®¯¨á ­ë ®¤­®¬¥à­ë¬95



¢®§¬ãé¥­¨¥¬ (óá¥¯ à ¡¥«ì­ë¬ ¯®â¥­æ¨ «®¬� | á¬. [1℄). Ǒ®â¥­-æ¨ «ë â ª®£® ¢¨¤  ¨á¯®«ì§ãîâáï ¢ ä¨§¨ª¥, ­ ¯à¨¬¥à, ¢ à ¬ª åâ¥®à¨¨ ¯á¥¢¤®¯®â¥­æ¨ «  [2℄ . � à ¡®â¥ [3℄ ¨áá«¥¤®¢ «áï  ­ «®-£¨ç­ë© ®¯¥à â®à á «®ª «ì­ë¬ ¯®â¥­æ¨ «®¬.� ¤ «ì­¥©è¥¬ ¯®¤ ®¡®¡é¥­­ë¬¨ á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨®¯¥à â®à  H ¯®­¨¬ îâáï ­¥­ã«¥¢ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (0.1),£¤¥ E ∈ C , ψ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
ψ · ϕ0 ∈ L1(R), (0.2)  (ψ(x), ϕ0) ®¡®§­ ç ¥â, ¢®®¡é¥ £®¢®àï, ­¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥-­¨¥,   ∫R ψ(x)ϕ0(x)dx .� áâ âì¥ ®¯¨á ­ á¯¥ªâà ®¯¥à â®à  H , ¨§ãç¥­   á¨¬¯â®â¨ª á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ à¥§®­ ­á®¢ ¤ ­­®£® ®¯¥à â®à  ¯à¨ ¬ -«ëå ε ¨ V0 ,   â ª�¥ ®¯¨á ­   á¨¬¯â®â¨ª  (®¡®¡é¥­­ëå) á®¡-áâ¢¥­­ëå äã­ªæ¨© ®¯¥à â®à  H ¯à¨ x→ ±∞ .�¡®§­ ç¨¬ H0 = − d2

dx2 , H1 = − d2
dx2 + V0θ(x), â®£¤  ãà ¢­¥-­¨¥ (0.1) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

H1ϕ+ ε(ψ,ϕ0)ϕ0 = Eψ. (0.3)�¢¥¤¥¬ ®¡®§­ ç¥­¨ï ¤«ï à¥§®«ì¢¥­â ®¯¥à â®à®¢ H0 ¨ H1 , ¯®-« £ ï R0(E) = (H0−E)−1 , R1(E) = (H1−E)−1 . � ¤ «ì­¥©è¥¬ï¤à  íâ¨å à¥§®«ì¢¥­â (ï¢«ïîé¨åáï ¨­â¥£à «ì­ë¬¨ ®¯¥à â®à ¬¨- á¬. ­¨�¥), ¢®®¡é¥ £®¢®àï, ¯à®¤®«�¥­­ë¥ ¯® ¯ à ¬¥âàã E ­ ¢â®à®© «¨áâ á®®â¢¥âáâ¢ãîé¥© à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨, ¡ã¤¥¬ ¤«ïªà âª®áâ¨ ­ §ë¢ âì äã­ªæ¨ï¬¨ �à¨­ . �¯¥ªâà (áãé¥áâ¢¥­­ë©á¯¥ªâà) ®¯¥à â®à  H ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ σ(H) ( σess(H) ).�®à¬ë, ª®â®àë¥ ¡ã¤ãâ ¢ ¤ «ì­¥©è¥¬ ¢áâà¥ç âìáï, | íâ® ­®à¬ë¢ L2(R) .1. Ǒà¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë�¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥ (á¬. [3℄; ¢ ¯à¨¢¥¤¥­­®© ¢áâ âì¥ ä®à¬ã«¥ ­¥ å¢ â ¥â áª®¡ª¨).96



� ¥ ¬ ¬   1.1. �ã­ªæ¨ï �à¨­  ®¯¥à â®à  H1 ¨¬¥¥â ¢¨¤
G1(x, y,E, V0) = −θ(x)θ(y)[ 12i√E−V0 ei√E−V0|x−y|++ −

√
E+√

E−V02i√E−V0(√E+√
E−V0)ei√E−V0(x+y)℄−

−θ(x)θ(−y) 1
i(√E+√

E−V0)ei√E−V0x−i√Ey−
−θ(−x)θ(y) 1

i(√E+√
E−V0)ei√Ex+i√E−V0y−

−θ(−x)θ(−y)[ 12i√E ei√E|x−y| − −
√
E+√

E−V02i√E(√E+√
E−V0)e−i√E(x+y)℄. (1.1)� ¥ ® à ¥ ¬   1.1. �¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

σess(H) = σ(H1) = [V0,+∞). (1.2)� ® ª   §   â ¥ « ì á â ¢ ®. �®ª �¥¬ ¢â®à®¥ à ¢¥­áâ¢®.Ǒã
âì E ∈ [V0,+∞) , ¤®ª �¥¬, çâ® E ∈ σ(H1) . � á¨«ã § ¬ª­ã-â®áâ¨ á¯¥ªâà  ¬®�¥¬ áç¨â âì, çâ® E > V0 . �®áâ â®ç­® ¤®ª § âì(á¬. [4℄) áãé¥áâ¢®¢ ­¨¥ â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ψn ¨§ ®¡« áâ¨®¯à¥¤¥«¥­¨ï ®¯¥à â®à  H1 , çâ®
∫R |ψn(x)|2dx = 1, n ∈ N (1.3)¨

||(H1 − E)ψn|| → 0 (n→ +∞). (1.4)�ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì ψn ¢ ¢¨¤¥ ψn(x) = Cnϕ( xn)ψ(x),£¤¥ Cn | ­®à¬¨à®¢®ç­ë¥ ª®­áâ ­âë, ϕ(x) ∈ C∞0 (x) | ­¥®âà¨-æ â¥«ì­ ï äã­ªæ¨ï á ­®á¨â¥«¥¬ ¢ [0,+∞) , ||ϕ(x)|| = 1 ¨ ψ0(x)| à¥è¥­¨¥ ãà ¢­¥­¨ï
−d2ψ
dx2 + V0θ(x)ψ = Eψ (1.5)¢¨¤ 

ψ0(x) = θ(−x)( √
E+√

E−V0
−
√
E+√

E−V0 e−i√Ex + ei
√
Ex)+97



+θ(x) 2√E√
E−

√
E−V0 e−i√E−V0x. (1.6)� ¬¥â¨¬, çâ® ¯à¨ E > 0 äã­ªæ¨ï ψ0(x) ï¢«ï¥âáï ®£à ­¨ç¥­­®©¢¬¥áâ¥ á® á¢®¥© ¯à®¨§¢®¤­®©. �ç¨âë¢ ï ãá«®¢¨¥ (1.3) , ­®à¬¨à®-¢®ç­ë¥ ¬­®�¨â¥«¨ Cn , n ∈ N , ¨¬¥îâ¢¨¤ Cn = √

E−
√
E−V02√En . � ¨â®£¥ ¯®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì
ψn(x) = √

E−
√
E−V02√En ϕ( x

n
)ψ(x).Ǒà®¢¥à¨¬ ¢ë¯®«­¥­¨¥ ¢â®à®£® ãá«®¢¨ï. �á«¨ P = √

E−
√
E−V02√E , â®(H1 − E)ψn = P√

n

(

− 1
n2ϕ′′( x

n
)ψ(x) − 2

n
ϕ′( x

n
)ψ′(x)−

−ϕ( x
n
)ψ′′(x) + V0θ(x)ϕ( xn )ψ(x)− Eϕ( x

n
)ψ(x)) == P√

n

(

− 1
n2ϕ′′( x

n
)ψ(x) − 2

n
ϕ′( x

n
)ψ′(x)). (1.7)�¬¥¥¬

∫R ∣

∣

P√
n
(− 1

n2ϕ′′( x
n
)ψ(x))∣∣2dx == P 2

n5 ∫R |ϕ′′( x
n
)ψ(x)|2dx = P 2

n4 ∫R |ϕ′′(z)ψ(nz)|2dz 6

6 C P 2
n4 ∫R |ϕ′′(z)|2dz → 0 (n→ ∞). (1.8)�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ®

∫R ∣

∣

P√
n
(− 2

n
ϕ′′( x

n
)ψ(x))∣∣2dx→ 0 (n→ ∞). (1.9)�§ (1.7)| (1.9) ¢ëâ¥ª ¥â, çâ® ||(H1 − E)ψn|| → 0 ¯à¨ n → ∞ .�®ª �¥¬ ãâ¢¥à�¤¥­¨¥ ¢ ¤àã£ãî áâ®à®­ã. Ǒãáâì E ∈ σ(H1) .Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢­®¥, çâ® E /∈ [V0,+∞) . �® ¤«ï â ª¨å E ,98



ª ª «¥£ª® ¢¨¤¥âì, äã­ªæ¨ï �à¨­  ®¯¥à â®à  H1 ®¯à¥¤¥«ï¥â ¨­-â¥£à «ì­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¢ L2(R) , ¨, â ª¨¬ ®¡à §®¬,¤«ï ¤ ­­®£® E áãé¥áâ¢ã¥â à¥§®«ì¢¥­â  R1(E) - ¯à®â¨¢®à¥ç¨¥.Ǒà®¨§¢¥¤¥­¨¥ ®¯¥à â®à®¢ ε(·, ϕ0)ϕ0 ¨ R1(E) , £¤¥ E /∈ σ(H1) ,ï¢«ï¥âáï ®¤­®¬¥à­ë¬ ¨, á«¥¤®¢ â¥«ì­®, ª®¬¯ ªâ­ë¬ ®¯¥à â®-à®¬. � á¨«ã â¥®à¥¬ë ®¡ ®â­®á¨â¥«ì­® ª®¬¯ ªâ­ëå ¢®§¬ãé¥­¨ïå[5, à §¤¥« XIII.4℄ á¯à ¢¥¤«¨¢® σess(H) = σ(H1) . �ç¥¢¨¤­®, çâ®
σess(H1) = σ(H1) , â¥¬ á ¬ë¬ â¥®à¥¬  ¤®ª § ­ .Ǒà¨ ãá«®¢¨¨ E /∈ [V0,+∞) ¯à¨¢¥¤¥¬ ãà ¢­¥­¨¥ (0.3) ª ¨­â¥-£à «ì­®¬ã ¢¨¤ã

ψ = −ε(ψ,ϕ0)∫R G1(x, y,E, V0)ϕ0(y)dy. (1.10)�«ï â®£® çâ®¡ë à áá¬ âà¨¢ âì ªà®¬¥ á®¡áâ¢¥­­ëå §­ ç¥­¨© â ª-�¥ ¨ à¥§®­ ­áë, ¡ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ äã­ªæ¨î G1 ¯à®¤®«� âì¯® ¯ à ¬¥âàã E ­  á®®â¢¥âáâ¢ãîéãî à¨¬ ­®¢ã ¯®¢¥àå­®áâì.Ǒ®¤ à¥§®­ ­á®¬ ®¯¥à â®à  H ¡ã¤¥¬ ¯®­¨¬ âì â ª®¥ E ∈ C ,¤«ï ª®â®à®£® áãé¥áâ¢ã¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (1.10), ã¤®¢«¥â¢®-àïîé¥¥ (0.2) ¨ ­¥ ¯à¨­ ¤«¥� é¥¥ L2(R) (á¬. [6℄).�à®¢­¥¬ E ®¯¥à â®à  H ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ­ §ë¢ âì á®¡-áâ¢¥­­®¥ §­ ç¥­¨¥ ¨«¨ à¥§®­ ­á ¤ ­­®£® ®¯¥à â®à  (  â ª�¥ á®-®â¢¥âáâ¢ãîé¥¥ E ç¨á«® k = √
E ).�¤¥« ¥¬ § ¬¥­ã k = √

E , κ = √
E − V0 . �®®â¢¥âáâ¢¥­­® ¢¤ «ì­¥©è¥¬ ¯®«ì§ã¥¬áï ®¡®§­ ç¥­¨ï¬¨ ¢¨¤  G1(x, y, k, κ) ¢¬¥-áâ® G1(x, y,E,√E − V0) . �®£¤  ãà ¢­¥­¨¥ (1.10) ¬®�­® § ¯¨á âì¢ ¢¨¤¥

ψ = −ε(ψ,ϕ0)∫R G1(x, y, k, κ)ϕ0(y)dy. (1.11)� ¥ ¬ ¬   1.2. �«ï äã­ªæ¨¨ �à¨­  G1(x, y, k, κ) ¨¬¥¥â¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥
G1(x, y, k, κ) = −1

i(k+κ) [θ(x)θ(y)eiκ(x+y) + θ(x)θ(−y)eiκx−iky+99



+θ(−x)θ(y)e−ikx+iκy+θ(−x)θ(−y)e−ik(x+y)℄−G2(x, y, k, κ), (1.12)£¤¥ G2(x, y, k, κ) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢®¬: ¤«ï «î¡ëåäã­ª¨© a(x) , b(x) â ª¨å, çâ® |a(x)| 6 C1e−α1|x| , |b(x)| 6

6 C2e−α2|x| , £¤¥ α1, α2 > 0 , äã­ªæ¨ï a(x)G1(x, y, k, κ)b(y) ¤«ï¤®áâ â®ç­® ¬ «ëå |k| , |V0| ï¢«ï¥âáï L2(R2) -§­ ç­®©  ­ «¨-â¨ç¥áª®© äã­ªæ¨¥© ¯ à ¬¥âà  k ¢ ­¥ª®â®à®© ¤®áâ â®ç­® ¬ -«®© ®ªà¥áâ­®áâ¨ ­ã«ï.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¨¢¥¤¥¬ äã­ªæ¨î �à¨­ 
G1(x, y, k, κ) ®¯¥à â®à  H1 (á¬. «¥¬¬ã 1.1) ª ¢¨¤ã
G1(x, y, k, κ) = − 1

i(k+κ) [θ(x)θ(y)eiκ(x+y) + θ(x)θ(−y)eiκx−iky++θ(−x)θ(y)e−iκx+iκy + θ(−x)θ(−y)e−ik(x+y)℄−
− θ(x)θ(y)2iκ (eiκ|x−y| − eiκ(x+y))− θ(−x)θ(−y)2ik (eik|x−y| − eik(x+y)).�¡®§­ ç¨¬

G2(x, y, k, κ) = θ(x)θ(y)2iκ (eiκ|x−y| − eiκ(x+y))++ θ(−x)θ(−y)2ik (eik|x−y| − eik(x+y)).�«ï â®£® çâ®¡ë ¤®ª § âì, çâ® a(x)G2(x, y, k, κ)b(y) ï¢«ï¥âáï
L2(R) -§­ ç­®©  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ®â  à£ã¬¥­â  k , ¤®áâ -â®ç­® (á¬., ­ ¯à¨¬¥à, [7℄ ) ¤®ª § âì, çâ®(a(x)G2(x, y, k, κ)b(y), ϕ(x, y)) == ∫∫R2 a(x)G2(x, y, k, κ)b(y)ϕ(x, y)dxdyï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¤«ï «î¡®© äã­ªæ¨¨ ϕ(x, y) ∈
∈ L2(R2) . � á¢®î ®ç¥à¥¤ì ¤«ï íâ®£® ¤®áâ â®ç­® ¤®ª § âì à ¢­®-¬¥à­ãî ¯® k ¨§ ®ªà¥áâ­®áâ¨ ­ã«ï áå®¤¨¬®áâì ¨­â¥£à « 

∫∫R2 a(x)∂G2(x,y,k,κ)
∂k

b(y)ϕ(x, y)dxdy100



(á¬. ¯®¤à®¡­ë¥ à ááã�¤¥­¨ï ¢ [8℄). �®á¯®«ì§®¢ ¢è¨áì ­¥à ¢¥­-áâ¢®¬ �®è¨-�ã­ïª®¢áª®£®, ®æ¥­¨¬
∣

∣

∣

∣

∫∫R2 a(x)∂G2(x,y,k,κ)
∂k

b(y)ϕ(x, y)dxdy∣∣∣
∣

6

6

√

√

√

√

∫∫R2 |a(x)|2∣∣∂G2(x,y,k,κ)
∂k

∣

∣

2|b(y)|2dxdy · √√√
√

∫∫R2 |ϕ(x, y)|2dxdy == C

√

√

√

√

∫∫R2 |a(x)|2|∂G2(x,y,k,κ)
∂k

|2|b(y)|2dxdyǑ®áª®«ìªã, ®ç¥¢¨¤­®, ¤«ï ¤®áâ â®ç­® ¬ «ëå |k| , |V0| á¯à ¢¥¤-«¨¢  ®æ¥­ª 
|∂G2(x,y,k,κ)

∂k
| 6 C1|x|eδ(|x|+|y|) + C2|y|eδ(|x|+|y|),£¤¥ δ > 0 ¯à®¨§¢®«ì­®, â® ¨­â¥£à « áå®¤¨âáï. �¥¬ á ¬ë¬ â¥®à¥-¬  ¤®ª § ­ .� ¥ ® à ¥ ¬   1.2. �¨á«® k ¨§ ­¥ª®â®à®© ¤®áâ â®ç­® ¬ -«®© ®ªà¥áâ­®áâ¨ ­ã«ï ï¢«ï¥âáï ãà®¢­¥¬ â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

k = −κ+ ε(F (x, k, κ), ϕ0), (1.13)£¤¥
F (x, k, κ) = ∫R (1

i

[

θ(x)θ(y)eiκ(x+y) + θ(x)θ(−y)eiκx−iky+
θ(−x)θ(y)e−ikx+iκy + θ(−x)θ(−y)e−ik(x+y)]++G2(x, y, k, κ)(k + κ))ϕ0(y)dy. (1.14)101



� ® ª   §   â ¥ « ì á â ¢ ®. � á®®â¢¥âáâ¢¨¨ á (1.14) § -¯¨è¥¬ ãà ¢­¥­¨¥ (1.11) ¢ ¢¨¤¥
ψ(x) = ε(ψ,ϕ0)

k+κ F (x, k, κ). (1.15)� ª ª ª (ψ,ϕ0) = C = 
onst , â® ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¢ëà �¥­¨¥¤«ï äã­ªæ¨¨ ψ(x) :
ψ(x) = εC

k+κF (x, k, κ). (1.16)Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (1.16) ¢ ãà ¢­¥­¨¥ (1.10) , ¯®«ãç¨¬1 = ε
k+κ(F (x, k, κ), ϕ0),®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬®¥ à ¢¥­áâ¢®.2. �á¨¬¯â®â¨ª  ãà®¢­¥©� ¥ ® à ¥ ¬   2.1. �«ï ¢á¥å ¤®áâ â®ç­® ¬ «ëå ε ®¯¥à -â®à H ­¥ ¨¬¥¥â ãà®¢­¥© ¢ ®ªà¥áâ­®áâ¨ ­ã«ï.� ® ª   §   â ¥ « ì á â ¢ ®. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®©1.2 ­ «¨ç¨¥ ãà®¢­ï íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î à¥è¥­¨ï ãà ¢-­¥­¨ï (1.13) . Ǒ®«®�¨¬ S = {k : |k| < ρ} , £¤¥ ρ > 0 . � ¯à¥¤¯®«®-�¥­¨¨ ¯à®â¨¢­®£® ¢ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì εn → 0 (n → ∞) .Ǒ®áª®«ìªã äã­ªæ¨ï F (x, k, κ) , ¢ á¨«ã «¥¬¬ë 1.2, ®£à ­¨ç¥­ à ¢­®¬¥à­® ¯® k ∈ S , â® εn(F (x, k, κ), ϕ0) → 0 à ¢­®¬¥à­®¯® k ∈ S ¯à¨ n → ∞ . �¡®§­ ç¨¬ ç¥à¥§ kn à¥è¥­¨¥ ãà ¢-­¥­¨ï (1.13) , ®â¢¥ç îé¥¥ εn . Ǒ®¤áâ ¢«ïï ¢ (1.13) k = kn ¨

κ = √

kn
2 − V0 , ¯®«ãç ¥¬

kn +√

kn
2 − V0 = εn(F (x, k, κ), ϕ0).�§ï¢ ¤®áâ â®ç­® ¬ «®¥ ρ , ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ ¯à¨ εn → 0 .�¥®à¥¬  ¤®ª § ­ .�§ à ¢¥­áâ¢ κ = √

E − V0 ¨ k = √
E ¢ëà §¨¬

κ = √

k2 − V0 = k
√1− V0

k2 = k(1− V02k2 + o(V0
k2 )).102



�âáî¤  ¨ ¨§ (1.13) ¯®«ãç ¥¬ ãà ¢­¥­¨¥
k = ε2 (F (x, k), ϕ0) + V04k + o(V0

k
). (2.1)�ã¤¥¬ áç¨â âì, çâ® V0 = V0(ε) { äã­ªæ¨ï ¯ à ¬¥âà  ε , ¯à¨ç¥¬á®£« á­® â¥®à¥¬¥ 2.1 ¤«ï áãé¥áâ¢®¢ ­¨ï ãà®¢­ï á«¥¤ã¥â ¯à¥¤¯®-«®�¨âì, çâ® ¯à¨ ε → 0 ¨ V0(ε) → 0 . �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®¨¬¥¥â ¬¥áâ® § ¢¨á¨¬®áâì V0 ®â ε ¢¨¤  V0(ε) = f(εα) , £¤¥ α > 0 ,

f(x) { ¢¥é¥áâ¢¥­­®- ­ «¨â¨ç¥áª ï äã­ªæ¨ï â ª ï, çâ® f(0) = 0 .� áª« ¤ë¢ ï f(x) ¢ àï¤ �¥©«®à  ¢ ®ªà¥áâ­®áâ¨ ­ã«ï, ¯®«ãç ¥¬à ¢¥­áâ¢®
V0(ε) = amε

mα + am+1ε(m+1)α + ... = amε
mα + o(εmα).�¢¥¤¥¬ ®¡®§­ ç¥­¨ï am = −A , £¤¥ ¯® ¯à¥¤¯®«®�¥­¨î A > 0 , ¨

mα = γ . � à¥§ã«ìâ â¥ ¯®«ãç¨¬ V0(ε) = −Aεγ + o(εγ) . Ǒ®«®�¨¬
T (k) = (12F (x, k), ϕ0) , â®£¤  T (0) = 12i ∣∣∫R ϕ0(x)dx∣∣2 .� ¥ ® à ¥ ¬   2.2. Ǒãáâì ∫R ϕ0dx 6= 0 , γ > 2 , K > 0 ,
ν = min(γ − 1, 2) , δ ∈ (1, ν) . �à ¢­¥­¨¥ (1.10) ¯à¨ ¢á¥å ¤®áâ -â®ç­® ¬ «ëå |ε| ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ á â®ç­®áâìî ¤® ¬­®�¨-â¥«ï ­¥­ã«¥¢®¥ à¥è¥­¨¥ ¤«ï ãà®¢­ï k , ã¤®¢«¥â¢®àïîé¥£® ­¥-à ¢¥­áâ¢ã |k − εT (0)| 6 K|ε|δ . Ǒà¨ íâ®¬ ¤«ï k á¯à ¢¥¤«¨¢®á®®â­®è¥­¨¥

k = ε2i ∣

∣

∣

∫R ϕ0(x)dx∣∣∣2 +O(εα+2),£¤¥ α > 0 .� ® ª   §   â ¥ « ì á â ¢ ®. � §«®�¨¬ T (k) ¯® ä®à¬ã«¥�¥©«®à :
T (k) = T (0) + T ′(0)k + o(k).Ǒ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¤«ï T (k) ,   â ª�¥ ¢ëà �¥­¨¥ ¤«ï

V0 ¢ ãà ¢­¥­¨¥ (2.1) , ¯®«ãç¨¬
k = εT (0) − Aεγ4k + o( εγ

k
) + εT ′(0)k + εo(k). (2.2)103



�¡®§­ ç¨¬
g(k) = −Aεγ4k + o( εγ

k
) + εT ′(0)k + εo(k), (2.3)â®£¤ 

k = εT (0) + g(k). (2.4)Ǒ®ª �¥¬, çâ®
|ε|C2 6 |k| 6 |ε|C1, (2.5)£¤¥ C1, C2 > 0 , â.¥. k = O(ε) , k−1 = O(ε). �¬¥¥¬

|k| 6 |k − εT (0)| + |εT (0)| 6 K|ε|δ + |εT (0)| == |ε|(K|ε|δ−1 + |T (0)|) 6 |ε|C1.� ¤àã£®© áâ®à®­ë,
|k| = |k−εT (0)+εT (0)| >

∣

∣|k−εT (0)|−|εT (0)|∣∣ = ∣

∣o(ε)−|εT (0)|∣∣ == |ε| ·
∣

∣

o(ε)
ε

− |T (0)|∣∣ >
|ε|2 |T (0)| > |ε|C2.Ǒ® ãá«®¢¨î γ > 2 , ¯®íâ®¬ã ¢ á¨«ã (2.3)

g(k) = O(k2). (2.6)�à ¢­¥­¨¥ (2.4) ¡ã¤¥¬ ¨áá«¥¤®¢ âì á ¯®¬®éìî ¯à¨­æ¨¯  á�¨-¬ îé¨å ®â®¡à �¥­¨©. �¡®§­ ç¨¬
R(k) = εT (0) + g(k). (2.7)�®ª �¥¬, çâ® ®â®¡à �¥­¨¥ R(k) ¤¥©áâ¢ã¥â ¢ ªàã£¥

S = {k : |k − εT (0)| 6 K|ε|δ}.�â® ®§­ ç ¥â, çâ® ¥á«¨ |k − εT (0)| 6 K|ε|δ , â® ¤®«�­® ¡ëâì ¢ë-¯®«­¥­® ­¥à ¢¥­áâ¢® |R(k) − εT (0)| 6 K|ε|δ ¨«¨, çâ® á®£« á­®(2.7) â® �¥ á ¬®¥, |g(k)| 6 K|ε|δ . �® íâ® ®ç¥¢¨¤­® ¢ á¨«ã (2.6) ¨104



­¥à ¢¥­áâ¢  δ < 2 , ª®â®à®¥ ¢ëâ¥ª ¥â ¨§ ãá«®¢¨© â¥®à¥¬ë. �®ª -�¥¬, çâ® ®â®¡à �¥­¨¥ R(k) ï¢«ï¥âáï á�¨¬ îé¨¬ ¢ ªàã£¥, â.¥.çâ® |R(k1)−R(k2)| 6 q|k1 − k2| , £¤¥ q < 1 . �æ¥­¨¬
|R(k1)−R(k2)| = ∣

∣

∣

∣

∫[k1,k2℄ R′(s)ds∣∣∣
∣

6 max
s∈[k1,k2℄ |R′(s)||k2 − k1|. (2.8)Ǒ®«®�¨¬ q = max

s∈[k1,k2℄ |R′(s)| . �®áâ â®ç­® ¤®ª § âì, çâ® R′(s) → 0¯à¨ ε → 0 à ¢­®¬¥à­® ¯® s ∈ S . Ǒ®«ì§ãïáì  ­ «¨â¨ç­®áâìîá« £ ¥¬ëå ¢ à ¢¥­áâ¢¥ (2.2) ,   â ª�¥ à ¢¥­áâ¢®¬ (2.6) , ¯®«ãç¨¬
R′(s) = (εT (0) + g(s))′ = g′(s) == −Aεγ

s2 +O( ε2γ

s3 ) + εT ′(0) + εO(s) = O(εα), (2.9)£¤¥ α > 0 ¨ ¢ ­¥à ¢¥­áâ¢¥ |O(εα)| 6 C|ε|α ª®­áâ ­â  C ­¥ § ¢¨-á¨â ®â s ∈ S , ®âªã¤  ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ ãâ¢¥à�¤¥­¨¥. �®á¯®«ì-§ã¥¬áï à¥ªãàà¥­â­®© ä®à¬ã«®© ¤«ï ¯à¨­æ¨¯  á�¨¬ îé¨å ®â®-¡à �¥­¨© kn = R(kn−1) , £¤¥ ¢ ª ç¥áâ¢¥ k0 ¢ë¡¥à¥¬ k0 = εT (0) ,â®£¤  ¢ á¨«ã (2.6) ¯®«ãç¨¬
k1 = R(k0) = εT (0) + g(k0) = εT (0) + ε2 = O(ε). (2.10)�á«¥¤áâ¢¨¥ ¨§¢¥áâ­®© ä®à¬ã«ë ¤«ï ¯®£à¥è­®áâ¨ ¢ ¯à¨­æ¨¯¥á�¨¬ îé¨å ®â®¡à �¥­¨© ¨¬¥¥¬

|k1 − k∗| 6
q1−q |k1 − k0|. (2.11)�ç¥¢¨¤­®, çâ® q1−q = O(q) , ¯®íâ®¬ã |k1 − k∗| 6 O(q)|k1 − k0| . �á¨«ã (2.8) ¨ (2.9) q = O(εα) . �§ (2.10) ¨ (2.11) ®ª®­ç â¥«ì­®¯®«ãç ¥¬

k∗ = k1 +O(ε2+α) = εT (0) +O(ε2+α).
105



3. �á¨¬¯â®â¨ª  á®¡áâ¢¥­­ëå äã­ªæ¨©� ¥ ® à ¥ ¬   3.1. �¡®¡é¥­­ë¥á®¡áâ¢¥­­ë¥äã­ªæ¨¨ ®¯¥-à â®à  H ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:
ψ(x) = θ(x)P1ei√E−V0x + θ(−x)P2e−i√Ex + η(x),£¤¥ θ(x) - äã­ªæ¨ï �¥¢¨á ©¤ , P1 , P2 - ª®­áâ ­âë,   η(x) ã¤®-¢«¥â¢®àï¥â ®æ¥­ª¥ ¢¨¤  |η(x)| 6 Ce−β|x| , £¤¥ β > 0 .� ® ª   §   â ¥ « ì á â ¢ ®. �§ (1.10) ¨ (1.1) ¢ëâ¥ª ¥âà ¢¥­áâ¢®

ψ(x) = −ε(ψ,ϕ0)(I1 + I2 + I3 + I4), (3.1)£¤¥
I1 = −

∫R θ(x)θ(y)[ 12i√E−V0 ei√E−V0|x−y|++ −
√
E+√

E−V02i√E−V0(√E√
E−V0)ei√E−V0(x+y)℄ϕ0(y)dy,

I2 = −
∫R θ(x)θ(−y) 1

i(√E+√
E−V0)ei√E−V0x−i√Eyϕ0(y)dy,

I3 = −
∫R θ(−x)θ(y) 1

i(√E+√
E−V0)e−i√Ex+i√E−V0yϕ0(y)dy,

I4 = −
∫R θ(−x)θ(−y)[ 12i√E ei√E|x−y|−

− −
√
E+√

E−V02i√E(√E+√
E−V0)e−i√E(x+y)℄ϕ0(y)dy. (3.2)Ǒ®« £ ï A2 = ∫R θ(−y)e−i√Eyϕ0(y)dy = 
onst , § ¯¨è¥¬ ¢ëà �¥-­¨¥ I2 ¨§ (3.2) ¢ ¢¨¤¥

I2 = − A2θ(x)
i(√E+√

E−V0)ei√E−V0x.106



�­ «®£¨ç­® I3 ¯à¨¢®¤¨âáï ª ¢¨¤ã
I3 = − A3θ(−x)

i(√E+√
E−V0)e−i√Ex,£¤¥ A3 = ∫R θ(y)e−i√E−V0yϕ0(y)dy = 
onst. �®á¯®«ì§®¢ ¢è¨áì«¥¬¬®© 1 ¨§ [9℄ ¨ ¯à®¢¥¤ï â¥ �¥ à ááã�¤¥­¨ï, çâ® ¨ ¤«ï I2 ,¯®«ãç¨¬

I1 = −( θ(x)A112i√E−V0 + θ(x)A12(−√
E+√

E−V0)2i√E−V0(√E+√
E−V0) )ei√E−V0x + η1(x),£¤¥

A11 = ∫R θ(y)e−i√E−V0yϕ0(y)dy = 
onst,
A12 = ∫R θ(y)e−i√E−V0yϕ0(y)dy = 
onst,

|η1(x)| 6 C1e−β1|x| , £¤¥ β1 > 0 . � ª®­¥æ,
I4 = −( θ(x)A412i√E + θ(−x)A42(−√

E+√
E−V0)2i√E(√E+√

E−V0) ei
√
Ex + η2(x),£¤¥

A41 = ∫R θ(−y)ei√Eyϕ0(y)dy = 
onst,
A42 = ∫R θ(−y)e−i√Eyϕ0(y)dy = 
onst,

|η2(x)| 6 C2e−β2|x| , £¤¥ β2 > 0 . �áâ «®áì ¯®¤áâ ¢¨âì ¢ëà �¥­¨ï¤«ï I1 , I2 , I3 , I4 ¢ (3.1) ¨ ®¡®§­ ç¨âì
P1 = −ε(ψ,ϕ0)( A112i√E−V0 − A12(−√

E+√
E−V0)2i√E−V0(√E+√
E−V0)++ A2

i(√E+√
E−V0) ),

P2 = −ε(ψ,ϕ0)( A412i√E − A42(−√
E+√

E−V0)2i√E(√E+√
E−V0)++ A3

i(√E+√
E−V0))¨ η(x) = η1(x) + η2(x). 107
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