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¯à¨ ­¥®¯à¥¤¥«¥­­®áâ¨ ¯®áâà®¥­ ï¢­ë© ¢¨¤ äã­ªæ¨© à¨áª ,   ¢®¢â®à®© ç áâ¨ íâ®© à ¡®âë ¡ã¤¥â ­ ©¤¥­ ï¢­ë© ¢¨¤ ª®¬¯®­¥­â£ à ­â¨à®¢ ­­®£® ¯® ¨áå®¤ ¬ ¨ à¨áª ¬ à¥è¥­¨ï.1. Ǒ®áâ ­®¢ª  § ¤ ç¨� áá¬®âà¨¬ ª®­ªà¥â­ãî ¤¢ãåªà¨â¥à¨ «ì­ãî ¤¨­ ¬¨ç¥áªãî«¨­¥©­®-ª¢ ¤à â¨ç­ãî § ¤ çã ¯à¨ ­¥®¯à¥¤¥«¥­­®áâ¨
〈�,U ,Z, {Ji(U,Z, t0, x0)}i=1,2〉. (1.1)� (1.1) ã¯à ¢«ï¥¬ ï ¤¨­ ¬¨ç¥áª ï á¨áâ¥¬  � ®¯¨áë¢ ¥áâáï¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬_x = x+ u+ z, x(0) = 0, (1.2)£¤¥ áª «ïà­ë¥ x | ä §®¢®¥ ¯à®áâà ­áâ¢®, u | ã¯à ¢«ïîé¥¥¢®§¤¥©áâ¢¨¥ �Ǒ� («¨æ , ¯à¨­¨¬ îé¥£® à¥è¥­¨¥), z | ­¥®¯à¥-¤¥«¥­­ë© ä ªâ®à; ä¨ªá¨à®¢ ­ë ¬®¬¥­â ϑ = 1 ®ª®­ç ­¨ï ¯à®-æ¥áá  ã¯à ¢«¥­¨ï ¨ ­ ç «ì­ ï ¯®§¨æ¨ï (t0, x0) = (0, 0). � (1.1) ¨¤ «¥¥ ¨á¯®«ì§ãîâáï ¤¢  ª« áá  áâà â¥£¨© ¨ ­¥®¯à¥¤¥«¥­­®áâ¥©.� ¯¥à¢®¬ ¯à¨ ¯®áâà®¥­¨¨ £ à ­â¨à®¢ ­­®£® à¥è¥­¨ï § ¤ -ç¨ (1.1) ¯à¨¬¥­ï¥âáï ¬­®�¥áâ¢® ¯®§¨æ¨®­­ëå ­¥®¯à¥¤¥«¥­­®-áâ¥© Z :

Z = {Z÷ z(t, x)|z(t, x) = Q(t)x + q(t) (1.3)
∀Q(·), q(·) ∈ C[0, ϑ℄}¨ ¬­®�¥áâ¢® U ¯®§¨æ¨®­­ëå áâà â¥£¨© U :

U = {U÷ u(t, x)|u(t, x) = P (t)x + p(t) (1.4)
∀P (·), p(·) ∈ C[0, ϑ℄}.�® ¢â®à®¬ ¯à¨ ¯®áâà®¥­¨¨ äã­ªæ¨¨ à¨áª , ¨á¯®«ì§ã¥âáï ¬­®-�¥áâ¢® Zt ¯à®£à ¬¬­ëå ­¥®¯à¥¤¥«¥­­®áâ¥© Zt :

Zt = {Zt ÷ z[t℄| _z[t℄ = z[t℄ + 
os(t) ∀z[t0℄ ∈ R
1} (1.5)86



¨ ¬­®�¥áâ¢® Uz ¯®§¨æ¨®­­ëå ª®­âàáâà â¥£¨© Uz :
Uz = {Uz ÷ u(t, x, z[t℄)|u(t, x, z[t℄) = P (t)x + p(t)}. (1.6)� (1.3), (1.4), (1.6) ¬®£ãâ ¯à¨¬¥­ïâáï «î¡ë¥ áª «ïà­ë¥ ­¥¯à¥-àë¢­ë¥ ­  [0, 1℄ äã­ªæ¨¨ P (t), Q(t), p(t), q(t) | §  áç¥â íâ®£® ¨¯®«ãç îâáï ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ ¬­®�¥áâ¢ ; ¢ (1.5) ¬­®�¥áâ¢® Zt®¡à §ã¥âáï §  áç¥â ¢
¥¢®§¬®�­ëå áª «ïà­ëå ¢¥«¨ç¨­ z[t0℄ ∈ R

1 .�â¬¥â¨¬, çâ® ¢ § ¤ ç¥ ¯à®£­®§¨à®¢ ­¨ï (¨«¨ ¯« ­¨à®¢ ­¨ï) ­¥-®¯à¥¤¥«¥­­®áâìî ¬®�¥â ï¢«ïâìáï æ¥­  ¢ë¯ãáª ¥¬®© ¯à®¤ãªæ¨¨
z[t℄ ­  ­¥ª®â®à®¬ ¯à®¬¥�ãâª¥ ¢à¥¬¥­¨ [t0, ϑ℄ . � íâ®¬ á«ãç ¥¤¨ääà¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥_z = −z + b(t), z[t0℄ ∈ R1¯à¥¤áâ ¢«ï¥â á®¡®© ¬®¤¥«ì �¢ ­á  ãáâ ­®¢«¥­¨ï à ¢­®¢¥á­®© æ¥-­ë [6. �. 58-59℄,   z[t0℄ ãç¨âë¢ ¥â ¢®§¬®�­ë¥ áª çª¨ æ¥­ ­  àë­-ª¥ á¡ëâ  ¤® ¬®¬¥­â  ¢à¥¬¥­¨ t0 .� ª®­¥æ, ®â¬¥â¨¬, çâ® ¢ (1.6) ¨á¯®«ì§ã¥âáï z[t℄ â ª®¥, çâ®¤«ï Zt ÷ z[t℄ ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ Zt ⊂ Z .Ǒà®æ¥áá ¯à¨­ïâ¨ï à¥è¥­¨ï ¢ § ¤ ç¥ (1.1) ¯à®¨áå®¤¨â á«¥¤ã-îé¨¬ ®¡à §®¬: �Ǒ� ¢ë¡¨à ¥â ª®­ªà¥â­ãî áâà â¥£¨îU÷ u(t, x) = P (t)x ++p(t),U ∈ U .�¥§ ¢¨á¨¬® ®â ¥£® ¤¥©áâ¢¨© ¢ § ¤ ç¥ (1.1) à¥ «¨§ã¥âáï ­¥ª®â®à ïª®­ªà¥â­ ï ­¥®¯à¥¤¥«¥­­®áâìZ ∈ Z, Z÷ z(t, x) = Q(t, x)x + q(t).� â¥¬ ­ å®¤¨âáï à¥è¥­¨¥ x(t) , t ∈ [0, 1℄ ãà ¢­¥­¨ï_x = x+ u(t, x) + z(t, x) =+[1 + P (t) +Q(t)℄x + [p(t) + q(t)℄, x(t0) = x0 (1.7)¨ á ¯®¬®éìî ­ ©¤¥­­®£® x(t) ä®à¬¨àãîâáï à¥ «¨§ æ¨¨

u[t℄ = P (t)x(t) + p(t)87



¢ë¡à ­­®© �Ǒ� áâà â¥£¨¨ ¨ z[t℄ = Q(t)x(t)+q(t) , ¯®ï¢¨¢è¥©áï ¢á¨áâ¥¬¥ ­¥§ ¢¨á¨¬® ®â ¥£® ¤¥©áâ¢¨© ­¥®¯à¥¤¥«¥­­®áâ¨. � ª®­¥æ,­  ¢á¥å ¢®§¬®�­ëå âà®©ª å (x(t), u[t℄, z[t℄|t ∈ [0, 1℄) ®¯à¥¤¥«¥-­ë ¤¢  ªà¨â¥à¨ï, å à ªâ¥à¨§ãîé¨¥ ª ç¥áâ¢® äã­ªæ¨®­¨à®¢ ­¨ïã¯à ¢«ï¥¬®© á¨áâ¥¬ë � :
J1(U,Z, t0, x0) == −x2(1) + 1

∫0 {−2u2[t℄ + z2[t℄ + 2u[t℄z[t℄}dt,

J2(U,Z, t0, x0) == −x2(1) + 1
∫0 {−u2[t℄ + 2z2[t℄ + 2u[t℄x(t)}dt.

(1.8)�  óá®¤¥à� â¥«ì­®¬ ãà®¢­¥� § ¤ ç¥© �Ǒ� ï¢«ï¥âáï ¢ë¡®àâ ª®© áâà â¥£¨¨ U ∈ U , ¯à¨ ª®â®à®© ®¡  ªà¨â¥à¨ï ¯à¨­¨¬ «¨¡ë ¢®§¬®�­® ¡®«ìè¨¥ §­ ç¥­¨ï,   ¨å äã­ªæ¨¨ à¨áª  (®¯à¥¤¥«¥­ë­¨�¥) | ¢®§¬®�­® ¬¥­ìè¨¥. Ǒà¨ íâ®¬ �Ǒ� ¢ë­ã�¤¥­ ãç¨âë-¢ âì ¢®§¬®�­®áâì à¥ «¨§ æ¨¨ «î¡®© ­¥®¯à¥¤¥«¥­­®áâ¨ Z ∈ Z .Ǒà®æ¥¤ãà  ¯à¨­ïâ¨ï à¥è¥­¨ï ¢ § ¤ ç¥ (1.1), £¤¥ U § ¬¥­¥­®­  Uz ,   Z | ­  Zt , ¯à®¨áå®¤¨â  ­ «®£¨ç­ë¬ ®¡à §®¬. �â«¨-ç¨¥ «¨èì ¢ â®¬, çâ® �Ǒ� ¢ë¡¨à ¥â ª®­ªà¥â­ãî ª®­âàáâà â¥£¨îUz ∈ Uz , ®¤­®¢à¥¬¥­­® à¥ «¨§ã¥âáï ¯à®£à ¬¬­ ï ­¥®¯à¥¤¥«¥­-­®áâì Zt ∈ Zt , § à ­¥¥ ¨§¢¥áâ­ ï �Ǒ�(Zt ÷ z[t℄, u(t, x(t), z[t℄) = P (t)x + p(t))¨ â®£¤  á¨áâ¥¬  (1.7) ¯à¥®¡à §ã¥âáï ¢_x = x+ u(t, x, z[t℄) = [1 + P (t)℄x + p(t) + z[t℄, x(0) = 0. (1.9)� ¯®¬®éìî à¥è¥­¨ï x(t) , t ∈ [0, 1℄ , ãà ¢­¥­¨ï (1.9) ä®à¬¨-àãîâáï à¥ «¨§ æ¨¨ u[t℄ = u(t, x(t), z[t℄) = P (t)x(t) + p(t) ¨ ­ ¢á¥¢®§¬®�­ëå âà®©ª å (x(t), u[t℄, z[t℄|t ∈ [0, 1℄) § ¤ ­ë äã­ªæ¨®-­ «ë (1.8). 88



2. Ǒ®áâà®¥­¨¥ äã­ªæ¨¨ à¨áª �«ï ª �¤®£® i = 1, 2 à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ®¤­®ªà¨-â¥à¨ «ì­ãî ¤¨­ ¬¨ç¥áªãî «¨­¥©­®-ª¢ ¤à â¨ç­ãî § ¤ çã ¯à¨­¥®¯à¥¤¥«¥­­®áâ¨
〈�,Uz,Zt, Ji(Uz,Zt, t0, x0)〉, (2.1)£¤¥ � â  �¥, çâ® ¨ ¢ (1.1), ¬­®�¥áâ¢  Uz ¨ Zt ®¯à¥¤¥«¥­ë ¢(1.6) ¨ (1.5) á®®â¢¥âáâ¢¥­­®, ªà¨â¥à¨¨ Ji(Uz,Zt , t0, x0) , (i = 1, 2)§ ¤ ­ë ¢ (1.8).Ǒà¨ ¯®áâà®¥­¨¨ äã­ªæ¨¨ à¨áª  ¯® i -¬ã ªà¨â¥à¨î (1.8) ¯à¥-�¤¥ ¢á¥£® ­¥®¡å®¤¨¬® à¥è¨âì á«¥¤ãîéãî ¢á¯®¬®£ â¥«ì­ãî ®¯-â¨¬¨§ æ¨®­­ãî § ¤ çã:­ ©â¨ ª®­âàáâà â¥£¨î U(i)

z ∈ Uz , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î:maxU∈U
Ji(Uz,Zt, t0, x0) = Ji(U(i)

z ,Zt, t0, x0) = Ji[Zt, t0, x0℄, (2.2)¯à¨ ®£à ­¨ç¥­¨ïå (1.2), «î¡ëå Zt ∈ ZT ¨ ¢á¥å ­ ç «ì­ëå ¯®§¨-æ¨ïå (t0, x0) ∈ [0, 1) × R
1 .� â¥¬, á«¥¤ãï ¨¤¥ï¬ ¯à¨­æ¨¯  ¬¨­¨¬ ªá­®£® á®� «¥­¨ï �¥-¢¨¤�  [4℄, äã­ªæ¨ï à¨áª  �i(U,Z, t0, x0) ¯® i -¬ã ªà¨â¥à¨î Ji®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ à ¢¥­áâ¢®¬:�i(U,Z, t0, x0) = Ji[Z, t0, x0℄− Ji(U,Z, t0, x0). (2.3)�­  ç¨á«¥­­® ®æ¥­¨¢ ¥â à¨áª (á®� «¥­¨¥) �Ǒ� ¢ â®¬, çâ® ¯à¨à¥ «¨§ æ¨¨ ­¥®¯à¥¤¥«¥­­®áâ¨ Zt ®­ (¨áå®¤ï ¨§ ­ «¨ç¨ï ­¥ ®¤-­®£®,   ¤¢ãå à §«¨ç­ëå ªà¨â¥à¨¥¢) ¢ë¡¨à ¥â ¨ ¨á¯®«ì§ã¥â áâà -â¥£¨î U ,   ­¥ óá ¬ãî å®à®èãî ¤«ï ­¥£®� ª®­âàáâà â¥£¨î U(i)

z ,ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î (2.2).Ǒà¨ ­ å®�¤¥­¨¨ U
(i)
z ¨§ (2.2) ¨á¯®«ì§ã¥âáï ¬¥â®¤ ¤¨­ ¬¨ç¥-áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¢ á«¥¤ãîé¥© ä®à¬ã«¨à®¢ª¥.�¢¥¤¥¬ äã­ªæ¨¨

W1(t, x, u, z, V1) = ∂V1
∂t

+ ∂V1
∂x

(x + u+ z) ++ ∂V1
∂z

(−z + 
os(t)) − 2u2 + z2 + 2uz,89



W2(t, x, u, z, V2) = ∂V2
∂t

+ ∂V2
∂x

(x + u+ z) ++ ∂V2
∂z

(−z + 
os(t)) − u2 + 2z2 + 2ux.

(2.4)� â ¢ ¥ à � ¤ ¥ ­ ¨ ¥ 2.1. Ǒãáâì áãé¥áâ¢ãîâa) äã­ªæ¨¨ u(i)(t, x, z, Vi) , (i = 1, 2) ,b) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨¨àã¥¬ë¥ äã­ªæ¨¨ Vi(t, x, z) ,(i = 1, 2) â ª¨¥, çâ®1◦) ¯à¨ ¢á¥å (x, z) ∈ R
2

Vi(1, x, z) = −x2, (i = 1, 2), (2.5)2◦) ¤«ï «î¡ëå (t, x, z, Vi) ∈ [0, 1℄ × R
3 (i = 1, 2)max

u
Wi(t, x, u, z, Vi) = Wi(t, x, u(i)(t, x, z, Vi), z, Vi), (2.6)3◦) ¤«ï ¢á¥å (t, x, z) ∈ [0, 1℄ × R

2
Wi(t, x, u(i)(t, x, z, Vi(t, x, z)), z, Vi(t, x, z)) = 0, (i = 1, 2) (2.7)4◦) äã­ªæ¨ï u(i)(t, x, z, Vi(t, x, z)) = u(i)[t, x, z℄ â ª®¢ , çâ®ª®­âàáâà â¥£¨ï U(i)

z ÷ u(i)[t, x, z℄ ¯à¨­ ¤«¥�¨â Uz .�®£¤  ª®­âàáâà â¥£¨ï U(i)
z ã¤®¢«¥â¢®àï¥â ¯¥à¢®¬ã à ¢¥­-áâ¢ã ¨§ (2.2) ¯à¨ ®£à ­¨ç¥­¨ïå (1.2), £¤¥ x(t0) = x0 , «î¡ëåZt ∈ Zt ¨ ¢á¥å (t0, x0) ∈ [0, 1) × R1 .� ¯®¬®éìî íâ¨å ¤®áâ â®ç­ëå ãá«®¢¨© ­ ©¤¥¬ ï¢­ë© ¢¨¤ª®­âàáâà â¥£¨¨ U

(i)
z . � ãç¥â®¬ (2.4), ¤®áâ â®ç­ë¥ ãá«®¢¨ï áã-é¥áâ¢®¢ ­¨ï u(i)(t, x, z, Vi) ¢ (2.6) ¯à¨¬ãâ ¢¨¤:

∂Wi

∂u
|u(i)(t,x,z,Vi) = 0; ∂2Wi

∂u2 |u(i)(t,x,z,Vi) < 0, (i = 1, 2). (2.8)�¥à ¢¥­áâ¢® ¨§ (2.8) ¨¬¥îâ ¬¥áâ®,   ¨§ à ¢¥­áâ¢  ¢ (2.8) ¯®«ãç ¥¬
u(1)(t, x, z, V1) = 14 ∂V1

∂x
+ 12z; u(2)(t, x, z, V2) = 12 ∂V2

∂x
+ x (2.9)90



�é¥¬ â¥¯¥àì à¥è¥­¨¥ (2.7) á £à ­¨ç­ë¬ ãá«®¢¨¥¬ (2.5) ¢ ¢¨¤¥(i = 1, 2).
Vi(t, x, z) == �i(t)x2 + 2�i(t)xz + Xi(t)z2 + ξi(t)x + 2ηi(t)z + ωi(t). (2.10)Ǒ®¤áâ ¢«ïï (2.10), (2.9) ¢ (2.7), (2.5) ¨ ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­-âë ¯à¨ x2 , z2 , xz , x , z ¨ á¢®¡®¤­ë¥ ç«¥­ë, ¯®«ãç ¥¬, çâ® (2.7),(2.5) ¨¬¥îâ ¬¥áâ®, ¥á«¨ �i(t) , �i(t) , Xi(t) , ξi(t) , 2ηi(t) , ωi(t)ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
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_�1 + 2�1 + 12�21 = 0, �1(1) = −1; (2.11a)_�1 + 12�1�1 + 32�1 = 0, �1(1) = 0; (2.11b)_X1 − 2X1 + 2�1 + (�1 + 1)22 + 1 = 0,X1(1) = 0;_ξ1 + (1 + 12�1)ξ1 + �1 
os t = 0, ξ1(1) = 0; (2.11c)_η1 − η1 +X1 
os t+ 12(�1 + 3)ξ1 = 0, η1(1) = 0;_ω1 − η1 
os t+ 12ξ21 = 0, ω1(1) = 0;
(2.11)
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_�2 + 2�2 + (�2 + 1)2 = 0, �2(1) = −1; (2.12a)_�2 + (1 + �2)�2 +�2 = 0, �2(1) = 0; (2.12b)_X2 − 2X2 + 2�2 + �22 + 2 = 0,X2(1) = 0;_ξ2 + (2 + �2)ξ2 + �2 
os t = 0, ξ2(1) = 0; (2.12c)_η2 − η2 + X2 
os t + (�2 + 1)ξ2 = 0, η2(1) = 0;_ω2 − 2η2 
os t+ ξ22 = 0, ω2(1) = 0. (2.12)
Ǒ¥à¢ë¥ ãà ¢­¥­¨ï ¢ ¯à¨¢¥¤¥­­ëå ¢ëè¥ á¨áâ¥¬ å ¯à¥¤áâ ¢«ïîâ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï â¨¯  �¨ªª â¨. � ©¤ï ¨å à¥è¥­¨ï�i(t) , t ∈ [0, 1℄, ¨ ¯®¤áâ ¢¨¢ �i = �i(t) , (i = 1, 2) ¢® ¢â®à®¥ ¨91














