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¤¢¨�¥­¨¥¬ ¯à®¢®¤¨âáï «®ª «ì­ ï  ¯¯à®ªá¨¬ æ¨ï äã­ªæ¨¨ æ¥­ë¤®áâ â®ç­® ®¡é¥© ¤¨ää¥à¥­æ¨ «ì­®© ¨£àë.�£àë á ¯à®áâë¬ ¤¢¨�¥­¨¥¬ ®¡« ¤ îâ â¥¬ á¢®©áâ¢®¬, çâ® ¨å®¯¥à â®à ¯à®£à ¬¬­®£® ¯®£«®é¥­¨ï ­  ¢ë¯ãª«ëå ¬­®�¥áâ¢ åã¤®¢«¥â¢®àï¥â ãá«®¢¨î áâ ¡¨«ì­®áâ¨ [2;5;11;12℄. � ¤ ­­®© à ¡®â¥¯à¨¢®¤¨âáï  «£¥¡à ¨ç¥áª¨© ¬¥â®¤ ¤®ª § â¥«ìáâ¢  áâ ¡¨«ì­®áâ¨â ª¨å ®¯¥à â®à®¢ ¤«ï ª¢ §¨«¨­¥©­ëå § ¤ ç ¢ ¯à®áâà ­áâ¢ å á­¥¯®«­®© «¨­¥©­®© áâàãªâãà®©, ®­ ®á­®¢ ­ ­  ¨å á¢ï§¨ á ®¯¥-à æ¨ï¬¨ ¨­ä¨¬ «ì­®© ª®­¢®«îæ¨¨ ¨ ¯à ¢®£® ¯à®¨§¢¥¤¥­¨ï ­ ç¨á«® [13℄ ¬­®£®§­ ç­ëå äã­ªæ¨©.1. �¥ç¥âª¨¥ ¬­®�¥áâ¢  ª ª ¯à¨¬¥à ¯à®áâà ­áâ¢ á ­¥¯®«­®© «¨­¥©­®© áâàãªâãà®©Ǒãáâì X | «¨­¥©­®¥ ¢¥é¥áâ¢¥­­®¥ ¯à®áâà ­áâ¢®. �«ï ¤¢ãå ¬­®-�¥áâ¢ A ¨ B ¨§ X ¨ ¤«ï ç¨á«  λ ∈ R ®¡®§­ ç¨¬
A+B = {x ∈ X | x = a+ b : a ∈ A, b ∈ B},

λA = {x ∈ X | x = λa : a ∈ A}
(1.1)�¡®§­ ç¨¬ å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ¯à®¨§¢®«ì­®£®¬­®�¥áâ¢  C ⊂ X ç¥à¥§

δ(x;C) = { 1, x ∈ C,0, x�∈C. (1.2)� à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï áã¬¬ë ¤¢ãå ¬­®�¥áâ¢ à ¢­ 
δ(x;A +B) = sup

y+z=x
min(δ(y;A); δ(z;B)). (1.3)� à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®�¥áâ¢  λA à ¢­ 

δ(x;λA) = δ(λ−1x;A), λ 6= 0;
δ(x; 0A) = 0, x 6= 0, δ(0; 0A) = 1. (1.4)�¡®¡é ï ¯®­ïâ¨¥ å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨, ¯à¨å®¤¨¬ ª¯®­ïâ¨î ­¥ç¥âª®£®, ¯® � ¤¥, ¬­®�¥áâ¢  [1℄.26



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1. �¥ç¥âª¨¬ ¬­®�¥áâ¢®¬ z ã­¨-¢¥àá «ì­®£® ¬­®�¥áâ¢  X ­ §ë¢ ¥âáï á®¢®ªã¯­®áâì ¯ à ¢¨¤ (x | δ(x; z)) , £¤¥ x ∈ X ,   δ(.; z) : X → [0, 1℄ .�ã­ªæ¨ï δ(.; z) ­ §ë¢ ¥âáï äã­ªæ¨¥© ¯à¨­ ¤«¥�­®áâ¨.� ¤¨¬ ®¯à¥¤¥«¥­¨¥ áã¬¬ë ¤¢ãå ­¥ç¥âª¨å ¬­®�¥áâ¢ ¨ ¯à®¨§-¢¥¤¥­¨ï ­¥ç¥âª®£® ¬­®�¥áâ¢  ­  ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® [14℄.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2. �ã¬¬®© ¤¢ãå ­¥ç¥âª¨å ¬­®�¥áâ¢ z1¨ z2 ã­¨¢¥àá «ì­®£® ¬­®�¥áâ¢  X ­ §ë¢ ¥âáï ­¥ç¥âª®¥ ¬­®�¥-áâ¢® z1 ∗z2 ã­¨¢¥àá «ì­®£® ¬­®�¥áâ¢  X , äã­ªæ¨ï ¯à¨­ ¤«¥�-­®áâ¨ ª®â®à®£® ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© ä®à¬ã«®©:
δ(x; z1 ∗ z2) = sup

y∈X

min(δ(y; z1); δ(x − y; z2)). (1.5)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.3. Ǒà®¨§¢¥¤¥­¨¥¬ ç¨á«  λ ∈ R ­ ­¥ç¥âª®¥ ¬­®�¥áâ¢® z ã­¨¢¥àá «ì­®£® ¬­®�¥áâ¢  X ­ §ë¢ ¥âáï­¥ç¥âª®¥ ¬­®�¥áâ¢® λ ◦ z íâ®£® �¥ ã­¨¢¥àá «ì­®£® ¬­®�¥áâ¢ ,äã­ªæ¨ï ¯à¨­ ¤«¥�­®áâ¨ ª®â®à®£® ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:
δ(x;λ ◦ z) = δ(λ−1x; z), λ 6= 0;
δ(x; 0 ◦ z) = { 0, x 6= 0,1, x = 0. (1.6)Ǒ à ¨ ¬ ¥ à 1.1. Ǒãáâì ¢ ¯à®áâà ­áâ¢¥ � ¯¥à¥¬¥é ¥âáïâ®çª  �, ¯®«®�¥­¨¥ x ∈ X ª®â®à®© á®áâ®¨â ¨§ ¥¥ ­ ç «ì­®£®¯®«®�¥­¨ï x0 ∈ X, á«®�¥­­®£® á ¢®§¤¥©áâ¢¨¥¬ u0 ∈ X . �«ï®æ¥­ª¨ ­ ç «ì­®£® á®áâ®ï­¨ï ¨ §­ ç¥­¨ï ¢®§¤¥©áâ¢¨ï ¯à¨¢«¥ç¥-­  £àã¯¯  ¨§ N íªá¯¥àâ®¢. � �¤ë© íªá¯¥àâ, ®æ¥­¨¢ ï â®â ä ªâ,çâ® ­ ç «ì­®¥ ¯®«®�¥­¨¥ à ¢­® x , ¬®�¥â ®â¤ âì íâ®¬ã ä ªâã®¤¨­ £®«®á,   ¬®�¥â ¨ ­¥ ®â¤ ¢ âì. Ǒà¨ç¥¬ ®¤¨­ íªá¯¥àâ ¬®-�¥â ®â¤ âì ¯® ®¤­®¬ã £®«®áã áà §ã ­¥áª®«ìª¨¬ x ∈ X . � íâ®¬¯à®ï¢«ï¥âáï ­¥ç¥âª®áâì §­ ­¨ï íªá¯¥àâ®¢. �­ «®£¨ç­® ®­¨ ¯®-áâã¯ îâ á ®æ¥­ª®© §­ ç¥­¨ï u ∈ X ¢®§¤¥©áâ¢¨ï.�¡®§­ ç¨¬ ç¥à¥§ n1(x) ª®«¨ç¥áâ¢® íªá¯¥àâ®¢, ª®â®àë¥ ®â¬¥-â¨«¨, çâ® ­ ç «ì­®¥ á®áâ®ï­¨¥ à ¢­® x . �­ «®£¨ç­® n2(x) - ª®-«¨ç¥áâ¢® íªá¯¥àâ®¢, ª®â®àë¥ ®â¬¥â¨«¨, çâ® §­ ç¥­¨¥ ¢®§¤¥©áâ¢¨ïà ¢­® x . 27



�­ä®à¬ æ¨ï ® â®¬, ®â¬¥â¨« «¨ ¤ ­­ë© ª®­ªà¥â­ë© íªá¯¥àâª®­ªà¥â­®¥ ­ ç «ì­®¥ á®áâ®ï­¨¥ ¨ ª®­ªà¥â­®¥ §­ ç¥­¨¥ ¢®§¤¥©-áâ¢¨ï, ®âáãâáâ¢ã¥â.� ä¨ªá¨àã¥¬ x ∈ X ¨ ®æ¥­¨¬ ¬ ªá¨¬ «ì­® ¢®§¬®�­®¥ ª®«¨-ç¥áâ¢® íªá¯¥àâ®¢, ª®â®àë¥ ãª § «¨ ­  â®, çâ® â®çª  � ®ª �¥âáï¢ íâ®¬ á®áâ®ï­¨¨. �®§ì¬¥¬ «î¡®© y ∈ X . �®£¤  ç¨á«® íªá¯¥à-â®¢, ª �¤ë© ¨§ ª®â®àëå ®¤­®¢à¥¬¥­­® ®â¬¥â¨«, çâ® ­ ç «ì­®¥á®áâ®ï­¨¥ à ¢­® y ,   §­ ç¥­¨¥ ¢®§¤¥©áâ¢¨ï à ¢­® x− y , ­¥ ¯à¥-¢®áå®¤¨â ¢¥«¨ç¨­ë min(n1(y);n2(x− y)) . �«¥¤®¢ â¥«ì­®,
n(x) 6 sup

y∈X

min(n1(x);n2(x− y)).Ǒ®áª®«ìªã ­¨ª ª®© ¤®¯®«­¨â¥«ì­®© ¨­ä®à¬ æ¨¨ ­¥â, â® ¯à¨-¬¥¬ n(x) à ¢­®© ¯à ¢®© ç áâ¨ íâ®£® ­¥à ¢¥­áâ¢ . �ã­ªæ¨ï
δ(x; z1) = n1(x)

N
(δ(x; z2) = n2(x)

N
)§ ¤ ¥â ¬¥àã â®£®, çâ® ­ ç «ì­®¥ á®áâ®ï­¨¥ (¢®§¤¥©áâ¢¨¥) ¯à¨­¨-¬ ¥â §­ ç¥­¨¥ x . �ã­ªæ¨ï

δ(x; z1 ∗ z2)(x) = n(x)
N§ ¤ ¥â ¬¥àã â®£®, çâ® â®çª  � ®ª �¥âáï ¢ á®áâ®ï­¨¨ å . � á¨«ã­ è¥£® ¤®¯ãé¥­¨ï íâ  äã­ªæ¨ï ®¯à¥¤¥«¥­  ä®à¬ã«®© (1.5).Ǒãáâì ¯®«®�¥­¨¥ â®çª¨ � ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© x = λx0 ,£¤¥ λ 6= 0 ä¨ªá¨à®¢ ­­®¥ ç¨á«®. �®£¤  n(x) = n1(λ−1x) . �«¥¤®-¢ â¥«ì­®, äã­ªæ¨ï

δ(x;λ ◦ z1) = n(x)
N®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (1.6).�¢¥¤¥­­ë¥ ®¯¥à æ¨¨ (1.5) ¨ (1.6) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬
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á¢®©áâ¢ ¬:I. 1) z1 ∗ z2 = z2 ∗ z1; ∀zi;2) (z1 ∗ z2) ∗ z3 = z1 ∗ (z2 ∗ z3), ∀zi;3) áãé¥áâ¢ã¥â í«¥¬¥­â z0 â ª®©, çâ® z ∗ z0 = z, ∀z;II. 1) 1 ◦ z = z; ∀z;2) 0 ◦ z = z0, ∀z; a ◦ z0 = z0, ∀a ∈ R;3) a ◦ (b ◦ z) = (ab) ◦ z, ∀a, b ∈ R; ∀z;III. 1) a ◦ (z1 ∗ z2) = (a ◦ z1) ∗ (a ◦ z2), ∀a ∈ R; ∀zi.�¢®©áâ¢  I.1, II.1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ãîâ ¨§ ä®à¬ã« (1.5) ¨(1.6). Ǒà®¢¥à¨¬ á¢®©áâ¢®  áá®æ¨ â¨¢­®áâ¨.�§ ä®à¬ã«ë (1.5) á«¥¤ã¥â, çâ® äã­ªæ¨¨ ¯à¨­ ¤«¥�­®áâ¨ ­¥-ç¥âª¨å ¬­®�¥áâ¢
u = (z1 ∗ z2) ∗ z3 ¨ v = z1 ∗ (z2 ∗ z3)á®®â¢¥âáâ¢¥­­® à ¢­ë

δ(x;u) = sup
y+p=x

min[ sup
a+b=y

min (δ(a; z1); δ(b; z2)) ; δ(p; z3)];
δ(x; v) = sup

y+q=x
min[δ(y; z1); sup

a+b=q

min (δ(a; z2); δ(b; z3)) ].�âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ç¨á«  ε > 0 ­ ©¤ãâáï â®çª¨
y1, p1, a1, b1 â ª¨¥, çâ® y1 + p1 = x, a1 + b1 = y1 ¨

δ(a1; z1) > δ(x;u) − ε, δ(b1; z2) > δ(x;u) − ε;
δ(p1; z3) > δ(x;u) − ε, ∀x ∈ X.�§ íâ¨å ­¥à ¢¥­áâ¢ ¯®«ãç¨¬, çâ®min[δ(a1; z1); sup
b+p=b1+p1min(δ(b; z2); δ(p; z3))]> δ(x;u) − ε.�âáî¤ , ãç¨âë¢ ï à ¢¥­áâ¢® a1 + b1 + p1 = x , ¯®«ãç¨¬, çâ®

δ(x; v) > δ(x;u) − ε.29



� ª ª ª ç¨á«® ε > 0 ¯à®¨§¢®«ì­®, â® δ(x; v) > δ(x;u) .�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï ¨ ®¡à â­®¥ ­¥à ¢¥­áâ¢®.� ª ç¥áâ¢¥ z0 ¢®§ì¬¥¬ ­¥ç¥âª®¥ ¬­®�¥áâ¢® á äã­ªæ¨¥© ¯à¨-­ ¤«¥�­®áâ¨
δ(x; z0) = { 1, x = 00, x 6= 0 (1.7)�®£¤  ¨§ ä®à¬ã« (1.5) ¨(1.6) ¯®«ãç¨¬ á¢®©áâ¢  I.3, II.2 ¨ II.3.Ǒà®¢¥à¨¬ á¢®©áâ¢® III.1. Ǒãáâì ç¨á«® a 6= 0 . �®£¤ 

δ(x; a ◦ (z1 ∗ z2)) = δ(a−1x; z1 ∗ z2) == sup
ay+ap=x

min(δ(y; z1); δ(p; z2)) == sup
r+q=x

min(δ(a−1r; z1); δ(a−1q; z2)) == δ(x; (a ◦ z1) ∗ (a ◦ z2)).Ǒãáâì â¥¯¥àì a = 0 . �®£¤  ¨§ á¢®©áâ¢  II.2 ¯®«ãç¨¬, çâ®0 ◦ (z1 ∗ z2) = z0, 0 ◦ z1 = z0, 0 ◦ z2 = z0.Ǒ®íâ®¬ã ¨§ á¢®©áâ¢  I.3 ¯®«ãç¨¬ âà¥¡ã¥¬®¥ à ¢¥­áâ¢®.�¢®©áâ¢  I-III ¯®ª §ë¢ îâ, çâ® ¢¢¥¤¥­­ë¥ ¤¥©áâ¢¨ï ­ ¤ ­¥-ç¥âª¨¬¨ ¬­®�¥áâ¢ ¬¨ ã¤®¢«¥â¢®àïîâ ¯®çâ¨ ¢á¥¬  ªá¨®¬ ¬ «¨-­¥©­®£® ¯à®áâà ­áâ¢ . Ǒ®ª �¥¬, çâ® ­¥ ¢á¥£¤  ¢ë¯®«­ï¥âáï à -¢¥­áâ¢® (a+ b) ◦ z = (a ◦ z) ∗ (b ◦ z). (1.8)� á ¬®¬ ¤¥«¥, § ä¨ªá¨àã¥¬ ­¥­ã«¥¢®© í«¥¬¥­â y ∈ X ¨ à á-á¬®âà¨¬ ­¥ç¥âª®¥ ¬­®�¥áâ¢® z = z(γ, p) , äã­ªæ¨ï ¯à¨­ ¤«¥�-­®áâ¨ ª®â®à®£® à ¢­ 
δ(x; z) = {

γ, x = γp,1, x 6= γp,
γ ∈ (0, 1℄,
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�®£¤  ¨§ ä®à¬ã«ë (1.5) ¯®«ãç¨¬, çâ® δ(x; z∗z) = 1 . � ¤àã£®©áâ®à®­ë, ¨§ ä®à¬ã«ë (1.6) á«¥¤ã¥â, çâ® ¯à¨ a 6= 0
δ(x; a ◦ z) = {

γ, x = aγp,1, x 6= aγp.�âáî¤  á«¥¤ã¥â, çâ® z ∗ z 6= 2 ◦ z .�¥¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (1.8) ¢«¥ç¥â §  á®¡®© â®â ä ªâ, çâ®­¥ ¤«ï ª �¤®£® ­¥ç¥âª®£® ¬­®�¥áâ¢  áãé¥áâ¢ã¥â ®¡à â­ë© í«¥-¬¥­â. �®§ì¬¥¬, ­ ¯à¨¬¥à, ­¥ç¥âª®¥ ¬­®�¥áâ¢® z1 , äã­ªæ¨ï ¯à¨-­ ¤«¥�­®áâ¨ ª®â®à®£® â®�¤¥áâ¢¥­­® à ¢­  ¥¤¨­¨æ¥. �®£¤ , ª ªá«¥¤ã¥â ¨§ ä®à¬ã«ë (1.5) , ¤«ï «î¡®£® ­¥ç¥âª®£® ¬­®�¥áâ¢  z¢ë¯®«­¥­® à ¢¥­áâ¢®
δ(x; z1 ∗ z2) = sup δ(y; z), y ∈ X.�«¥¤®¢ â¥«ì­®, z1 ∗ z2 6= z0 ¤«ï «î¡®£® ­¥ç¥âª®£® ¬­®�¥áâ¢ .�¡®§­ ç¨¬ ç¥à¥§ Z á®¢®ªã¯­®áâì ¢á¥å ­¥ç¥âª¨å ¬­®�¥áâ¢ z ,¤«ï ª �¤®£® ¨§ ª®â®àëå sup

x∈X

δ(x; z) > 0.�®£¤  ¨§ ä®à¬ã« (1.5) ¨ (1.6) ¯®«ãç¨¬, çâ® ¬­®�¥áâ¢® Z§ ¬ª­ãâ® ®â­®á¨â¥«ì­® ®¯¥à æ¨© ∗ ¨ ◦ .Ǒà¨¢¥¤¥¬ ¥é¥ ¯à¨¬¥àë ¯®¤¬­®�¥áâ¢ ¢ Z , ª®â®àë¥ § ¬ª­ãâë®â­®á¨â¥«ì­® ®¯¥à æ¨© ∗ ¨ ◦ .� áá¬®âà¨¬ ¬­®�¥áâ¢® Z0 ⊂ Z , ª®â®à®¥ ®¯à¥¤¥«ï¥âáï á«¥¤ã-îé¨¬ ®¡à §®¬:
z ∈ Z0 ⇔ δ(x; z) = {

q, x ∈ A,0, x�∈A. (1.9)�¤¥áì A|¢ë¯ãª«®¥ ¬­®�¥áâ¢® ¢ ¯à®áâà ­áâ¢¥ X ,   ç¨á«®
q ∈ (0, 1℄ .� ¥ ¬ ¬   1.1. �­®�¥áâ¢® Z0 ï¢«ï¥âáï § ¬ª­ãâë¬ ®â­®á¨-â¥«ì­® ®¯¥à æ¨© ∗ ¨ ◦ . 31



� ® ª   §   â ¥ « ì á â ¢ ®. �«ï «î¡ëå ¤¢ãå ­¥ç¥âª¨å ¬­®�¥áâ¢
zi ∈ Z0 ¨¬¥¥¬, çâ®

δ(x; z1 ∗ z2) = sup
y∈X

min[{

q1, x ∈ A1,0, x�∈A1; {

q2, x ∈ A2,0, x�∈A2 ] == sup
y∈X

{ min(q1; q2), y ∈ A1 ¨ x− y ∈ A2,0, y�∈A1 ¨«¨ x− y�∈A2.� ª¨¬ ®¡à §®¬,
δ(x; z1 ∗ z2) = { min(q1, q2), x ∈ A1 +A20, x�∈A1 +A2 (1.10)�ã¬¬  ¤¢ãå ¢ë¯ãª«ëå ¬­®�¥áâ¢ ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¬­®�¥-áâ¢®¬. Ǒ®íâ®¬ã z1 ∗ z2 ∈ Z0.Ǒãáâì ç¨á«® a 6= 0 ¨ ­¥ç¥âª®¥ ¬­®�¥áâ¢® z ∈ Z0. �®£¤ 
δ(x; a ◦ z) = δ(a−1x; z) = {

q, x ∈ aA,0, x�∈aA. (1.11)�á«¨ a = 0 , â® 0 ◦ z = z0 ∈ Z0 . �«¥¤®¢ â¥«ì­®, a ◦ z ∈ Z0¤«ï «î¡®£® ç¨á«  a ∈ R .� ¥ ¬ ¬   1.2. �«ï «î¡®£® z ∈ Z0 ¨ «î¡ëå ç¨á¥« a > 0, b > 0¢ë¯®«­¥­® à ¢¥­áâ¢® (1.8) .� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ a = 0 ¨«¨ b = 0 , â® à ¢¥­áâ¢®(1.8) á«¥¤ã¥â ¨§ á¢®©áâ¢ I.3 ¨ II.2.Ǒãáâì a + b > 0 . �«ï ¢ë¯ãª«®£® ¬­®�¥áâ¢  ¢ë¯®«­¥­® à -¢¥­áâ¢® aA + bA = (a + b)A ¯à¨ «î¡ëå a > 0, b > 0 . �âáî¤  ¨¨§ ä®à¬ã« (1.10) ¨ (1.11) ¯®«ãç¨¬ à ¢¥­áâ¢® (1.8).� áá¬®âà¨¬ á«¥¤ãîé¥¥ ¯®¤¬­®�¥áâ¢® Z1 ⊂ Z0 :
z ∈ Z1 ⇔ δ(x; z) = {

q, x = y,0, x 6= y,
y ∈ X, q ∈ (0, 1℄. (1.12)� ¥ ¬ ¬   1.3. �­®�¥áâ¢® Z1 ï¢«ï¥âáï § ¬ª­ãâë¬ ®â­®á¨-â¥«ì­® ®¯¥à æ¨© ∗ ¨ ◦ . 32



� ® ª   §   â ¥ « ì á â ¢ ®. �§ ä®à¬ã« (1.10) ¨ (1.11) ¨¬¥¥¬,çâ®
δ(x; z1 ∗ z2) = { min(q1, q2), x = y1 + y2,0, x 6= y1 + y2.
δ(x; a ◦ z) = {

q, x = ay,0, x 6= ay

(1.13)¯à¨ a 6= 0 . �âáî¤  á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥ «¥¬¬ë.�«ï «î¡®£® z ∈ Z1 ¨ «î¡ëå ç¨á¥« a, b ∈ R, a+ b 6= 0 ¢ë¯®«-­¥­® à ¢¥­áâ¢® (1.8) . �á«¨ a+ b = 0 ¨ q < 1 , â® à ¢¥­áâ¢® (1.8)­¥ ¢ë¯®«­ï¥âáï.� áá¬®âà¨¬ â¥¯¥àì á«ãç ©, ª®£¤  X ï¢«ï¥âáï ­®à¬¨à®¢ ­-­ë¬ ¯à®áâà ­áâ¢®¬ á ­®à¬®© ||x||, x ∈ X .Ǒãáâì zi ∈ Z . Ǒ®«®�¨¬
ρ(z1, z2) =max[sup

x∈X

inf
p∈X

(|δ(x, z1)− δ(p, z2)|) + ||x− p||;sup
p∈X

inf
p∈X

(|δ(p, z2)− δ(x, z1)|+ ‖x− p‖)℄. (1.14)� ¥ ¬ ¬   1.4. �ã­ªæ¨ï (1.14) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬á¢®©áâ¢ ¬ à ááâ®ï­¨ï:
ρ(z1, z2) > 0, ρ(z, z) = 0; ρ(z1, z2) = ρ(z2, z1);

ρ(z1, z2) 6 ρ(z1, z3) + ρ(z2, z3).� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ¥à¢ë¥ ¤¢  á¢®©áâ¢  ­¥¯®áà¥¤áâ¢¥­­®á«¥¤ãîâ ¨§ ä®à¬ã«ë (1.14) . Ǒ®ª �¥¬ âà¥âì¥ á¢®©áâ¢®.Ǒãáâì, ­ ¯à¨¬¥à, ¬ ªá¨¬ «ì­ë¬ ¨§ ¤¢ãå ç¨á¥« ¢ (1.14) ï¢«ï-¥âáï ¯¥à¢®¥. �®£¤  ¤«ï «î¡®£® ç¨á«  a < ρ(z1, z2) ­ ©¤¥âáï â®ç-ª  x1 ∈ X â ª ï, çâ®
a 6 |δ(x1, z1)− δ(p, z2)|+ ‖x1 − p‖ (1.16)¤«ï ¢á¥å p ∈ X .�«ï «î¡ëå ç¨á¥« α, β, γ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

|α− β| 6 |α− γ|+ |γ − β|.33



Ǒ®íâ®¬ã ¨§ (1.16) ¯®«ãç¨¬, çâ® ¤«ï «î¡ëå p, q ∈ X, z3 ∈ Z¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
a 6 |δ(x1, z1)− δ(q, z3)|+ ‖x1 − q‖+ |δ(q, z3)− δ(p, z2)|+ ‖q − p‖.�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® q1 ∈ X ¡ã¤¥â¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

a 6 inf
q
[|δ(x1, z1)− δ(q, z3)|+ ‖x1 − q‖℄ ++ inf

p
[|δ(q1, z3)− δ(p, z2)|+ ‖q1 − p‖.℄�âáî¤  ¨ ¨§ ä®à¬ã«ë (1.14) ¯®«ãç¨¬, çâ®
a 6 ρ(z1, z3) + ρ(z3, z2).�§ ¯à®¨§¢®«ì­®áâ¨ ç¨á«  a < ρ(z1, z2) ¯®«ãç¨¬ âà¥âì¥ ãá«®¢¨¥¢ (1.15) .Ǒ à ¨ ¬ ¥ à 1.2. Ǒãáâì X = R ,   äã­ªæ¨¨ ¯à¨­ ¤«¥�­®-áâ¨ ¤¢ãå ­¥ç¥âª¨å ¬­®�¥áâ¢ zi § ¤ ­ë ä®à¬ã« ¬¨ δ(x; zi) = 0¯à¨ x < 0 ¨ δ(x; zi) = 1 , ¥á«¨ x > 0, (i = 1, 2) . �®£¤ 

|δ(x; z1)− δ(p, z2)| = { 0, x < 0, p 6 0, ¨«¨ x > 0, p > 0,1, x > 0, p 6 0, ¨«¨ x < 0, p > 0.Ǒ®íâ®¬ã sup
x
inf
p
[|δ(x, z1)− δ(p, z2)|+ |x− p|℄ == sup

p
inf
x
[|δ(p, z2)− δ(x, z1)|+ |x− p|℄ = 0.�«¥¤®¢ â¥«ì­®, ρ(z1, z2) = 0 . �¤­ ª® z1 6= z2 .� áá¬®âà¨¬ ¯®¤à®¡­¥¥ äã­ªæ¨î (1.14) ­  ­¥ç¥âª¨å ¬­®�¥-áâ¢ å Z1 (1.12) .� ¥ ¬ ¬   1.5. Ǒãáâì zn, z ∈ Z1 . �®£¤ 

ρ(zn, z) = min[max(qn, q); |qn − q|+ ‖yn − y‖℄. (1.17)34



� ® ª   §   â ¥ « ì á â ¢ ®. �¬¥¥¬, çâ®
ϕ(x, p) = |δ(x; zn)− δ(p; z)| + ‖x− p‖ == 













|qn − q|+ ‖yn − y‖, x = yn, p = y,
qn + ‖yn − p‖, x = yn, p 6= y,
q + ‖yn − y‖, x 6= yn, p = y,
‖x− p‖, x 6= yn, p 6= y.Ǒ®íâ®¬ã

a = sup
x
inf
p
ϕ(x, p) = min[qn, |qn − q|+ ‖yn − y‖℄.�­ «®£¨ç­®

b = sup
p
inf
x
(|δ(p, z)− δ(x, zn)|+ ‖x− p‖) = min[q, |q− qn|+ ‖yn − y‖℄.�âáî¤  á«¥¤ã¥â ä®à¬ã«  (1.17).�   ¬ ¥ ç   ­ ¨ ¥ 1.1. �á«®¢¨¥ ρ(zn, z) → 0 à ¢­®á¨«ì­®â®¬ã, çâ® qn → q, yn → y.� ¥ ¬ ¬   1.6. Ǒãáâì z, zn ∈ Z1 ¨ a, an ∈ R â ª®¢ë, çâ®

ρ(zn, z) → 0, an → a ¨ a 6= 0 . �®£¤ 
ρn = ρ(an ◦ zn, a ◦ z) → 0 ¯à¨ n→∝ .� ® ª   §   â ¥ « ì á â ¢ ®. � ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  n ¢á¥ç¨á«  an 6= 0 . Ǒ®íâ®¬ã ¨§ ä®à¬ã« (1.6) ¨ (1.17) ¡ã¤¥¬ ¨¬¥âì, çâ®

ρn = min[max(qn, q); |qn − q|+ ‖anyn − ay‖℄.�âáî¤  ¨ ¨§ § ¬¥ç ­¨ï 1.1 ¯®«ãç¨¬ âà¥¡ã¥¬®¥ ãá«®¢¨¥
ρn → 0 .�   ¬ ¥ ç   ­ ¨ ¥ 1.2. � á«ãç ¥ a = 0 ¨ an 6= 0 ¡ã¤¥¬¨¬¥âì, çâ®

ρn = min[1; 1− qn + ‖anyn‖℄ → min[1; 1 − q℄ = 1− q.35



� ¥ ¬ ¬   1.7. Ǒãáâì z∗ ∈ Z, z ∈ Z1 . �®£¤ 
δ(x, z ∗ z∗) = min(q; δ(x− y; z∗)). (1.18)� ® ª   §   â ¥ « ì á â ¢ ®. �§ ä®à¬ã«ë (1.5) ¨¬¥¥¬, çâ®

δ(x; z ∗ z∗) = sup
τ∈X

min(

δ(τ ; z∗);{ q, x− τ = y,0, x− τ 6= y

)

.�âáî¤  ¯®«ãç¨¬ âà¥¡ã¥¬ãî ä®à¬ã«ã (1.18) .� ¥ ¬ ¬   1.8. Ǒãáâì z ∈ Z1, zn ∈ Z1, z∗ ∈ Z, z∗n ∈ Z â ª®¢ë,çâ® ρ(zn, z) → 0, ρ(z∗n, z∗) → 0 ¯à¨ n→ ∞ .�®£¤  ρ(zn ∗ z∗n, z ∗ z
∗) → 0 ¯à¨ n→ ∞ .� ® ª   §   â ¥ « ì á â ¢ ®. �ã­ªæ¨¨ ¯à¨­ ¤«¥�­®áâ¨ ­¥ç¥â-ª¨å ¬­®�¥áâ¢ z∗ ¨ z∗n ®¡®§­ ç¨¬ ç¥à¥§ δ(x) ¨ δn(x) . �®£¤ ,¨á¯®«ì§ãï «¥¬¬ã 1.7, ¯®«ãç ¥¬, çâ®

δ(x; zn ∗ z∗n) = min(δn(x− yn); qn),
δ(x; z ∗ z∗) = min(δ(x − y); q). (1.19)�®£« á­® § ¬¥ç ­¨î 1.1 qn → q, yn → y . �¡®§­ ç¨¬

αn = sup
x∈X

inf
p∈X

(|δ(x, zn ∗ z∗n)− δ(p, z ∗ z∗)|+ ‖x− p‖) (1.20)Ǒ®¤áâ ¢«ïï áî¤  ä®à¬ã«ë (1.19) , ¡ã¤¥¬ ¨¬¥âì, çâ®
αn 6 βn + ‖yn − y‖.�¤¥áì ®¡®§­ ç¥­®

βn = sup
x∈X

inf
p∈X

(|min(δn(x); qn)−min(δ(p); q)| + ‖x− p‖)�á«¨ ¯®ª �¥¬, çâ® βn → 0 , â® ¨ αn → 0 .Ǒà¥¤¯®«®�¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì βn ­¥ áâà¥¬¨âáï ª ­ã-«î. �®£¤  áãé¥áâ¢ã¥â ç¨á«® ε > 0 â ª®¥, çâ® βn > ε ¤«ï ¢á¥å36



n (¨­ ç¥ | ¯¥à¥©¤¥¬ ª ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨). �â «® ¡ëâì, áã-é¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª xn ∈ X â ª ï, çâ® ¤«ï ¢á¥å
p ∈ X ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

|min(δn(xn); qn)−min(δ(p); q)| + ‖xn − p‖ > ε. (1.21)� ¤àã£®© áâ®à®­ë, ¨§ ãá«®¢¨ï ρ(z∗n, z∗) → 0 á«¥¤ã¥â, çâ®
|δn(xn)− δ(pn)|+ ‖xn − pn‖ → 0. (1.22)¤«ï ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ â®ç¥ª pn ∈ X.Ǒ®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á¥« δn(xn), δ(pn) ¯à¨­ ¤«¥� â ®âà¥§-ªã [0, 1℄ . Ǒ®íâ®¬ã ¬®�­® áç¨â âì, çâ® ®­¨ áå®¤ïâáï (¨­ ç¥ ¯¥à¥©-¤¥¬ ª ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨). Ǒà¨ç¥¬, ª ª á«¥¤ã¥â ¨§ (1.22),

δn(xn) → δ, δ(pn) → δ, ‖xn − pn‖ → 0.Ǒ®«®�¨¬ ¢ (1.21) p = pn ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã. Ǒ®«ãç¨¬¯à®â¨¢®à¥ç¨¢®¥ ­¥à ¢¥­áâ¢® 0 > ε .� áá¬®âà¨¬ â¥¯¥àì ¯®á«¥¤®¢ â¥«ì­®áâì
γn = sup

p∈X

inf
x∈X

(|δ(x, zn ∗ z∗n)− δ(p, z ∗ z∗)|+ ‖x− p‖) .Ǒ®¤áâ ¢¨¢ áî¤  ä®à¬ã«ë (1.19) , ¯®«ãç¨¬
γn 6 �n + ‖yn − y‖.�¤¥áì�n = sup

p∈X

inf
x∈X

(|min(δn(x); qn)−min(δ(p); q)| + ‖x− p‖) . (1.23)Ǒ®ª �¥¬, çâ® �n → 0 . Ǒà¥¤¯®«®�¨¬, çâ® íâ® ­¥ â ª. �®�­®áç¨â âì (¯¥à¥å®¤ï, ¥á«¨ ­ã�­®, ª ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨), çâ®áãé¥áâ¢ãîâ ç¨á«® ε ¨ ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª pn ∈ X â ª ï,çâ®
|min(δn(x); qn)−min(δ(pn); q)|+ ‖x− pn‖ > ε37



¤«ï ¢á¥å â®ç¥ª x ∈ X.� ¤àã£®© áâ®à®­ë, ¨§ ãá«®¢¨ï ρ(z∗n, z∗) → 0 á«¥¤ã¥â, çâ® ¢ë-¯®«­¥­® ãá«®¢¨¥ (1.22) ¤«ï ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ â®ç¥ª
xn ∈ X . Ǒà®¢¥¤ï â¥ �¥ à ááã�¤¥­¨ï, çâ® ¨ ¢ ãá«®¢¨ïå (1.21) ¨(1.22) , ¯à¨¤¥¬ ª ¯à®â¨¢®à¥ç¨î.� ª¨¬ ®¡à §®¬, ¨§ ä®à¬ã« (1.14), (1.20), (1.23) á«¥¤ã¥â, çâ®

ρ(zn ∗ z∗n, z ∗ z
∗) = max(αn; γn) → 0.�   ¬ ¥ ç   ­ ¨ ¥ 1.3. � ¬® ¯à®áâà ­áâ¢® � ¬®�­® ®â®-�¤¥áâ¢¨âì á ­¥ª®â®àë¬ ª« áá®¬ ¯®¤¬­®�¥áâ¢ ¬­®�¥áâ¢  Z1 , ãª �¤®£® í«¥¬¥­â  ª®â®à®£® ¢ ä®à¬ã«¥ (1.12) áâ®¨â q = 1 . �«ïíâ®£® ª« áá  ®¯¥à æ¨¨ ∗ ¨ ◦ ¯à¥¢à é îâáï ¢ ®¡ëç­ë¥ ®¯¥à -æ¨¨ á«®�¥­¨ï ¤¢ãå ¢¥ªâ®à®¢ ¢ X ¨ ã¬­®�¥­¨¥ ¢¥ªâ®à  ­  ç¨á«®.� «¥¥, ¤«ï ­¥ç¥âª¨å ¬­®�¥áâ¢ zn ¨ z ¨§ íâ®£® ª« áá  ãá«®¢¨¥

ρ(zn, z) → 0 ®§­ ç ¥â áå®¤¨¬®áâì yn → y ¢ �.2. �­â¥£à « ®â áâã¯¥­ç â®© äã­ªæ¨¨Ǒà¥¤¯®«®�¨¬, çâ® ¯à®áâà ­áâ¢® Z ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ããá«®¢¨î:
∀λ ∈ [0, 1℄, ∀z ∈ Z ⇒ (λ ◦ z) ∗ ((1 − λ) ◦ z) = z. (2.1)�«ï â®ç¥ª zi ∈ Z, i = 1, ..., n , ®¡®§­ ç¨¬

z1 ∗ z2 ∗ ... ∗ zn = n
⊕
i=1 zi. (2.2)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1. �­®�¥áâ¢® A ⊂ Z ­ §®¢¥¬ ¢ë¯ãª«ë¬,¥á«¨ ¤«ï «î¡ëå z1, z2 ∈ A ¨ ¤«ï «î¡®£® ç¨á«  λ ∈ [0, 1℄ â®çª (λ ◦ z1) ∗ ((1 − λ) ◦ z2) ∈ A .�§ íâ®£® ®¯à¥¤¥«¥­¨ï ¨ ¨§ ãá«®¢¨ï (2.1) á«¥¤ã¥â, çâ® ¥á«¨¬­®�¥áâ¢® A ¢ë¯ãª«®, â®(a ◦ A) ∗ (b ◦A) = (a+ b) ◦ A, ∀a, b > 0. (2.3)38



�á«¨ ¬­®�¥áâ¢  A ¨ B ¢ë¯ãª«ë, â® ¢ë¯ãª«ë¬¨ ï¢«ïîâáï¬­®�¥áâ¢  A ∗B .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2. �ë¯ãª«®© ®¡®«®çª®© ¬­®�¥áâ¢ 
A ∈ Z ­ §®¢¥¬ ¬­®�¥áâ¢®
oA = {z ∈ Z| z = n

⊕
i=1(λi ◦ zi) : zi ∈ A, λi > 0, n

∑

i=1 λi = 1}. (2.4)�ë¯ãª« ï ®¡®«®çª  ¬­®�¥áâ¢  A ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¬­®-�¥áâ¢®¬.� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.3. �ã­ªæ¨ï z : [a, b℄ → Z ­ §ë¢ ¥âáïáâã¯¥­ç â®©, ¥á«¨ áãé¥áâ¢ã¥â à §¡¨¥­¨¥
a = r0 < r1 < ... < rn = b®âà¥§ª  [a, b℄ â ª®¥, çâ® ­  ª �¤®¬ ¨§ ¨­â¥à¢ «®¢ (ri, ri+1)äã­ªæ¨ï z(t) ¯®áâ®ï­­ .� ª®¥ à §¡¨¥­¨¥ ­ §®¢¥¬ ¤®¯ãáâ¨¬ë¬ ¤«ï áâã¯¥­ç â®© äã­ª-æ¨¨ z(t) .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.4. �­â¥£à «®¬ ®â ¯à®¨§¢¥¤¥­¨ï áâã-¯¥­ç â®© äã­ªæ¨¨ z : [a, b℄ → z ­  ¨­â¥£à¨àã¥¬ãî áª «ïà­ãîäã­ªæ¨î α(t) > 0 ­ §®¢¥¬

∫ b

a

(α(t) ◦ z(t))dt = n
⊕
i=1((∫ ri

ri−1 α(t)dt) ◦ z(ti)), ti ∈ (ri−1, ri). (2.5)�¤¥áì a < r0 < ... < rn = b| ¤®¯ãáâ¨¬®¥ à §¡¨¥­¨¥ ¤«ï z(t)®âà¥§ª  [a, b℄ .Ǒ®ª �¥¬, çâ® ®¯à¥¤¥«¥­¨¥ ¨­â¥£à «  (2.5) ­¥ § ¢¨á¨â ®â ¢ë-¡®à  ¤®¯ãáâ¨¬®£® à §¡¨¥­¨ï. � á ¬®¬ ¤¥«¥, ¤«ï ¤¢ãå ¤®¯ãáâ¨¬ëåà §¡¨¥­¨© à áá¬®âà¨¬ à §¡¨¥­¨¥, ª®â®à®¥ á®áâ®¨â ¨§ â®ç¥ª ®¡®-¨å à §¡¨¥­¨©. Ǒãáâì íâ® à §¡¨¥­¨¥ a = r0 < ... < rk = b . �®£¤ ª �¤ë© ¨­â¥à¢ « (ri−1, ri) ¯®¤¥«¥­ ­  ¨­â¥à¢ «ë(τj , τj+1), ..., (τm−1, τm), τj = ri−1, τm = ri.39



�­ ç¥­¨¥ z(t) ­  ­¨å ¡ã¤¥â ®¤­® ¨ â® �¥. �§ à ¢¥­áâ¢  (2.3)¯®«ãç¨¬, çâ®
m
⊕

s=j+1[(∫ τs

τs−1 α(t)dt) ◦ z(ti)℄ = (∫ ri

ri−1 α(t)dt) ◦ z(ti). (2.6)�ã¬¬¨àãï à ¢¥­áâ¢® (2.6) ¯® ¢á¥¬ ¨­â¥à¢ « ¬ (ri, ri−1) , ¯®-«ãç¨¬ à ¢¥­áâ¢® (2.5) ¤«ï ®¡®¨å à §¡¨¥­¨©.�á«¨ äã­ªæ¨ï z(t) ï¢«ï¥âáï áâã¯¥­ç â®© ­  ®âà¥§ª¥ [a, b℄ ,â® ®­  ï¢«ï¥âáï áâã¯¥­ç â®© ­  ®âà¥§ª å [a, τ ℄, [τ, b℄, a < τ < b .�¥à­  ä®à¬ã« 
∫ b

a

(α(t) ◦ z(t))dt = ∫ τ

a

(α(t) ◦ z(t))dt ∗ ∫ b

τ

(α(t) ◦ z(t))dt. (2.7)Ǒãáâì V ¨ U(v) ¯à¨ «î¡®¬ v ∈ V ¬­®�¥áâ¢  ¯à®¨§¢®«ì­®©¯à¨à®¤ë ¨ § ¤ ­  äã­ªæ¨ï ψ(u, v) ∈ Z, v ∈ V, u ∈ U(v) . �á«¨­  ®âà¥§ª¥ [a, b℄ § ¤ ­ë ¤¢¥ áâã¯¥­ç âë¥ äã­ªæ¨¨
u(t) ∈ U(v(t)), v : [a, b℄ → V,â® äã­ªæ¨ï ψ(u(t), v(t)) ¡ã¤¥â áâã¯¥­ç â®©. �®§ì¬¥¬ ¨­â¥£à¨àã-¥¬ãî äã­ªæ¨î α : [a, b℄ → R â ªãî, çâ®¡ë

∫ τ

r

α(t)dr > 0, ∀τ, r ∈ [a, b℄, r < τ. (2.8)�®§ì¬¥¬ ¤®¯ãáâ¨¬®¥ à §¡¨¥­¨¥ a = τ0 < ... < τn = b ¤«ïäã­ªæ¨¨ v(t) . Ǒãáâì
v(t) = 





















v1, a = τ0 < t ≤ τ1,
..........................
vj, τj−1 < t ≤ τj,
..........................
vn, τn−1 < t ≤ τn = b;40



u(t) = 

























u
(j)1 , τj−1 = r0 < t ≤ r1,
.................................

u
(j)
q , rq−1 < t ≤ rq,
.................................

u
(j)
ej
, rlj−1 < t ≤ rlj = τj.

(2.9)�¤¥áì u
(j)
q ∈ U(vj) . �®£¤ 

∫ b

a

(α(t) ◦ ψ(u(t), v(t)))dt = n
⊕

j=1∫ τj

τj−1(α(t) ◦ ψ(u(t), v(t)))dt == n
⊕

j=1( lj
⊕

q=1((∫ rq

rq−1 α(t)dt) ◦ ψ(u(j)q , vj)) == n
⊕

j=1((∫ τj

τj−1 α(t)dt) ◦ lj
⊕

q=1(λq ◦ ψ(u(j)q , vj))) == (∫ b

a

α(t)dt) ◦ n
⊕

j=1(νj ◦
lj
⊕

q=1(λq ◦ ψ(u(j)q , vj)).�¤¥áì ®¡®§­ ç¥­®
νj = (∫ τj

τj−1 α(t)dt)/(∫ b

a

α(t)dt), ν1 + ...νn = 1; (2.10)
λq = (∫ rq

rq−1 α(t)dt)/(∫ τj

τj−1 α(t)dt), λ1 + ...λn = 1.Ǒ®«®�¨¬ 	(v) = 
o ⋃

u∈U

ψ(u, v). (2.11)�®£¤  ¤«ï ä¨ªá¨à®¢ ­­®© áâã¯¥­ç â®© äã­ªæ¨¨ v(t) (2.9)
⋃

u(•) ∫ b

a

[α(t) ◦ ψ(u(t), v(t))℄dt = (∫ b

a

α(t)dt) ◦ n
⊕

j=1(νj ◦	(vj)). (2.12)�¤¥áì ®¡ê¥¤¨­¥­¨¥ ¡¥à¥âáï ¯® ¢á¥¬ áâã¯¥­ç âë¬ äã­ªæ¨ï¬
u(t) ∈ U(v(t)) . 41



3. �¢ §¨«¨­¥©­ ï ¨£à  á ¢ë¯ãª«®© æ¥«ìî� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ Z , ã¤®¢«¥â¢®àïîé¥¬ ãá«®¢¨î (2.1) ,­¥¯à¥àë¢­ãî ¨£àã, ¢ ª®â®à®© ¯à ¢¨«® ¯¥à¥å®¤  ®¯à¥¤¥«ï¥âáïä®à¬ã«®©
z(t) = z(ti) ∗ ∫ t

ti

ψ(ui(τ), vi(τ))dτ, ti 6 t 6 ti+1. (3.1)�¤¥áì äã­ªæ¨ï ψ(u, v) ®¯à¥¤¥«¥­  ¯à¨ «î¡ëå
v ∈ V, u ∈ U(v) . �¯à ¢«¥­¨ï ¡¥àãâáï ¢ ª« áá¥ áâã¯¥­ç âëåäã­ªæ¨© (2.9) .�¡®§­ ç¨¬ ç¥à¥§ V0 ¬­®�¥áâ¢® ¢á¥å áâã¯¥­ç âëå äã­ªæ¨©
v∗ : [0, 1℄ → V ,   ç¥à¥§ U0(v∗(.)) - ¬­®�¥áâ¢® áâã¯¥­ç âëå äã­ª-æ¨©

u∗(λ) ∈ U(v∗(λ)), 0 6 λ 6 1.� ¯¨è¥¬ ¯à ¢¨«® ¯¥à¥å®¤  (3.1) á ¯®¬®éìî íâ¨å äã­ªæ¨©. �¤¥-« ¥¬ § ¬¥­ã ¢à¥¬¥­¨
v∗i (λ) = vi(ti + λ(ti+1 − ti)), u∗i (λ) = ui(ti + λ(ti+1 − ti)).�â¨ äã­ªæ¨¨ ï¢«ïîâáï áâã¯¥­ç âë¬¨ ­  (0, 1℄ . � ¯®¬®éìî íâ®©§ ¬¥­ë ¯à ¢¨«® ¯¥à¥å®¤  (3.1) ¯à¨­¨¬ ¥â á«¥¤ãîé¨© ¢¨¤:
z(t) = z(ti) ∗ ((ti+1 − ti) ◦ ∫ λ0 ψ(v∗i (τ), u∗i (τ))dτ), (3.2)

λ = t− ti
ti+1 − ti

, v∗i (.) ∈ V0, u∗i (.) ∈ U0(vi(.)). (3.3)Ǒ à ¨ ¬ ¥ à 3.1. �¨ªá¨à®¢ ­ë ¬­®�¥áâ¢® M ⊂ Z , â®çª 
e ∈ Z ¨ ¬®¬¥­â ¢à¥¬¥­¨ à. �¥«ì ¯¥à¢®£® ¨£à®ª , ¢ë¡¨à îé¥£®ã¯à ¢«¥­¨¥ u , § ª«îç ¥âáï ¢ â®¬, çâ®¡ë ¢ § ¤ ­­ë© ¬®¬¥­â¢à¥¬¥­¨ à ®áãé¥áâ¢¨âì ¢ª«îç¥­¨¥ e ∈ z(p) ∗M .�¡®§­ ç¨¬ F (z) = z ∗M . �®£¤  æ¥«ì ¯¥à¢®£® ¨£à®ª  ¬®�­®§ ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

e ∈ F (z(p)). (3.4)42



Ǒ à ¨ ¬ ¥ à 3.2. �¥«ì ¯¥à¢®£® ¨£à®ª  § ª«îç ¥âáï ¢ â®¬,çâ®¡ë ®áãé¥áâ¢¨âì ã¤¥à� ­¨¥ e ∈ z(t) ∗M ¯à¨ ¢á¥å 0 ≤ t ≤ p .�â® ãá«®¢¨¥ ã¤¥à� ­¨ï ¬®�­® § ¯¨á âì â ª¨¬ ®¡à §®¬:
e ∈

⋂

t06t6p

F (z(t)). (3.5)Ǒ à ¨ ¬ ¥ à 3.3. Ǒãáâì ¯¥à¢ë© ¨£à®ª áâà¥¬¨âáï ª ¬®¬¥­-âã ¢à¥¬¥­¨ à ®áãé¥áâ¢¨âì ¢ª«îç¥­¨¥ e ∈ z(t) ∗ M . �âã æ¥«ì§ ¯¨è¥¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:
e ∈

⋃

t06t6p

F (z(t)). (3.6)� ä¨ªá¨àã¥¬ ti < ti+1 ¨ â®çªã zi = z(ti) . �§ ä®à¬ã«ë (3.2)á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® ¢ë¡®à  (3.3) ¢â®à®£® ¨£à®-ª  áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬ë© ¢ë¡®à (3.3) ¯¥à¢®£® ¨£à®ª , ¯à¨ ª®â®-à®¬ âà ¥ªâ®à¨ï (3.2) ã¤®¢«¥â¢®àï¥â á®®â¢¥âáâ¢¥­­® ¢ª«îç¥­¨ï¬(3.4), (3.5) ¨ (3.6) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
e ∈ (KσF )(zi), σ = ti+1 − ti; (3.7)

e ∈ (LσF )(zi), (3.8)
e ∈ (NσF )(zi). (3.9)�¤¥áì(Kσf)(z) = ⋂

v∗(.) ⋃

u∗(.) f(z ∗ σ0 ∫ 10 ψ(v∗(τ), u∗(τ))dτ)), (3.10)(Lσf)(z) = ⋂

v∗(.) ⋃

u∗(.)⋂λ f(z ∗ (σ ◦

∫ λ0 ψ(v∗(τ), u∗(τ))dτ)), (3.11)(Nσf)(z) = ⋂

v∗(.) ⋃

u∗(.)⋃λ f(z ∗ (σ ◦

∫ λ0 ψ(v∗(τ), u∗(τ))dτ). (3.12)43



�¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï ¡¥àãâáï ¯® ¢á¥¬ v∗(.) ∈ V0,
u∗(.) ∈ U0(v∗(.)) ¨ ¯® ¢á¥¬ ç¨á« ¬ λ ∈ [0, 1℄ .� áá¬®âà¨¬ ¢¢¥¤¥­­ë¥ ®¯¥à â®àë (3.10) - (3.12) ¢ ¡®«¥¥ ®¡é¥¬á«ãç ¥.�ç¨â ¥¬, çâ® § ¤ ­® ¬­®�¥áâ¢® �, ¢ ª®â®à®¬ ¤«ï ª �¤ëå¤¢ãå ¬­®�¥áâ¢ A ¨ B ¨§ E (¢ª«îç ï ¨ ¯ãáâë¥ ¬­®�¥áâ¢ ) ¨¤«ï ª �¤®£® ç¨á«  a > 0 ®¯à¥¤¥«¥­ë ¬­®�¥áâ¢ 

A△B ⊂ E, a • A ⊂ E. (3.13)Ǒà¥¤¯®« £ ¥¬, çâ® íâ¨ ®¯¥à æ¨¨ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬á¢®©áâ¢ ¬:I. 1)A△B = B△A.II. 1) 1 • A = A;2) a • (b •A) = (ab) • A, ∀a > 0, ∀b > 0;3) a • (A△B) = (a • A)△(a •B), ∀a > 0;4) (a+ b) • A ⊂ (a • A)△(b •A), ∀a > 0, ∀b > 0.III. �«ï «î¡®£® á¥¬¥©áâ¢  ¬­®�¥áâ¢ Aα ⊂ E ¨ «î¡®£® ¬­®-�¥áâ¢  A ⊂ E ¢ë¯®«­¥­ë1) a • ⋃

αAα = ⋃

α(a • Aα), ∀a > 0;2) (⋃αAα)△A = ⋃

α(Aα△A);3) a • ⋂

αAα = ⋂

α(a • Aα);4) (⋂αAα)△A ⊂
⋂

α(Aα△A).�§ á¢®©áâ¢ III.1 ¨ III.2 á«¥¤ã¥â, çâ® ¥á«¨
A1 ⊂ A2 ⊂ E, A ⊂ E, a > 0,â®

a •A1 ⊂ a • A2, A1△A ⊂ A2△A. (3.14)�¢¥¤¥¬ ¤¢¥ ®¯¥à æ¨¨ á ¬­®£®§­ ç­ë¬¨ äã­ªæ¨ï¬¨
f : Z → 2E .� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1. Ǒà ¢ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ç¨á«  a > 0­  ¬­®£®§­ ç­ãî äã­ªæ¨î f : Z → 2E ­ §®¢¥¬ ¬­®£®§­ ç­ãîäã­ªæ¨î 44



(a× f)(z) = a • f(a−1 ◦ z). (3.15)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2. �­ä¨¬ «ì­®© ª®­¢®«îæ¨¥© ¤¢ãå ¬­®-£®§­ ç­ëå äã­ªæ¨© fi : Z → 2E ­ §®¢¥¬ ¬­®£®§­ ç­ãî äã­ª-æ¨î (f1 ⋄ f2)(z) = ⋃

x1∗x2=z

(f1(x1)△f2(x2)). (3.16)�¥à¬¨­ë, ¨á¯®«ì§®¢ ­­ë¥ ¢ íâ¨å ®¯à¥¤¥«¥­¨ïå,  ­ «®£¨ç­ë®¯à¥¤¥«¥­¨ï¬ ¤«ï ®¤­®§­ ç­ëå äã­ªæ¨© ¢ «¨­¥©­ëå ¯à®áâà ­-áâ¢ å [13℄. Ǒ®ª §ë¢ ¥âáï, çâ® ¤«ï «î¡ëå ¬­®£®§­ ç­ëå äã­ªæ¨©
f, fi ¨ «î¡ëå ç¨á¥« a, b > 0 ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ á®®â­®è¥-­¨ï: 1× f = f ; f1 ⋄ f2 = f2 ⋄ f1, (3.17)

b× (a× f) = (ba)× f, (3.18)(a× (f1 ⋄ f2))(z) ⊃ [(a× f1) ⋄ (a× f2)℄(z), (3.19)((a+ b)× f)(z) ⊂ ((a× f) ⋄ (b× f))(z). (3.20)� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.3. �­®£®§­ ç­ãî äã­ªæ¨î f : Z → 2E­ §®¢¥¬ ¢ë¯ãª«®©, ¥á«¨ ¤«ï «î¡ëå z, y ∈ Z ¨ «î¡®£® ç¨á« 
λ ∈ (0, 1) ¢ë¯®«­¥­® ¢ª«îç¥­¨¥(λ • f(z))△((1 − λ) • f(y)) ⊂ f((λ ◦ z) ∗ ((1 − λ) ◦ y)). (3.21)� áá¬®âà¨¬ ®â®¡à �¥­¨¥ T , ª®â®à®¥ § ¤ ¥âáï á«¥¤ãîé¨¬®¡à §®¬. � ¤ ­® ¬­®�¥áâ¢® V0 ¯à®¨§¢®«ì­®© ¯à¨à®¤ë. � �¤®-¬ã í«¥¬¥­âã v ∈ V0 ¯®áâ ¢«¥­® ¢ á®®â¢¥âáâ¢¨¥ ¬­®�¥áâ¢® U0(v)¯à®¨§¢®«ì­®© áâàãªâãàë. � ¤ ­  ¬­®£®§­ ç­ ï äã­ªæ¨ï � , ª®-â®à ï ª �¤®© ¯ à¥ v ∈ V0, u ∈ U0(v) ¨ «î¡®¬ã ç¨á«ã λ ∈ [0, 1℄áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¬­®�¥áâ¢® �(λ, u, v) ⊂ Z .� ¤ ­® ®â®¡à �¥­¨¥ π , ª®â®à®¥ ª �¤®© ¬­®£®§­ ç­®© äã­ª-æ¨¨ A : [0, 1℄ → 2E áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¬­®�¥áâ¢® πA(λ) ⊂ E .
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�¯¥à â®à Tσ ª �¤®¬ã ç¨á«ã σ > 0 ¨ ª �¤®© ¬­®£®§­ ç­®©äã­ªæ¨¨ f : Z → 2E áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¬­®£®§­ ç­ãî äã­ª-æ¨î (Tσf)(z) = ⋂

v∈V0 ⋃

u∈U0 π[ ⋃

ϕ∈�(λ,u,v) f(z ∗ (σ ◦ ϕ))℄. (3.22)�á«®¢¨¥ áâ ¡¨«ì­®áâ¨ íâ®£® ®¯¥à â®à  ®§­ ç ¥â, çâ®(Tσ1(Tσ2f))(z) ⊃ (Tσ1+σ2f)(z), ∀z ∈ Z,∀σi > 0. (3.23)�ä®à¬ã«¨àã¥¬ ãá«®¢¨ï, ª®â®àë¬ ¤®«�­® ã¤®¢«¥â¢®àïâì ®â®-¡à �¥­¨¥ π .Ǒ à ¥ ¤ ¯ ® « ® � ¥ ­ ¨ ¥ 3.1. �«ï «î¡ëå ¬­®£®§­ ç-­ëå äã­ªæ¨© A : [0, 1℄ → 2E , B : [0, 1℄ → 2E ¢ë¯®«­¥­ë á«¥¤ãî-é¨¥ á®®â­®è¥­¨ï:
A(λ) ⊃ B(λ), ∀λ ∈ [0, 1℄ ⇒ πA(λ) ⊃ πB(λ);

∀a > 0 ⇒ π(a •A(λ)) = a • πA(λ);
∀B ⊂ E ⇒ π(A(λ)△B) ⊃ πA(λ)△B;

π(⋃
α

Aα(λ)) ⊃ ⋃

α

(πAα(λ)).Ǒ®á«¥¤­¥¥ ¢ª«îç¥­¨¥ ¤®«�­® ¢ë¯®«­ïâìáï ¤«ï «î¡®£® á¥-¬¥©áâ¢  ¬­®£®§­ ç­ëå äã­ªæ¨© Aα(λ) .� ¥ ¬ ¬   3.1. �«ï «î¡®© ¬­®£®§­ ç­®© äã­ªæ¨¨ f : Z → 2E¢ë¯®«­¥­® à ¢¥­áâ¢®(Tσ(σ × f))(z) = (σ × T1f)(z), ∀σ > 0. (3.24)� ® ª   §   â ¥ « ì á â ¢ ®. �§ ä®à¬ã« (3.22) ¨ (3.15) á«¥¤ã¥â,çâ® (Tσ(σ × f))(z) = ⋂

v

⋃

u

π[⋃
ϕ

[(σ × f)(z + σ ◦ ϕ)℄℄ =46



= ⋂

v

⋃

u

π[(⋃
ϕ

[σ • f(σ−1 ◦ (z ∗ (σ ◦ ϕ)))℄℄ == σ•
⋂

v

⋃

u

π[⋃
ϕ

f((σ−1◦z)∗ϕ)℄ = σ•((T1f)(σ−1z)) == (σ×T1f)(z).� ¥ ¬ ¬   3.2. �«ï «î¡ëå ¬­®£®§­ ç­ëå äã­ªæ¨© fi : Z → 2E¢ë¯®«­¥­® ¢ª«îç¥­¨¥(Tσ(f1 ⋄ f2))(z) ⊃ ((Tσf1) ⋄ f2)(z), ∀z ∈ Z. (3.25)� ® ª   §   â ¥ « ì á â ¢ ®. �§ ä®à¬ã«ë (3.22) ¯®«ãç¨¬, çâ®(Tσ(f1 ⋄ f2))(z) = ⋂

v

⋃

u

π[ ⋃

ϕ∈�(λ,u,v)(f1 ⋄ f2)(z ∗ (σ ◦ ϕ)))℄. (3.26)�®£« á­® ä®à¬ã«¥ (3.16)
⋃

ϕ

(f1 ⋄ f2)(z ∗ (σ ◦ ϕ))℄ = ⋃

ϕ

[ ⋃

x1∗x2=z∗(σ◦ϕ)(f1(x1)△f2(x2))℄ ⊃
⊃

⋃

ϕ

⋃

y∗x2=z

(f1(y ∗ (σ ◦ ϕ))△f2(x2)).Ǒ®¬¥­ï¥¬ ¢ ¯®á«¥¤­¥¬ ¢ëà �¥­¨¨ íâ®£® ¢ª«îç¥­¨ï §­ ª¨®¡ê¥¤¨­¥­¨ï ¨ ¯®¤áâ ¢¨¬ ¥£® ¢ à ¢¥­áâ¢® (3.26). �®£¤ , ãç¨âë-¢ ï á¢®©áâ¢  ®â®¡à �¥­¨ï π , áä®à¬ã«¨à®¢ ­­ë¥ ¢ ¯à¥¤¯®«®�¥-­¨¨ 3.1, ¯®«ãç¨¬(Tσ(f1 ⋄ f2))(z) ⊃ ⋂

v

⋃

u

⋃

y∗x2=z

({π[⋃
ϕ

f1(y ∗ (σ ◦ ϕ))℄}△f2(x2)).Ǒ®¬¥­ï¥¬ ¢ ¢ëà �¥­¨¨, áâ®ïé¥¬ ¢ ¯à ¢®© ç áâ¨ íâ®£® ¢ª«î-ç¥­¨ï §­ ª¨ ¯¥à¥á¥ç¥­¨ï ¨ ®¡ê¥¤¨­¥­¨ï,   § â¥¬ ¯à¨¬¥­¨¬ á¢®©-áâ¢  III.2 ¨ III.4 ®¯¥à æ¨¨ △ . � à¥§ã«ìâ â¥(Tσ(f1 ⋄ f2))(z) ⊃ ⋃

y∗x2=z

({⋂
v

⋃

u

π[⋃
ϕ

f1(y ∗ (σ ◦ ϕ))℄}△f2(x2)).47



�â «® ¡ëâì, ¯®«ãç¨¬ âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥ (3.25).� ¥ ¬ ¬   3.3. �«ï «î¡ëå äã­ªæ¨© fi : z → 2E â ª¨å, çâ®
f1(z) ⊃ f2(z) ¤«ï ∀z ∈ Z, ¢ë¯®«­¥­® ¢ª«îç¥­¨¥(Tσf1)(z) ⊃ (Tσf2)(z), ∀z ∈ Z. (3.27)�®ª § â¥«ìáâ¢® ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ä®à¬ã« (3.23) ¨¨§ ¯¥à¢®£® ¢ª«îç¥­¨ï ¢ ¯à¥¤¯®«®�¥­¨¨ 3.1.� ¥ ® à ¥ ¬  . Ǒãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®�¥­¨¥ 3.1. �®£¤  ¤«ï«î¡®© ¢ë¯ãª«®© ¬­®£®§­ ç­®© äã­ªæ¨¨ f : Z → 2E ¢ë¯®«­¥­®¢ª«îç¥­¨¥ (3.23) .�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ¢ª«îç¥­¨© (3.24), (3.25),(3,27) ¨¨§ â¥®à¥¬ë ¢ à ¡®â¥ [12℄. Ǒà¨¬¥­¨¬ íâã â¥®à¥¬ã ª ®¯¥à â®à ¬(3.10) - (3.12).� ¥ ¬ ¬   3.4. �â®¡à �¥­¨¥ π , § ¤ ¢ ¥¬®¥ ®¤­®© ¨§ á«¥¤ãî-é¨å ä®à¬ã«

πA(λ) = ⋂06λ61A(λ); πA(λ) = A(1); πA(λ) = ⋃06λ61A(λ),ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¨§ ¯à¥¤¯®«®�¥­¨ï 3.1.�®ª § â¥«ìáâ¢® ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ á¢®©áâ¢ ®¯¥à æ¨©®¡ê¥¤¨­¥­¨ï ¨ ¯¥à¥á¥ç¥­¨ï ¬­®�¥áâ¢,   â ª�¥ ¨§ á¢®©áâ¢ III ®¯¥-à æ¨© • ¨ △.� « ¥ ¤ á â ¢ ¨ ¥ 3.1. �«ï «î¡®© ¢ë¯ãª«®© äã­ªæ¨¨ f : Z → 2E¨ ¤«ï ª �¤®£® ¨§ ®¯¥à â®à®¢ (3.10)−(3.12) ¢ë¯®«­¥­® ¢ª«îç¥­¨¥(3.23).� áá¬®âà¨¬ ®¯¥à â®àë ¢ § ¤ ç å ¨§ ¯à¨¬¥à®¢ 3.1 - 3.3. � ¯®-¬®éìî § ¬¥­ë
t = ti + λ(ti+1 − ti), w(r) = w∗( r − ti

ti+1 − ti
), ti 6 r 6 ti+1, w = u, v
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¯¥à¥©¤¥¬ ª à ¢­®á¨«ì­ë¬ ®¯¥à â®à ¬(Kτ
t f)(z) = ⋂

v(.) ⋃

u(.) f(z ∗ ∫ τ

t
ψ(v(r), u(r))dr),(Lτ

t f)(z) = ⋂

v(.) ⋃

u(.)⋂s f(z ∗ ∫ s

t
ψ(v(r), u(r))dr),(N τ

t f)(z) = ⋂

v(.) ⋃

u(.)⋃s f(z ∗ ∫ s

t
ψ(v(r), u(r))dr). (3.28)Ǒ¥à¥á¥ç¥­¨ï ¨ ®¡ê¥¤¨­¥­¨ï ¡¥àãâáï ¯® ¢á¥¬ áâã¯¥­ç âë¬äã­ªæ¨ï¬ v : [t, τ ℄ → V ; u(r) ∈ U(v(r)), t 6 r 6 τ ; s ∈ [t, τ ℄ . � -�¤ë© ¨§ íâ¨å ®¯¥à â®à®¢ á¢ï§ ­ á á®®â¢¥âáâ¢ãîé¨¬ ®¯¥à â®à®¬(3.10) - (3.12) à ¢¥­áâ¢®¬(M τ

t f)(z) = (Mτ−tf)(z), M = K,L,N.Ǒ®íâ®¬ã ¤«ï ¢ë¯ãª«®© äã­ªæ¨¨ f ¡ã¤¥â ¢ë¯®«­¥­® ¢ª«î-ç¥­¨¥ (M τ
t (Mp

τ f))(z) ⊃ (Mp
t f)(z), t 6 τ 6 p, z ∈ Z.� ¥ ¬ ¬   3.5. � �¤ë© ¨§ ®¯¥à â®à®¢ (3.28) ã¤®¢«¥â¢®àï¥â¢ª«îç¥­¨î(M τ

t (Mp
τ f))(z) ⊂ (Mp

t f)(z), t 6 τ 6 p, z ∈ Z. (3.29)� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì â®çª  x ¯à¨­ ¤«¥�¨â¬­®�¥áâ¢ã, áâ®ïé¥¬ã ¢ «¥¢®© ç áâ¨ ¤®ª §ë¢ ¥¬®£® ¢ª«îç¥­¨ï(3.28). �®§ì¬¥¬ áâã¯¥­ç âãî v : (t, p℄ → V .Ǒãáâì M = K . �®£¤  áãé¥áâ¢ã¥â áâã¯¥­ç â®¥ ã¯à ¢«¥­¨¥
u1(r) ∈ U(v(r)), t < r 6 τ â ª®¥, çâ®

x ∈ (Kp
τ f)z(τ), z(s) = z ∗

∫ s

t

ψ(v(r), u1(r))dr, t 6 s 6 τ.�§ íâ®£® ¢ª«îç¥­¨ï ¯®«ãç¨¬, çâ® áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥
u2(r) ∈ U(v(r)), τ < r 6 p â ª®¥, çâ® x ∈ f(z(p)) , £¤¥

x = z ∗

∫ τ

t

ψ(v(r), u1(r))dr ∗ ∫ p

τ

ψ(v(r), u2(r))dr =49



= ∫ p

t

ψ(v(r), u(r))dr�¤¥áì u(r) = u1(r) ¯à¨ t < r 6 τ, u(r) = u2(r) ¯à¨ τ < r 6

p . �«¥¤®¢ â¥«ì­®, â®çª  x ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã, áâ®ïé¥¬ãá¯à ¢  ¢ (3.29).Ǒãáâì M=L. �®£¤ , ª ª ¨ ¢ëè¥, áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥
u1(r), t < r 6 τâ ª®¥, çâ® ¤«ï ¢á¥å s ∈ [t, τ ℄
x ∈ (Lp

τf)(z(s)). (3.30)�âáî¤  ¨ ¨§ ¢ª«îç¥­¨ï (Lp
τf)(z) ⊂ f(z) ¯®«ãç¨¬, çâ® ¯à¨

t 6 s 6 τ ¢ë¯®«­¥­® ¢ª«îç¥­¨¥
x ∈ f(z(s)). (3.31)Ǒ®«®�¨¬ ¢® ¢ª«îç¥­¨¨ (3.30) s = τ. �®£¤  áãé¥áâ¢ã¥â ã¯à -¢«¥­¨¥

u2(r) ∈ U(v(r)), τ < r 6 pâ ª®¥, çâ® ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ (3.31) ¯à¨ ¢á¥å τ < s 6 p .�«¥¤®¢ â¥«ì­®, ã¯à ¢«¥­¨¥ u(r) = u1(r), t 6 r 6 τ ¨
u(r) = u2(r) ¯à¨ τ < r 6 p £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ ¢ª«îç¥­¨ï(3.31) ¯à¨ ¢á¥å t 6 s 6 p . �â® ®§­ ç ¥â, çâ® â®çª  x ¯à¨­ ¤«¥-�¨â ¬­®�¥áâ¢ã, áâ®ïé¥¬ã á¯à ¢  ¢ (3.29).Ǒãáâì M = N . �®£¤  áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥

u1(r) ∈ U(v(r)), t 6 r 6 τ¨ ç¨á«® s ∈ [t, τ ℄ â ª¨¥, çâ®
x ∈ (Np

τ f)(z(s)) = (Np−τ+s
s f)(z(s)).�ãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥

u2(r) ∈ U(v(r)), s < r 6 p− τ + s50



¨ ç¨á«® s1 ∈ [s, p− τ + s℄ â ª¨¥, çâ® x ∈ f(z(s1)) .�«¥¤®¢ â¥«ì­®, ã¯à ¢«¥­¨¥
u(r) = u1(r), t 6 r < s¨

u(r) = u2(r) ¯à¨ s 6 r 6 p− τ + s£ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ ¢ª«îç¥­¨ï x ∈ f(z(s1)) ¢ ­¥ª®â®àë©¬®¬¥­â s1 ∈ [t, p℄ . Ǒ®íâ®¬ã â®çª  x ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã,áâ®ïé¥¬ã ¢ ¯à ¢®© ç áâ¨ (3.29).� « ¥ ¤ á â ¢ ¨ ¥ 3.2. �«ï «î¡®© ¢ë¯ãª«®© ¬­®£®§­ ç­®© äã­ª-æ¨¨ f ª �¤ë© ¨§ ®¯¥à â®à®¢ (3.28) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã(M τ
t (Mp

τ f))(z) = (Mp
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