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t. We 
onsider the S
hr�odinger operator of the form H == −d2/dx2+V a
ting in L2(R) where V = εW (x)+λ(·, ϕ0)ϕ0 is non-lo
al potential and W (x), ϕ0(x) are de
reasing fun
tions for | x |→ ∞ .The existen
e and 
ompleteness of the wave operators is proved. We inves-tigate the asymptoti
 behaviour of solutions of the Lippmann-S
hwingerequation and study the s
attering amplitude.�¢¥¤¥­¨¥� áá¬ âà¨¢ ¥âáï ®¯¥à â®à �à¥¤¨­£¥à  H = −d2/dx2 + V , £¤¥
V = εW (x) + λ(·, ϕ0)ϕ0 (0.1)| ­¥«®ª «ì­ë© ¯®â¥­æ¨ « á ¢¥é¥áâ¢¥­­ë¬¨ ¯ à ¬¥âà ¬¨ ε, λ ,

W (x) | ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ®æ¥­ª¥ ¢¨¤ 
| W (x) |6 Ce−a|x| , £¤¥ C, a > 0 { ­¥ª®â®àë¥ ª®­áâ ­âë, ϕ0(x){ § ¤ ­­ ï äã­ªæ¨ï, ¤«ï ª®â®à®© ¢ë¯®«­¥­®  ­ «®£¨ç­®¥ ­¥à -¢¥­áâ¢® | ϕ0(x) |6 C1e−α|x|, C1, α > 0 . � ¤ «ì­¥©è¥¬ äã­ªæ¨¨,ã¤®¢«¥â¢®àïîé¨¥ ®æ¥­ª ¬ â ª®£® à®¤ , ¡ã¤¥¬ ­ §ë¢ âì íªá¯®-­¥­æ¨ «ì­® ã¡ë¢ îé¨¬¨. Ǒ®â¥­æ¨ «ë ¢¨¤  (0.1) ¯à¥¤áâ ¢«ïîâá®¡®© áã¬¬ã «®ª «ì­®£® ¯®â¥­æ¨ «  (®¯¥à â®à  ã¬­®�¥­¨ï ­ äã­ªæ¨î) ¨ ®¤­®¬¥à­®£® ®¯¥à â®à  Vs = λ(·, ϕ0)ϕ0 , ­ §ë¢ ¥-¬®£® ¢ ä¨§¨ç¥áª®© «¨â¥à âãà¥ á¥¯ à ¡¥«ì­ë¬ ¯®â¥­æ¨ «®¬ [1℄;109



â ª¨¥ ¯®â¥­æ¨ «ë ¢®§­¨ª îâ, ­ ¯à¨¬¥à, ¢ â¥®à¨¨ ¯á¥¢¤®¯®â¥­-æ¨ «  [2℄.Ǒ®«®�¨¬ H0 = −d2/dx2 | ®¯¥à â®à �à¥¤¨­£¥à  ¤«ï á¢®-¡®¤­®© ç áâ¨æë. �¡®§­ ç¨¬ ç¥à¥§ R0(E) = (H0 − E)−1 , R(E) == (H − E)−1 à¥§®«ì¢¥­âë ®¯¥à â®à®¢ H0 ¨ H . � ª ¨§¢¥áâ-­®, ï¤à® R0(E) ¨¬¥¥â ¢¨¤ G(x, y, k) = −(2ik)−1eik|x−y| , £¤¥
k = √

E (à §à¥§ ¢ë¡¨à ¥¬ ¢¤®«ì ¯®«ã®á¨ [0,+∞) ). �¥à¥§ σ(A)( σess(A) ) ®¡®§­ ç ¥âáï á¯¥ªâà (áãé¥áâ¢¥­­ë© á¯¥ªâà) ®¯¥à â®-à  A . �á«¨ ψϕ ∈ L1(R) , â® ç¥à¥§ (ψ,ϕ) ¡ã¤¥â ®¡®§­ ç âìáï¨­â¥£à « ∫R ψ(x)ϕ(x)dx .� áá¥ï­¨¥ ¬¨ªà®ç áâ¨æ ­  ¯®â¥­æ¨ «¥ ®¯¨áë¢ ¥âáï ãà ¢­¥-­¨¥¬ �¨¯¯¬ ­ -�¢¨­£¥à 
ψ(x) = eikx −

∫R G(x, y, k)V ψ(y)dy, (0.2)§¤¥áì äã­ªæ¨ï G(x, y, k) ¯à®¤®«�¥­  ¯® ¯ à ¬¥âàã k ¢ â®çª¨­¥¯à¥àë¢­®£® á¯¥ªâà  E ∈ (0,+∞) . � à ¡®â¥ [3℄ ¡ë«® ¤®ª § ­®áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ãà ¢­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à  ¤«ï ¯®â¥­æ¨ «  ¢¨¤  (0.1), ãáâ ­®¢«¥­  á¢ï§ì ¬¥�¤ãà §«¨ç­ë¬¨ ¬®¤¨ä¨ª æ¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.� ¯¥à¢®¬ à §¤¥«¥ ¤ ­­®© à ¡®âë ¨á¯®«ì§ã¥âáï ­¥áâ æ¨®­ à-­ë© ¯®¤å®¤ ª ¨§ãç¥­¨î à áá¥ï­¨ï. �®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥¨ ¯®«­®â  ¢®«­®¢ëå ®¯¥à â®à®¢ 
±(H,H0) (á¬. ¯® íâ®¬ã ¯®¢®¤ã[4℄).�® ¢â®à®¬ à §¤¥«¥ § ¤ ç  à áá¥ï­¨ï ¨áá«¥¤ã¥âáï ­  ®á­®¢¥áâ æ¨®­ à­®£® ¯®¤å®¤ . Ǒ®«ãç¥­   á¨¬¯®â¨ª  à¥è¥­¨© ãà ¢­¥-­¨ï �¨¯¯¬ ­ -�¢¨­£¥à  ¯à¨ x→ ±∞ ¨ ¯à¨ ¤®áâ â®ç­® ¬ «ëå
ε ¨ λ = Kεα + o(εα) , £¤¥ K = 
onst, α ∈ (0,+∞) . �áá«¥¤®-¢ ­ë  ¬¯«¨âã¤ë ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï ç áâ¨æë. (� á¢ï§¨áâ æ¨®­ à­®£® ¨ ­¥áâ æ¨®­ à­®£® ¯®¤å®¤®¢ á¬. § ¬¥ç ­¨¥ ¯®á«¥â¥®à¥¬ë 2.1.)
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1. �ãé¥áâ¢®¢ ­¨¥ ¨ ¯®«­®â  ¢®«­®¢ëå ®¯¥à â®à®¢�¡®§­ ç¨¬ ç¥à¥§ I1 ¨ I2 ¬­®�¥áâ¢  ®¯¥à â®à®¢ á® á«¥¤®¬ ¨®¯¥à â®à®¢ �¨«ì¡¥àâ -�¬¨¤â  á®®â¢¥âáâ¢¥­­®.� ¥ ® à ¥ ¬   1.1. �®«­®¢ë¥ ®¯¥à â®àë 
±(H,H0) áãé¥-áâ¢ãîâ ¨ ¯®«­ë.� ® ª   §   â ¥ « ì á â ¢ ®. �¯¥à â®àë H0, H ï¢«ïîâ-áï á ¬®á®¯àï�¥­­ë¬¨, ¯®íâ®¬ã á®£« á­® â¥®à¥¬¥ �ãà®¤ë-�¨à-¬ ­  [4℄ ¤®áâ â®ç­® ¤®ª § âì, çâ® R(i)−R0(i) ∈ I1 .� á¨«ã à¥§®«ì¢¥­â­®£® â®�¤¥áâ¢  ¨¬¥¥¬
R(i)−R0(i) = −R0(i)V R(i). (1.1)�®á¯®«ì§®¢ ¢è¨áì (0.1), ¯à ¢ãî ç áâì (1.1) § ¯¨è¥¬ ¢ ¢¨¤¥

εR0(i)W (x)R(i) + λR0(i)(·, ϕ0)ϕ0(y)R(i) == ε(R0(i)√W (x))(√W (x)R(i)) + λ(R(i)(·), ϕ0)R0(i)ϕ0(y). (1.2)�­ ç «¥ à áá¬®âà¨¬ ®¯¥à â®à R0(i)√W (y) , ï¤à® ª®â®à®£® ¨¬¥¥â¢¨¤ G(x, y, k)√W (y) á k = √
−1 . �¬¥¥â ¬¥áâ® ®æ¥­ª 

∫R2 ∣

∣G(x, y, k)√W (y)∣∣2dxdy = ∫R2 ∣

∣

eik|x−y|2ik √

W (y)∣∣2dxdy 6

6

∫R2 e−(√2/2)|x−y|2 ∣

∣

√

W (y)∣∣2dxdy < +∞. (1.3)�§ (1.3) á«¥¤ã¥â, çâ® ®¯¥à â®à R0(i)√W (y) ∈ I2 (á¬. [5℄).�¯¥à â®à √

W (x)R(i) , ®¯ïâì ¨á¯®«ì§ãï (1.1), ¯à¥¤áâ ¢¨¬ ¢¢¨¤¥
√

W (x)R(i) = √

W (x)R0(i)− √

W (x)R0(i)V R(i). (1.4)Ǒà¨¬¥­ïï â¥ �¥ à ááã�¤¥­¨ï, çâ® ¨ ¢ëè¥, ¯®«ãç¨¬ √

W (y)×
×R0(i) ∈ I2 . �¬¥¥¬, ¤ «¥¥,

√

W (x)R0(i)V R(i) = ε
√

W (x)R0(i)W (x)R(i)+111



+λ√

W (x)(R(i)(·), ϕ0)R0(i)ϕ0.Ǒà®¨§¢¥¤¥­¨¥ √

W (x)R0(i))(W (x)R(i) ∈ I2 ¢ á¨«ã â¥®à¥¬ë VI.22[5℄, ¯®áª®«ìªã √

W (x)R0(i) ∈ I2 ,   W (x)R(i) ï¢«ï¥âáï ®£à ­¨-ç¥­­ë¬ ®¯¥à â®à®¬.�¯¥à â®à
λ
√

W (x)(R(i)(·), ϕ0)R0(i)ϕ0 = λ(·, R∗(i)ϕ0)R0(i)√W (y)ϕ0ï¢«ï¥âáï, ®ç¥¢¨¤­®, ®¤­®¬¥à­ë¬ ®¯¥à â®à®¬ á áã¬¬¨àã¥¬ë¬ áª¢ ¤à â®¬ ï¤à®¬. � á¨«ã â¥®à¥¬ë VI.22 [5℄ ¨ (1.4) ¯®«ãç¨¬, çâ®
√

W (x)R(i) ∈ I2.� á¨«ã â®© �¥ â¥®à¥¬ë
R0(i)√W (y) √

W (x)R(i) ∈ I1.�®ª �¥¬ â¥¯¥àì, çâ® A = λR0(i)(R(i)(·), ϕ0)ϕ0 ∈ I1 . �¬¥¥¬
A = (·, ϕ1)ϕ2 , £¤¥ ϕ1, ϕ2 ∈ L2(R) . Ǒãáâì {en}∞n=1 | ¯à®¨§¢®«ì-­ë© ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ L2(R) . �®£¤ 

∞
∑

n=1 | (Aen, en) |= ∞
∑

n=1 | (en, ϕ1)(ϕ2, en) |6
6

(

∞
∑

n=1 | (en, ϕ1)2 |)1/2( ∞
∑

n=1 | (ϕ2, en) |2)1/2 = ‖ϕ1‖ · ‖ϕ2‖ <∞.�®£« á­® [5℄ A ∈ I1 .�ã¬¬  ®¯¥à â®à®¢ á® á«¥¤®¬ ï¢«ï¥âáï ®¯¥à â®à®¬ á® á«¥¤®¬(á¬. â¥®à¥¬ã VI.19 [5℄). �âáî¤  ¨ ¨§ (1.1), (1.2) á«¥¤ã¥â ãâ¢¥à�¤¥-­¨¥ â¥®à¥¬ë.
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2. �á¨¬¯â®â¨ª  à¥è¥­¨© ãà ¢­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à  ¤«ï ­¥«®ª «ì­®£® ¯®â¥­æ¨ « � ¥ ® à ¥ ¬   2.1. Ǒãáâì E > 0 ¤®áâ â®ç­® ¡«¨§ª® ª­ã«î, â®£¤  à¥è¥­¨¥ ψ ãà ¢­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à  (0.2)â ª®¥, çâ® √
Wψ ∈ L2(R) , ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

ψ(x) = Aeikx + η+(x), x > 0,
ψ(x) = eikx +Be−ikx + η(x), x < 0, (2.1)£¤¥

A = 1 + λ(ψ,ϕ0)2ik ∫R e−ikyϕ0(y)dy + ε2ik ∫R e−ikyWψdy,

B = λ(ψ,ϕ0)2ik ∫R eikyϕ0(y)dy + ε2ik ∫R eikyWψdy.�ã­ªæ¨¨ η+(x) ¨ η−(x) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ, ¯à¨ íâ®¬
ψ′(x) = Aikeikx + η′+(x), x > 0,

ψ′(x) = ikeikx −Bike−ikx + η′−(x), x < 0 (2.2)¨ η′+(x) , η′−(x) | â ª�¥ íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ.� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �¨¯-¯¬ ­ -�¢¨­£¥à 
ψ(x) = eikx + ∫R eik|x−y|2ik (

εW (y)ψ(y) + λ(ψ,ϕ0)ϕ0(y))dy¯à¨ x → +∞ ¨ ¯à¨ x → −∞ . Ǒ®áª®«ìªã äã­ªæ¨ï ϕ0(x) íªá-¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â,   ¯à®¨§¢¥¤¥­¨¥ Wψ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥√
W

√
Wψ , £¤¥ √

Wψ ∈ L2(R) ,   √
W | íªá¯®­¥­æ¨ «ì­® ã¡ë-¢ ¥â, ¬®�­® ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 1 [3℄. �¬¥¥¬

ψ(x) = eikx + eikx2ik ∫R e−iky
(

εW (y)ψ(y) + λ(ψ,ϕ0)ϕ0(y))dy+113



+η+(x) ¯à¨ x > 0¨
ψ(x) = eikx + e−ikx2ik ∫R eiky

(

εW (y)ψ(y) + λ(ψ,ϕ0)ϕ0(y))dy++η−(x) ¯à¨ x < 0, (2.3)¯à¨ç¥¬ η+(x) ¨ η−(x) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ ¨, ª ª ¢¨¤­®¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1 [3℄, ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:
η±(x) = ±e∓ikx

∫ ±∞

x

e±iky2ik (

λ(ψ,ϕ0)ϕ0(y) + εW (y)ψ(y))dy∓
∓e±ikx

∫ ±∞

x

e∓iky2ik (

λ(ψ,ϕ0)ϕ0(y) + εW (y)ψ(y))dy. (2.4)�¨ää¥à¥­æ¨àãï à ¢¥­áâ¢  (2.3), ¯®«ãç¨¬ á ¯®¬®éìî (2.4) ¯à¨
x > 0 à ¢¥­áâ¢®

ψ′(x) = ikeikx
(1 + λ(ψ,ϕ0)2ik ∫R e−ikyϕ0(y)dy++ ε2ik ∫R e−ikyW (y)ψ(y)dy) − ike−ikx

∫ +∞

x

eiky2ik (

λ(ψ,ϕ0)ϕ0(y)++εW (y)ψ(y))dy− ikeikx
∫ +∞

x

e−iky2ik (

λ(ψ,ϕ0)ϕ0(y) + εW (y)ψ(y))dy.�áâ «®áì ¤®ª § âì, çâ®
η′+(x) = −ike−ikx

∫ +∞

x

eiky2ik (

λ(ψ,ϕ0)ϕ0(y) + εW (y)ψ(y))dy−
−ikeikx

∫ +∞

x

e−iky2ik (

λ(ψ,ϕ0)ϕ0(y) + εW (y)ψ(y))dy114



â ª�¥ íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â. �â® á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­®¨§ ¢¨¤  äã­ªæ¨¨ η′+(x) , â ª ª ª ¢å®¤ïé¨¥ ¢ ¥¥ á®áâ ¢ á« £ ¥-¬ë¥ ®â«¨ç îâáï ®â á« £ ¥¬ëå η+(x) á®®â¢¥âáâ¢¥­­® ­  ¬­®�¨-â¥«¨ −ik ¨ ik . �­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç ¥âáï ¯à¥¤áâ ¢«¥­¨¥
ψ′(x) ¯à¨ x < 0 :

ψ′(x) = ikeikx − ike−ikx×

×
(

∫R eiky2ik (λ(ψ,ϕ0)ϕ0(y) + εW (y)ψ(y))dy) + η′−(x),£¤¥ η′−(x) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â.�¥®à¥¬  ¤®ª § ­ .�   ¬ ¥ ç   ­ ¨ ¥ 2.1. �¥§ã«ìâ âë â¥®à¥¬ë 2.1 ¯®§¢®«ï-îâ ¯¥à¥­¥áâ¨ ­  á«ãç © ­¥«®ª «ì­ëå ¯®â¥­æ¨ «®¢ à áá¬ âà¨¢ -¥¬®£® ¢¨¤  ®¡ëç­ë¥ ãâ¢¥à�¤¥­¨ï â¥®à¨¨ à áá¥ï­¨ï (á¬. [6℄): ¢®-¯¥à¢ëå, çâ® ¯à¨ t → ±∞ à¥è¥­¨ï ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï�à¥¤¨­£¥à  á ®¯¥à â®à®¬ H áâà¥¬ïâáï ª à¥è¥­¨ï¬ ­¥áâ æ¨®-­ à­®£® ãà ¢­¥­¨ï á ®¯¥à â®à®¬ H0 ; ¢®-¢â®àëå, ® ¢¥à®ïâ­®áâ-­®¬ á¬ëá«¥  ¬¯«¨âã¤ ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï A, B . �âà®£®¥¤®ª § â¥«ìáâ¢® à ¢¥­áâ¢  | A |2 + | B |2= 1 á¬. ­¨�¥ ¢ â¥®à¥¬¥2.2.�®¬¯«¥ªá­ë¥ ç¨á«  A ¨ B ¨¬¥îâ ä¨§¨ç¥áª¨© á¬ëá« ¨ ­ §ë-¢ îâáï  ¬¯«¨âã¤ ¬¨ ¯à®å®�¤¥­¨ï ¨ ®âà �¥­¨ï ç áâ¨æë; | A |2 ,
| B |2 | íâ® á®®â¢¥âáâ¢¥­­® ¢¥à®ïâ­®áâ¨ ¯à®å®�¤¥­¨ï ¨ ®âà �¥-­¨ï ç áâ¨æë.� ¥ ® à ¥ ¬   2.2. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë2.1. �¬¯«¨âã¤ë ®âà �¥­¨ï ¨ ¯à®å®�¤¥­¨ï á¢ï§ ­ë á«¥¤ãîé¨¬á®®â­®è¥­¨¥¬:

| A |2 + | B |2= 1.� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬lim
N→+∞

(

∫ N

−N
Hψ(x)ψ(x)dx−

∫ N

−N
ψ(x)Hψ(x)dx) =115



= lim
N→+∞

(

E

∫ N

−N
| ψ(x) |2 dx− E

∫ N

−N
| ψ(x) |2 dx) = 0 (2.5)¢ á¨«ã â®£®, çâ®(Hψ,ψ) = (Eψ,ψ) = E(ψ,ψ) = (ψ,Eψ) = (ψ,Hψ).Ǒà¥®¡à §ã¥¬, ¨­â¥£à¨àãï ¯® ç áâï¬, ¢ëà �¥­¨¥

∫ N

−N

(

−ψ′′(x) + λ(ψ,ϕ0)ϕ0 + εWψ
)

ψ(x)dx == −ik | A |2 +ik +Bike−2ikN −Bike2ikN− | B |2 ik++∫ N

−N
| ψ′ |2 dx+ λ(ψ,ϕ0)∫ N

−N
ϕ0(x)ψ(x)dx+ ε

∫ N

−N
W | ψ |2 dx(2.6)(¨á¯®«ì§ã¥¬, çâ® η±(x), η′±(x) | íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îé¨¥äã­ªæ¨¨).� ¤àã£®© áâ®à®­ë, ¨¬¥¥¬

∫ N

−N

(

−ψ′′(x) + λ(ψ,ϕ0)ϕ0 + εWψ
)

ψ(x)dx ==| A |2 ik − ik −Bike2ikN +Bike−2ikN+ | B |2 ik++∫ N

−N
| ψ′ |2 dx+ λ(ψ,ϕ0)∫ N

−N
ϕ0ψdx+ ε

∫ N

−N
W | ψ |2 dx. (2.7)�ëç¨â ï ¨§ (2.6) à ¢¥­áâ¢® (2.7) ¨ ãáâà¥¬¨¢ N → +∞ , ¯®«ãç¨¬¢ á¨«ã (2.5) à ¢¥­áâ¢®0 = −2ik | A |2 +2ik − 2 | B |2 ik.�âáî¤  á«¥¤ã¥â âà¥¡ã¥¬®¥ à ¢¥­áâ¢®. �¥®à¥¬  ¤®ª § ­ .Ǒãáâì ϕ(x) | ¢¥é¥áâ¢¥­­®- ­ «¨â¨ç¥áª ï äã­ªæ¨ï, ®¯à¥¤¥-«¥­­ ï ¢ ®ªà¥áâ­®áâ¨ ­ã«ï. � «¥¥ ¯à¥¤¯®« £ ¥¬, ¥á«¨ ­¥ ®£®¢®-à¥­® ¯à®â¨¢­®¥, çâ® ¯ à ¬¥âàë λ ¨ ε á¢ï§ ­ë ¤àã£ á ¤àã£®¬116



á®®â­®è¥­¨¥¬ λ = ϕ(εα0), α0 > 0 . � áá¬®âà¨¬ á«ãç © ϕ(0) = 0 .�®£¤ , à §« £ ï ϕ ¢ àï¤ �¥©«®à , ¯®«ãç ¥¬ λ = Kεα + o(εα) ,£¤¥ K = 
onst 6= 0, α > 0 . �«ï ¯à®áâ®âë ¢ëª« ¤®ª ¢áî¤ã ¢¯®á«¥¤ãîé¨å ¤®ª § â¥«ìáâ¢ å ¯®« £ ¥¬ λ = Kεα , å®âï ¢á¥ à á-áã�¤¥­¨ï á¯à ¢¥¤«¨¢ë ¢ ®¡é¥¬ á«ãç ¥. �ã¤¥¬ â ª�¥ ¯à¥¤¯®« -£ âì, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à  ψ ¨é¥âáï ¢ª« áá¥ äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
√

W (x)ψ(x) ∈ L2(R). (2.8)� ä®à¬ã«¨à®¢ª¥ á«¥¤ãîé¥© â¥®à¥¬ë O(εα) ¯®­¨¬ ¥âáï ¢â®¬ á¬ëá«¥, çâ® ‖
√

W (x)O(εα)‖L2(R) 6 Cεα, C = 
onst .� ¥ ® à ¥ ¬   2.3. Ǒãáâì E > 0 ­ å®¤¨âáï ¢ ¤®áâ â®ç-­® ¬ «®© ®ªà¥áâ­®áâ¨ ­ã«ï ¢¥é¥áâ¢¥­­®© ¯àï¬®©. Ǒà¥¤¯®«®-�¨¬, çâ® ∫R ϕ0(y)dy 6= 0 , â®£¤  á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ä®à¬ã-«  ¤«ï à¥è¥­¨ï ψ(x) ãà ¢­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à :
ψ(x) = eikx −Kεα(eikx, ϕ0(x))∫R G(x, y, k)ϕ0(y)dy−
−ε

∫R G(x, y, k)W (y)eikydy +O(ε2α), 0 < α 6 1,
ψ(x) = eikx − ε

∫R G(x, y, k)W (y)eikydx+O(εα), α > 1.� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã â¥®à¥¬ 2, 3 [3℄ ¤«ï ­ -å®�¤¥­¨ï  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ãà ¢­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à ¬®�­® ¢®á¯®«ì§®¢ âìáï ãà ¢­¥­¨¥¬
ψ(x) = eikx −

λ
((eikx, ϕ0)− ε

( ∫R G(x, y, k)W (y)ψ(y)dy, ϕ0(x)))1 + λ
( ∫R G(x, y, k)ϕ0(y)dy, ϕ0(x)) ×117



×
∫R G(x, y, k)ϕ0(y)dy − ε

∫R G(x, y, k)W (y)ψ(y)dy. (2.9)Ǒ¥à¥å®¤ï ¢ íâ®¬ ãà ¢­¥­¨¨ ª ­®¢®© ­¥¨§¢¥áâ­®© äã­ªæ¨¨ ϕ(x) == √

W (x)ψ(x) ∈ L2(R) , ¯®«ãç¨¬:
ϕ(x) = √

W (x)eikx − ε

∫R √

W (x)G(x, y, k)√W (y)ϕ(y)dy−
−λ

(

(

eikx, ϕ0(x)) − ε
(

∫R G(x, y, k)√W (y)ϕ(y)dy, ϕ0(x)))×
×

(1+λ(

∫R G(x, y, k)ϕ0(y)dy, ϕ0))−1
×

∫R √

W (x)G(x, y, k)ϕ0(y)dy.�§ à ááã�¤¥­¨©, ¯à®¢¥¤¥­­ëå ¢ «¥¬¬¥ 6 [3℄, á«¥¤ã¥â, çâ®
L2(R) -§­ ç­ ï äã­ªæ¨ï

T (k)ϕ(x) = ε

∫R √

W (x)G(x, y, k)√W (y)ϕ(y)dy−
−
λε

(

∫R G(x, y, k)√W (y)ϕ(y)dy, ϕ0(x))1 + λ
(

∫R G(x, y, k)ϕ0(y)dy, ϕ0(x)) ×

×
∫R √

W (x)G(x, y, k)ϕ0(y)dy (2.10)ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¯® k ¢ ®ªà¥áâ­®áâ¨ «î¡®© â®çª¨, ®â-«¨ç­®© ®â ­ã«ï.�à ¢­¥­¨¥ (2.9) á ãç¥â®¬ (2.10) ¯à¨¬¥â ¢¨¤(1 + T (k))ϕ(x) == √

W (x)eikx − λ(eikx, ϕ0(x)) ∫R √

W (x)G(x, y, k)ϕ0(y)dy1 + λ
( ∫R G(x, y, k)ϕ0(y)dy, ϕ0(x)) . (2.11)118



Ǒà¨ ãá«®¢¨¨, çâ® ‖T (k)‖ < 1 , ª®â®à®¥ ¢ë¯®«­¥­® ¤«ï ¤®-áâ â®ç­® ¬ «ëå ε , áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à (1 + T (k))−1 .�¡®§­ ç¨¬ ¯à ¢ãî ç áâì (2.10) ç¥à¥§ g(x, k) ; íâ®  ­ «¨â¨ç¥áª ï
L2(R) -§­ ç­ ï äã­ªæ¨ï. Ǒà¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ (2.11) ®¯¥à -â®à (1 + T (k))−1 , ¯®«ãç¨¬(1 + T (k))−1g(x, k) = g(x, k) + T (k)g(x, k) +O(ε)¢ á¨«ã à §«®�¨¬®áâ¨ ®¯¥à â®à  (1 + T (k))−1 ¢ àï¤ ¯® áâ¥¯¥­ï¬
ε (§¤¥áì ¨ ¤® ª®­æ  ¤®ª § â¥«ìáâ¢  O(·) ¯®­¨¬ ¥¬ ¢ á¬ëá«¥ ­®à-¬ë ¢ L2(R) ). �á¯®«ì§ãï à ¢¥­áâ¢® λ = Kεα ¨ ¢ á¢®î ®ç¥à¥¤ìà §« £ ï äã­ªæ¨î g(x, k) ¯® áâ¥¯¥­ï¬ ε , ¯®«ãç¨¬

g(x, k) = √

W (x)eikx −Kεα(eikx, ϕ0(x))×
×

∫R √

W (x)G(x, y, k)ϕ0(y)dy−
−ε

∫R √

W (x)G(x, y, k)W (y)eikydy +O(εmin{2α,α+1,2}).�ç¨âë¢ ï, çâ® α ∈ (0,+∞) , ¨¬¥¥¬:
ϕ(x) = √

W (x)eikx −Kεα(eikx, ϕ0(x))×
×

∫R √

W (x)G(x, y, k)ϕ0(y)dy−
−ε

∫R √

W (x)G(x, y, k)W (y)eikydy +O(ε2α),¥á«¨ 0 < α 6 1 , ¨
ϕ(x) = √

W (x)eikx − ε

∫R √

W (x)G(x, y, k)W (y)eikydy++O(εmin{2,α}),¥á«¨ α > 1. �âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë.119



Ǒ®«®�¨¬
ϕ̂0(k) = ∫R e−ikyϕ0(y)dy| ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ ϕ0(x) .� ¥ ® à ¥ ¬   2.4. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï ¯à¥¤ë¤ãé¥©â¥®à¥¬ë. Ǒà¥¤¯®«®�¨¬, ªà®¬¥ â®£®, çâ® ϕ0 = √

Wϕ1 , £¤¥
ϕ1 ∈ L2(R) . �®£¤  ¯à¨ ¤®áâ â®ç­® ¬ «ëå |ε| à¥è¥­¨¥ ãà ¢-­¥­¨ï �¨¯¯¬ ­ -�¢¨­£¥à  ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:| ¥á«¨ x > 0 , â®

ψ(x) = eikx
(1 + Kεα2ik | ϕ̂0(k) |2 + ε2ik ∫R W (y)dy)++εαη+(x) +O(ε2α), 0 < α 6 1,

ψ(x) = eikx
(1 + ε2ik ∫R W (y)dy)+ εη+(x) +O(εmin{2,α}), α > 1;| ¥á«¨ x < 0 , â®

ψ(x) = eikx + e−ikx
(

Kεα2ik | ϕ̂0(k) |2 + ε2ik ∫R e2ikyW (y)dy)++εαη−(x) +O(ε2α), 0 < α 6 1,
ψ(x) = eikx + e−ikx

(

ε2ik ∫R e2ikyW (y)dy)+ εη−(x) +O(εmin{2,α}),
α > 1.�ã­ªæ¨¨ η±(x) ¢ ¤ ­­ëå ä®à¬ã« å íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ,  O(ε) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ­®à¬ë ¢ L∞(R) .
120



� ® ª   §   â ¥ « ì á â ¢ ®. � ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï�¨¯¯¬ ­ -�¢¨­£¥à  ¯¥à¥©¤¥¬ ®â äã­ªæ¨¨ ψ(x) ª äã­ªæ¨¨
ϕ(x) = √

W (x)ψ(x) ∈ L2(R) ¢ á¨«ã (2.8). � ãç¥â®¬ ãá«®¢¨ï â¥®-à¥¬ë ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤
ψ(x) = eikx + ∫R eik|x−y|2ik (

λ(ϕ,ϕ1)ϕ0(y) + ε
√

W (y)ϕ(y))dy. (2.12)�®á¯®«ì§ã¥¬áï ¢ëà �¥­¨¥¬ (á¬. â¥®à¥¬ã 2.3)
ϕ(x) = √

W (x)eikx +O(εmin{1,α}). (2.13)�á«¥¤áâ¢¨¥ (2.13) ãà ¢­¥­¨¥ (2.12) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
ψ(x) = eikx + ∫R eik|x−y|2ik [

λ
(
√

W (y)eiky +O(εmin{α,1}), ϕ1(y))ϕ0(y)++ε√W (y) (
√

W (y)eiky +O(εmin{1,α}))]dy.� áá¬®âà¨¬ ®â¤¥«ì­® ¢ëà �¥­¨ï
∫R eik|x−y|2ik λ

(
√

W (y)eiky +O(εmin{α,1}), ϕ1(y))ϕ0(y)dy (2.14)¨
∫R eik|x−y|2ik ε

√

W (y) (
√

W (y)eiky +O(εmin{1,α}))dy. (2.15)Ǒ¥à¢®¥ ¨§ ­¨å ¢ á¨«ã íªá¯®­¥­æ¨ «ì­®£® ã¡ë¢ ­¨ï äã­ªæ¨¨
ϕ0(x) ¨ «¥¬¬ë 1 ¨§ [3℄ ¯à¨ x→ +∞ ¯à¨¬¥â ¢¨¤

Kεα(√W (y)eiky,ϕ1(y))2ik (

eikx
∫R e−ikyϕ0(y)dy + η

(1)+ (x))++Kεα(O(εmin{1,α}),ϕ1(y))2ik ∫R eik|x−y|ϕ0(y)dy =121



= Kεα(√W (y)eiky ,ϕ1(y))2ik eikx
∫R e−ikyϕ0(y)dy++Kεα(√W (y)eiky ,ϕ1(y))2ik η

(1)+ (x))++Kεα(O(εmin{1,α}),ϕ1(y))2ik ∫R eik|x−y|ϕ0(y)dy,£¤¥
η
(1)+ (x)) = e−ikx

∫ +∞

x
eikyϕ0(y)dy − eikx

∫ +∞

x
e−ikyϕ0(y)dy,  §­ ç¨â, ¨

Kεα(√W (y)eiky,ϕ1(y))2ik η
(1)+ (x)íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ. � «¥¥, ¢ëà �¥­¨¥

Kεα(O(εmin{1,α}),ϕ1(y))2ik ∫R eik|x−y|ϕ0(y)dy¥áâì O(εmin{α+1,2α}) ¢ á¬ëá«¥ ­®à¬ë ¢ L∞(R) , ¯®áª®«ìªã ¢ á¨«ã­¥à ¢¥­áâ¢  �®è¨-�ã­ïª®¢áª®£® ¨¬¥¥¬:
∣

∣

∣

Kεα(O(εmin{1,α}),ϕ1(y))2ik ∫R eik|x−y|ϕ0(y)dy∣∣∣ 6

6
Kεα‖O(εmin{α,1})‖·‖ϕ1(y)‖2|k| ×

∣

∣

∣

∫R eik|x−y|ϕ0(y)dy∣∣∣ 6 C1εmin{2α,α+1}.� ª¨¬ ®¡à §®¬, ¢ëà �¥­¨¥ (2.14) ¯à¨ x→ +∞ ¬®�­® § ¯¨á âì¢ ¢¨¤¥
∫R eik|x−y|2ik λ

(
√

W (y)eiky +O(εmin{α,1}), ϕ1(y))ϕ0(y)dy == Kεα(√W (y)eiky,ϕ1(y))2ik eikx
∫R e−ikyϕ0(y)dy+η(1)+ (x)+O(εmin{2α,α+1}).122



�­ «®£¨ç­® ¢ëà �¥­¨¥ (2.15) ¯à¨ x→ +∞ ¨¬¥¥â ¢¨¤
eikx

∫R e−iky2ik εW (y)eikydy + εη
(2)+ (x)++ε∫R eik|x−y|2ik √

W (y)O(εmin{1,α})dy,£¤¥
η
(2)+ (x) = e−ikx

∫ +∞

x
e2ikyW (y)dy − eikx

∫ +∞

x
W (y)dyíªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â. �æ¥­¨¬, ¤ «¥¥,

∣

∣

∣
ε

∫R eik|x−y|2ik √

W (y)O(εmin{1,α})dy∣∣
∣
6

6 ε2 | k | ·‖
√

W (y)‖ · ‖O(εmin{1,α})‖ 6 Cεmin{2α,α+1}.� ª¨¬ ®¡à §®¬,  á¨¬¯â®â¨ª  à¥è¥­¨ï ¯à¨ x→ +∞ ¨ ¤®áâ -â®ç­® ¬ «ëå |ε| ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:
ψ(x) = eikx

(1 + Kεα(√W (y)eiky,ϕ1(y))2ik ∫R e−ikyϕ0(y)dy++ ε2ik ∫R W (y)dy)+ εmin{1,α}η+(x) +O(εmin{2α,α+1}), (2.16)£¤¥ O(εmin{2α,α+1}) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ­®à¬ë ¯à®áâà ­áâ¢ 
L∞(R) , η+(x) = η

(1)+ (x) + η
(2)+ (x) .�á¨¬¯â®â¨ª  à¥è¥­¨ï ¯à¨ x → −∞ ­ å®¤¨âáï ®¯¨á ­­ë¬¢ëè¥ á¯®á®¡®¬. Ǒà¨ x→ −∞ ¨¬¥¥¬ á®®â­®è¥­¨¥

ψ(x) = eikx + e−ikx
(

εα(√W (y)eiky ,ϕ1(y))2ik ∫R eikyϕ0(y)dy+123



+ ε2ik ∫R e2ikyW (y)dy)+ εmin{1,α}η−(x) +O(εmin{1,α}), (2.17)£¤¥ η−(x) íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â.�á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ψ(x) ¢ § ¢¨á¨¬®áâ¨ ®â α , ãª -§ ­­®¥ ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë, á«¥¤ã¥â ¨§ (2.16), (2.17).�   ¬ ¥ ç   ­ ¨ ¥ 2.2. Ǒ®«ãç¥­­ë¥ à¥§ã«ìâ âë ¯¥à¢®£® ¨(á á®®â¢¥âáâ¢ãîé¨¬¨ ¨§¬¥­¥­¨ï¬¨) ¢â®à®£® à §¤¥«®¢ ¬®�­® ¯¥-à¥­¥áâ¨ ­  á«ãç © âà¥å¬¥à­®£® ®¯¥à â®à  �à¥¤¨­£¥à  −�++εW (x)+λ(·, ϕ0)ϕ0 ¢ ïç¥©ª¥ (0, 1)2×R , £¤¥ W (x) ¨ ϕ0(x) íªá¯®-­¥­æ¨ «ì­® ã¡ë¢ îâ ¯à¨ |x3| → ∞ ¨, ªà®¬¥ â®£®, äã­ªæ¨ï ϕ0(x)ï¢«ï¥âáï ¡«®å®¢áª®© ¯® ¯¥à¥¬¥­­ë¬ x1, x2 . � ª¨¥ ®¯¥à â®àë ¯®-ï¢«ïîâáï ¯à¨ à §«®�¥­¨¨ ¯¥à¨®¤¨ç¥áª®£® ¯® x1, x2 á ¯¥à¨®¤®¬¥¤¨­¨æ  ®¯¥à â®à  �à¥¤¨­£¥à , ®â¢¥ç îé¥£® ªà¨áâ ««¨ç¥áª®©¯«¥­ª¥ ¢ ¯àï¬®¬ ¨­â¥£à «¥ ¯à®áâà ­áâ¢ L2(
) (á¬. â ª�¥ áâ -âìî [3℄). �¯¨á®ª «¨â¥à âãàë1. �¥¬ª®¢ �.�., �áâà®¢áª¨© �.�. �¥â®¤ ¯®â¥­æ¨ «®¢ ­ã«¥¢®£® à ¤¨-ãá  ¢  â®¬­®© ä¨§¨ª¥. �.: �§¤-¢® �¥­¨­£à. ã­-â , 1975. 240 á.2. �¥©­¥ �., �®í­ �., �í©à �. �¥®à¨ï ¯á¥¢¤®¯®â¥­æ¨ « . �.: �¨à, 1973.560 á.3. �¬¥â ­¨­  �.�., �ã¡ãà¨­ �.Ǒ. �¡ ãà ¢­¥­¨¨ �à¥¤¨­£¥à  ¤«ï ªà¨-áâ ««¨ç¥áª®© ¯«¥­ª¨ á ­¥«®ª «ì­ë¬ ¯®â¥­æ¨ «®¬ // �¥áâ­. �¤¬.ã­-â . �¥à. � â¥¬ â¨ª . 2003. �. 19{31.4. �¨¤ �., � ©¬®­ �. �¥â®¤ë á®¢à¥¬¥­­®© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.T.3. �¥®à¨ï à áá¥ï­¨ï. �.: �¨à, 1982. 448 á.5. �¨¤ �., � ©¬®­ �. �¥â®¤ë á®¢à¥¬¥­­®© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.T.1. �ã­ªæ¨®­ «ì­ë©  ­ «¨§. �.: �¨à, 1977. 360 á.6. � ¤¤¥¥¢ �.�., �ªã¡®¢áª¨© �.�. �¥ªæ¨¨ ¯® ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¤«ïáâã¤¥­â®¢ { ¬ â¥¬ â¨ª®¢. �.: �§¤-¢® �¥­¨­£à. ã­-â , 1980. 200 á.
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